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Abstract

Project Code: BRG5580017

Project Title: Performance Enhancement and Applications of Evolutionary
Algorithms for Truss and Frame Design

Investigator: Sujin Bureerat, Department of Mechanical Engineering
Faculty of Engineering, Khon Kaen University

Email: sujbur@kku.ac.th

Project Period 3 years

Trusses and frames, also known as skeleton-like structures, are some of the most
commonly used structures in daily life engineering systems. Using such structures is
advantageous since they are inexpensive and simple to construct. It is also easier to build
this type of structures in difficult-to-access areas. The structures can be used as roof
structures, bridge structures, transmission and communication towers, wind turbine
towers, vehicle frames, civil engineering structure, and mechanical parts etc. With the
invention and development of computer hardware and software as well as overwhelming
research work towards structural design, it has been found that the use of optimisation in
combination with finite element analysis greatly enhance a design process of the
structures. The most popular optimisers for truss and frame design are evolutionary
algorithms (EAs) due to their simplicity, robustness, and ability to deal with discrete
design variables. None-the-less, their inevitable drawbacks still remains, which are a low
convergence rate and a lack of search consistency.

As a result, this work is conducted so as to improve search performance of EAs.
The performance enhancement is investigated in two ways. Firstly, the hybridisation
between EAs is investigated. The second type of hybridisation is using EAs as the main
algorithm while a local search technique is used to accelerate its convergence. In this
project, it has been shown that the integration between real-code population-based
incremental learning and differential evolution is an efficient method for multiobjective
optimisation of trusses. A local search technique called an approximated gradient was
created for both unconstrained and constrained optimisation. It has been found that the
approximate gradient is a powerful local search technique for multiobjective evolutionary
algorithms (MOEAS) in solving mutiobjective optimisation of trusses. The simplex
downhill method has been integrated into the main procedure of real-code ant colony
optimisation resulting in a powerful hybrid evolutionary algorithm for constrained
mechanical design problems. The hybrid real-code population-based incremental learning
and differential evolution has been extended and then used to solve simultaneous
topology and sizing multiobjective optimisation of pipe network. It is shown that the
hybrid algorithm is superior to other existing MOEAs. Further demonstration of hybrid
approached has been made. The differential evolution algorithm and teaching-learning
based optimisation have been hybridised for solving a strip coiling process where the
hybrid method is superior to other EAs. The two-level population-based incremental
learning using binary strings has been proposed for anti-optmisation of trusses. The
method is proven effiective for such a design type.



Moreover, an automate design process of trusses and frames has been studied. The
automate design of truss also known as simultaneous topology, shape and sizing
optimisation is a means to help inexperienced designers to be able to design structures as
effectively as those who are highly experienced provided that the inexperience ones have
good backgrounds in structural analysis and optimisation. The automate design processes
of two- and three- dimensional trusses and frames have been investigated. The automate
design process is based on a ground element approach. It has been illustrated that the use
of adaptive ground element is the better choice for the automate design. Finally, this
project leads to a training course on truss optimisation.

Keywords: Evolutionary Algorithms; Structural Optimisation; Finite Element
Analysis; Hybrid Algorithms; Adaptive Ground Elements
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1D Me 138N IIATNFUIAVDIUBAINUAN e-th (element mass matrix 1138 consistent mass

[

. o o o o ¢ ~ 2
matrlX) NWAINUANYULAZ NANTIUIAUITINUDITSUY ﬁ’uJ’]iﬂl"UfJuhlgf U

N 1 N,
U=>U, :—qTZ[ReTkeRe]q (5.14)
e=1 2 e=1
e
§ 1 1o T
T= ZTe :Eq Z[Re m.R. I (5.15)
e=1 e=1
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HRUNUANAINUANGLATNAINIHIANIN (5.14) wag (5.15) aglu (5.1) vz ldszvvanms

Y] v o

a J A [ dy
IPIDYNUTOUAUNT DI AU
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Mg+ Kq=F (5.16)

1 NE
e K=>[R,k.R,]

e=1
Ne

M =Z[ReTmeRe]
=1

A a L4 <= a 4 9 o @ % a 4
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a 4 o a Jd a J

nszUIUMsUseneumas g (assembly process) Tumsaivaansa Il lunedmud auns (5.16)
A v A M A 9 an s a ]
ﬂ@ﬁuﬂWﬁWﬁ?ﬁWﬁﬂﬁNﬂWﬁﬂ?ﬁﬁuﬁzlﬂ@uéll@\‘lﬁzUUIﬂﬁQﬁﬁWQIﬂﬂ?'ﬁllwllum!@aluu@“ﬁﬁﬁWN'ﬁﬂ

£
dnlfFlumsimsgd Taseafalugdunudieg dail

a ¢ a a
8.2.1 MIAUAINTHIVIaDN
a 4 14 Y A:; [ 1 [ 1 1 d'
ﬂ"li’)l,ﬂiw‘H'VINﬂﬁﬁWﬁﬂiﬂlfNTﬂNﬁﬁN“ﬂfﬂif‘lﬁ%ﬁ]ﬂl!a%ﬂTWﬁNWLl@]NG]Ul‘JJL‘]JﬁfJuLL‘]JaQﬂﬁJ
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a1 mam%ﬂmﬂmw HJuﬂﬁ’)miwﬁWi]ﬂﬂiiilsllﬂﬁiﬂiﬂﬁiNﬂim“VIllllllﬂ?ilﬂﬁﬂuﬂ FINUIYD

a 4
NSAVLNATNFNIDDNIINTNNIT (5.16) 218

Kg=F (5.17)
a Jd a a 4 [ 1w [
ﬂluﬂﬂJuﬁ”lﬂﬁ’JLﬂﬁw’TLGNﬁﬂ@ NANBTNITNTZIALAZUTINIUDNIE UUUIANINUTZALAIIY
3 a < o 1 ] o
iWudase (degree of freedom) voelassad1e Taena linaziameuuansedanisnszdauig

v
1 =2

A o [l 1 [ dy 19 1 o [ A g Y 1 dyd Aaan ~
IAND gb BN ‘VI@I”ILL‘I(?‘L!QﬂﬂﬁﬂlﬁﬁTlﬁ]$1N§ﬂ1lli\1ﬂ§$'ﬂ1 ﬂMLﬁ\11/]HJ“L!@]’JLHJﬁlﬁaTuﬂﬂLLﬁQﬂQﬂiﬂTﬂ

[

1A = [ ' A 1 1 ~ A
ﬂﬂﬁ@iﬁ@uhlﬂlﬂlﬂﬂwﬁ Fo Tuvazpenu 1319ENINUAVUDILIINIYUDNNYANDTIUNLVIAD Fattay
v A 1 v 2 I (% ! [ (% a o
imsnszdangaaemaiy ga. fudulsizdesmmamas sihimsvagil aumswasndglu (5.17)

Y Y [ 4 1 dy Y a 9
1ﬁﬁ@ﬂﬂﬁﬂﬁﬂﬂtaﬂtﬁaitwa1u %gllﬂigﬂﬂﬁllﬂwﬁﬁﬁlﬁu

Kpa Koo || Gb Fo
mmsudaumsez lamanszdaueslaseadig
4, =Ko (F, -Kpqp) (5.19)

wazuslRnIen

F, =K04, + K4y (5.20)
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Iﬂﬁ\iﬁ%}W\iulﬁlTﬂfJﬂW'iﬁl%ﬁiJﬂWﬁ (5.7) uaz (5.8) ﬂ'lﬁ')lﬂi?%ﬁl"lﬁﬁﬂﬁﬁuﬂﬁﬂﬂlﬂ']ﬂwaulﬂf]\iﬂ?ﬁ‘ﬂ']lﬂﬂ

o

2 2 [ X
p1gmsa1vesruu suiluthisdagdsemsuiislumsesnuuy1d

a ¢ Aa (Y] !
5.2.2 m‘i’J!ﬂ‘ﬂmwawmmnuimuummﬁ
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I AUATITHIBINAINNIDNITUATIEHMNITTUALINOUADNITUNTZUUAUNT (5.16) Iﬂﬂ@lﬁ\‘]
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LLﬁQﬂWﬂuﬂﬂiu‘ﬂuWNWﬂﬂﬂ LL?\TWQ'WI‘VHJﬂ']ﬁlfljaEJUGUUWQLNEJL'JQWHJﬁfJHUl‘]Jﬁ'JHLLﬁQﬁﬂﬂﬁ]gklﬂﬂWﬁ
' @ A A Y aA A ~ a J a a
ADNITAUNSINDUUDITSUU LiJ@Iﬂﬁ\‘]ﬁﬁW\?Nlﬂﬂuulﬂ]ﬂlﬂﬂlﬂl@]!ﬂil@ucluﬂimﬂ”li'llﬂ'i']gﬁlslﬁﬁﬂﬁ

o ' <
amnsadanguanms lailu

b el
Mpa My, || G Koa Koo || b F

aq YA v g
auydaliitou lvveua rp = 0 9z 1Az unaumsasil

Maaqa + Kaaqa =F

a

(5.22)

Lag
Mpala + Kpala =Fy (5.23)

naums (5.22) lunsain lulinsameusnnszrimienisenin msduazimouuuudase (free

vibration) 214
Maaqa + Kaaqa =0 (5.24)

unuA1q, =g,e” wamasvos (5.24) vweglugdvesdymiardnymzimniz (eigenvalue

problem) St

(Kaa —@"Mg,)d, =0 (5.25)
Werhnmsmmaouvoes (5.25) 2 18madsssumnfvesszuy Ng M

(o={a)l,a)2,...,a)Nq}

Jd o . A Y v
UAZIINIADIANHUSIRNIS (elgenvectors) Nq ANNTOANADINU



69

‘D:[(_lll‘_lzv-n(_lNJ

4 ' 1w I 1
1o Ng o vU1av09 Kaa dausiansaiame aunsamou lailu i = of (51wazideauidiu
4

1w ] { 1 o Jd v [
Gumﬂmummawmzmwwagiuumﬁ 1) AMANHUSIRNWISHAZINNDIANHUSIANIE UANUTUNUT

9 9
1999910 (orthogonality) @il

@' M, @ =diag(u) (5.26)
(I)TKaaq) =diag (44 a)lz)

d' A 1 d‘ Jq9 ¥ o ] [ 1 -

o 4 No ﬂ?ﬂﬁ‘ﬂiﬂﬂ Iﬂﬂﬂ13ﬂ3$Qﬂ@]1%LLUUQTaﬂﬁﬂWSWH’NL!‘U‘UﬁﬂﬁQH (proportlonal
. Il . . 1 a 4 ]

damping) ¥5e n13ru1asd la (Rayleigh damping) s1amnse ldwasadaisniiadalylu

aums 18dait
Maaqa +Caaqa + Kaaqa = I:a (5-27)

Lﬁ@ Caa = dMaa + ﬁKaa
A [ a Q'{ 1 l-ﬂ' Y o 1
auaz B e duilszansmaniandesimaszym
1 J — i = i a 4 Jd o
MNduNsN (5.27) ununig, =0, naz F, = F,e" Tuaunis v ldwasnagWandu

aoUaUuFIAND (frequency response function, FRF) dsaansamuan lann

1
Hi (a’uz —w’ + 2 j&w,m)

-1

2 ; ; T

H(@) =[ ~0°M,, + joCyp + K, | = diag @ (5.28)
A A 1 A o 9 v 1A ' g
o D AMANUDVDULITINTSMUUVULASNITNIZIAVDIYAADNAD VA UDIADLUITIUU

1 4 o ; . .
& =5 1+ﬂa}| Ao 9A318IUNIHUN (damping ratio)
w;

1

1 =1 % 1 1 I'4 a v
a1 FRF mimmamJuem‘m’guigmnmmenﬁumunnaﬁmuﬂmm%’agammaﬂmmi

14 a { A A [ d'dal [ 1 1 [ [
ﬂizssffmmnaﬁmuﬂ‘ﬁmmamamumm%’auﬁamﬁw TuNtAedAI1dIUTLHINMTNTLIAADUT
9y o A 1A 4 a o = 1 v A
NITAU BIUTINI SLyWUNUL (receptance) watuua His(@) ABAINITABUAUDIVDINITNTEIAN

@ 3 a 1 9 A [ I a 9

seauaNuilusase (degree of freedom) r-th mgmﬂiz@u‘ﬂimummrﬂuamg s-th aqe

= = = Y I
AIUD @ cﬂmm1mmau”lmﬂu

3, =H(w)F, (5.29)
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FRF eaanarlumamuin laaail

T

i q,a; . ia-q-
H(w) ~ s +Ka-) — (5.30)
i1 Hi (aﬁz — &’ + 2 j&m,0) * i=1 ﬂia}uz

f A
MIADUAUBIN r~th d.o.f.

A

SOOI

M3nszdun s-th d.o.f.

~ ? o A A %
31]7] 5.2 LLﬁﬂ\iﬂTﬁﬁWﬂﬂﬂ‘;})’u@@Uﬁu@ﬁl%ﬁﬂ?Wﬂﬂﬂl@ﬂIﬂﬁﬂﬁﬁWﬂ

fus1tienumsaeniens (force transmissibility) Geuunuale T(w) AvsasiaIuueaus
aan 14 a i\ A 4 J 14 a { [
Ufnsewnuasueiinnuinatou lvveuuavesInssad waousanszquuuueinelininsgsi

- ' Yy & o~ Yo A
ﬂﬂ@ﬁ@iﬂﬂﬂl@ﬁiﬂﬁ\?ﬁﬁ’l\? G]f\cll,"]lﬂuhl@ﬂﬁu

Q

R =T(o)F, (5.31)
unua F, = Fe' aumsi (5.29) uaz (5.31) aslu (5.23) 22 Idmveamsdaous iy
T(@) = (~0"My, + Ky JH (5.32)

~ 1 [ < 1 < VoA
11,1mi’a’ammmlL’ﬁmeﬁ'amnmiﬁuﬁmﬁaumﬂﬂﬂﬂ’f@wyu A1 FRF waz FT duainlgm
AuIToULU091ATIaT e ¥nA1wed FRE taz FT lug9anudnnasaniaied duuaaidanis
A ] A A A 4 ] Y] = Aan S a L
PoNUULINDAAMITUAINOUNA NINUATIZY IaTeadeareszdenudsne I lunedmud lu
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U9 nJumimasnﬂwaﬂmimamuuazumﬂﬂmq"lﬂmmmiamﬁzmﬂsmammzwdwam
Y A I Vo o D) ) VA .
"U’é]ﬂﬂidﬁ’iNﬂﬁ’nﬂiﬂﬂizfm@lﬁl‘]fulﬂﬂﬂﬂﬁiﬂidﬁllﬂ‘ﬁlqlu tay Ins9a31auUUABIiea (continuous

structures) #aazinaus luunae il

5.2.3 MUANzRTINaIauulamua

A A a o v 9
INTUNIIN (5.27) L“I/\If]ﬂ’ﬂilﬁzﬂ’mcluﬂﬁ’é)ﬁﬂw NMINTAUNINOY a Lag aa 8NINNANNIT

[

v A Ao &
%zulﬂﬁilﬂ'ﬁsll@\iﬂ'ﬁlﬂa@u‘ﬂ JU
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Mg +Cq + Kq = F(t) (5.33)

n1srIRamagyed (5.33) awnsanilalasnisdsegnd 1935150 uAnsaFadaaa

v v 9
(numerical integration) #ea1u1snszgnadly lana1e3s luiilazdszgnd 1935 vesiiousa
(Newmark time integration method viSeu19#iisen implicit time integration method) & ]

9 Y
VUNDUNTAIUIUAIT]

9
%

VUADUNOUNTELIUMTAIUIN

mruaa f=0.5, y=0.25, At

WIAVUD
b1 = 1/(8.At?)
b2 = 1/(R.A1)
bz = (1-28)/(28)
bs = yI(B.AY)
bs = (1-y )/(8)

be = At (1- y /1(28))
MUIUN NG NFANNLTIRUTI sz ANTHa (effective stiffness matrix)

Ke = K + biM + bsC (5.34)

WisduwAsaves Ke (K1)
ﬁmuﬂﬁﬁ@u%ﬁnﬁu (initial conditions) qg,d,. Fy
Murmm g, = M (F, —Cq, — KQq)

Y
c%

VUADUNTAUIUKAN

1. 4wy n =0 84 Nle N fie S1uaugadieduiidesns
2. minames LT uFIlszansna (effective load vector)
Fe = M(bl(qn+1 _qn) _bZQn _b3qn) +C(b4(qn+l _qn) + b5qn + beqn) + an+1

(5.35)
3. MUIUKIAVDI
Onyg = Ke_lFe
qn+1 :b4(qn+1_qn)+b5qn +b6dn (536)

qn+1 = bl(qn+1 _qn) _bZQn _b3qn
"y '
4. i n dae'll (pau liURTuneun 2)
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=
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PNULUNIUD 8.5 Tumsneasiadinlseanuuuieiudoyavedlasatoryy a115HLN67
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vl seenidlu 4 nguAsll ngURKHI A IAMMUATINIUTUVDIHBFY (Nievel) NGUNADY AL1)5
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MMUAUNIIVBINOFA (S2 — S7) NGUANT N A TMHUANNVFIVRIFUVDINOFA (t1 — ta) LAz
1 9 o o &1 A Y o a a’z&l g 1 H Y o

ngugae dalsmruaiunnidaveuedmuanuuearogannsu Tagluaasyulyaiuls

[ o ti’ A Y o a o'ti’ a 4
29NUUY 6 AN (Y1 —VYs) TumMsMuUANUNNIIAAVOIPANUANY 16 oamua

v Y 9
15191 6.2 miﬂmummmmmamuﬁﬁu‘lmmawu

MIFOUAADVDLDANUA dulsimuanunnihda

1-2

3-4 Y1

2-3

4-1

1-5

2-6

3-7 y2

4-8

1-6

3-8 y3

2-5
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1-8

3-6 ys

4-5

2-7 ye

MI199 6.3 %’ayaﬁfuﬁwﬁﬁ ”@ﬂjaﬁyudaumﬂgﬂmaﬂﬂﬂ%’awyu
TITTIRVRTO R R 4oy o o L

S nuninaagns (et | Sefi'lasdu | e lugdavesdd
goa (gross area) area) (m?) (m) (N/m?)
(m?)

1 1x108 1x10°8 1x10°8 214x10°

2 0.000581 0.000426 0.0118 214x10°

3 0.00108 0.000837 0.0157 214x10°

4 0.00232 0.001894 0.0236 214x10°

5 0.01108 0.009448 0.0695 214x10°
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- 1 1 d v o w - .
- P = Splinelnterp(X,Y) Aemstszuaarluzielasldlansuiideain (cubic spline
- . 1 A 1 [ a QQJ 1 ] 9 o [y o 1 J v
interpolation) A1ve4 P Aemiduiszaniveosmstszanaualusie lddmsumneailengu
du X waz Y Aowavesiiudsauuazdiudsaumudidy
. I o 1 J v 4 Y Y] a £
-Y = SplineEval(P,X) Hlumsihuneaniensu Y wedumsdune X uazdusedns
voamsvsznmarlugiene P

Y
Mievel = T1UIUFUVDINOGY

Y H
hi = ANUIVDIBUN i-th
2 Y Y A .
Wi = A33999unI1evessui i-th

] Y 9 S
199910 Mnualdsuuguggavesrageie 20 Fu Ay SuaudlseonuugIga
H Y H
fio n = 6(20) + 12 = 132 TunsaindIuTUYDIMDFIToeN 11 20 (Never < 20) 1WA TR
1Hlumsimuanewe Tad jUnswazvuinveInsaad19fo n = 6neve + 12 lunisneasieada
2 4. g o 2 z 2 d a
walseenuuy Tui 1 AlumsmNuIuFUYHege 3INHY YuasUN 2 — 5 ABNITHINITNITLIY
2 2 P2 o o i i 2 '
ANMUFIDIFUUDI IATIA3 19 Tuaouh 5 ilumsautumsieln 1aou lv hiv > hi Tuaoui 6
< ° ) o 3 4 g ¥ 1o
— 8 11 uMIMUIUANUNINVITUANUYBIHB I VUADUN 9 WIUMTATI9AABTIUIU 4(Nievel
g . < a o X a I o @ '
+1) 92910 hi uaz wi Tuduaeui 10 — 11 Wumsasruedmudaiu (16 eawud) dmsuuaaz
g @ = d‘ 1 g A I ° a J
FUYDIND I AT 18az08A 1UMIS1N 6.2 — 6.3 AIUTUABUN 12 — 14 iTlumsmnuawamudiLas
A a I Y a o 9 = 9 Y v o
AuANYAVB UL AN UAMUVUTA (4 BANUA) Vo31ATIaT19 Fedealgauilseonuuuimnua

alumssyynaauifuouedmud

Qdd' v o
HADUITN 6.3 msneasHaaulsesnuy

2ee

o )
UDYAVUUT X132x1

U0YAVIDON AIIHUIIAND Msifeudefuve e AmUAIY Foulvoue NRMeSISINT I
uazauaENiANIINEn YD IRANUAYDI 1T 19rDgY

1: Mruald nieve = round(xa), {su, ..., se} = {Xa, ..., X7}, 57=2, {ta, ..., u} = {xs, ..., X1}
2: mvuan {Z1, Z2, Zs, Z+} = {0, H/3, 2H/3, H}

3: wmdulszansvesnsilszanaalugg Py = Splineinterp({Zs, ..., Za}.{t1, ..., ta})

9
Avasrwisiimes d1viusivuan I ugaveIsuneg {ay, ..., aneel} =
SplineEval(P1,{H/Nievel, 2H/Miever, ..., H})

o ' E i nsection
5: AUIUAANNGIVDITUNOYN h = Hzaj/ Za
j=1 j=1

i
6: Suam {Z1, Z2, Zs, Za, Zs, Zs, Z7} = {0, HI6, 2H/6, 3H/6, 4H/6, 5H/6, H}

7: vinmdauszansvesnisdszaunualurie P, = Splinelnterp({Zy, ..., Z7}.{s1, ..., s7})
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L} . P
8: wwumm’am?wﬁwmmwmﬁ'wmawuﬁaqa {Wo, ..., Wniever} = SplineEval(P2,{0,
H/nlevel, 2 H/nlevel, cens H})
9: a5199AA0T U 4(Niever + 1) 30910 {0, Ny, .., Nrtever} 1Az {Wo, ..., Wrlever}
10: d1%50 i = 1 D9 Nievel

a 4 ¥ o [ ?zl.l 4 - $
10.1 a5 rweamuanudmusun i-th (5UR 6.11)
o 9y
10.2 mvuali {yeis, ..., Yei} = round({Xi1+6is, ..., X11+6i})
o wa 1 a c’g d'
10.3 MUUARUANUAA N YDUDALUUANY (A1319N 6.2 — 6.3)
Y [
11: aumsuseuluvuaoun 10
o a d Y
12: MYUALANUANULUTAVDIND Y

] A

1w o I o o o va a X {
13: ﬂ']@'gla"]lfl]']u’ﬁulﬁllﬁ’]ﬂjuﬂ'lwuﬂﬂmﬁuug’lell@\u@aluuﬁﬂﬂ 4 ‘ﬁaﬁmuijfﬂﬂ’ﬂ Yénlevel+1 =

u

round(Xll+6nlevel+l) lﬁ'ﬂ Yénlevel+1 € {2, 3,4, 5}

U ua a 4 d‘
14: 1ﬁﬂ1ﬂmﬁﬂﬂﬁﬂlﬂﬂlﬂamuﬁ@ﬂﬂ 131NN 6.3

6.3.2 ﬂtymmmammu

[

= 9 (2 = Y dy
Pymimsesnuuunene Tad jUnswazvmavesroganioun awnsomou ldaell
min {f, f} (6.2)

Taefideu lvyany
Omax < Oal
Ai<l
10 <round(xz) <20
4m<xi<6em;i=2,...,7
0<xi<l;i=8, ..., 11
round(xi) € {1, 2, 3,4,5};i=12, ..., (11 + 6round(x1))
round(xi) € {2, 3, 4, 5}; i = (12 + 6round(xy1))

Y
f1, o An Wansuidhwne

Y
{ 2

A 1 Y A a Y
Omax 10 MANUAUFIFATINATUDU IATIATI

v

A ' Y = Y
ca B MANNIAUGIgaTaN 1

~ X
AU
Ji e m@lsznoums Inedd
nogasumse 3 gUuny luunaznsdl Ao 4 3aVUgA 3TUMITUVVYA (point loads) TaeTu
A o ] ~ I 4 4
N3AIN 1, 2 uag 3 usansziieg luuuiunu x, y uag z uazivinavedusauiu 1x10% N, 1x10* N
o v 4 4 4 1 @ 2.
nag 2x10% N @ wd 19y NNAesue s InaaIuns sl 925305 uieIniminyoasudIuves

o { ' o ] 1
Tassadradnlddae Tassasrahaniagiiin Tugaavesduilu E = 214x10° N/m? A1au
Y
A

nUMUY p = 7850 kg/m® LazA1auAuAIIN oy = 360x10° N/m? adaisznounau
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Uaenadefie FoS = 1.5 ludiuvesedwuanim yi = 1 ﬁwﬁ’qiu@ﬁ’ﬁmmmamuﬁﬁ’uﬁ@ E=
214x10° N/m? vavihmsusnanustassudhine ﬂmummﬁaemmﬂumﬁﬁﬂmﬁﬁ 4 9819 AD
OPT1: f; = wiaveslaseade o = Fi'gr + F2'g2 + Fa'os
OPT2: f; = wiaveslaseaine fo = — (w1 + o + @s)
OPT3: f; = wiaveslnseaine f, = FRFCrest(wi) + FRFCrest(wz) + FRFCrest(ws)
OPT4: f; = wiaveslnseaiie f = FTCrest(wi) + FTCrest(wz) + FTCrest(az)

T i A J | o o o dd‘ ._
Fi'gi o ATIANITUNYUTINUBINITENISNINTUN | th

@ A9 MANNATITNAved Iasiad e luuan i-th Gesnntos i)

A A

;4 H v
FRFCrest() Ao anunldnil FRF ﬁ@ﬂﬂaﬂmmﬂ’smﬁﬁiimm 10,
Y H H H
FTCrest(a) o mitunlansl FT Nyaoeaveinnudsssumna o
J @ { I 1 1 4
Wandudmunenassvestlyninisesnuuy OPTL WumsniAInuUIredogIgaues
Y = d'dy I 1 ] a 2 A o A ' Y
Taseadeae lunil dumsmannumguiiuuesn sz aoanIaunIdia1ge ¥30019na1 18
I < a a Jd o {
uJumimmmgmﬁumﬁmqqqﬂmaﬂmm%’w Wanduihvineiaesves OPT2 Aemsni
1 { a X @ J [ a [
AMANUDTTINHIATIN 3 THUALTNGIFA FIANYANUNITHIAIANIWLIIAUTINATAGIFAVD
o @ Y o 1 X o o
Taseade dmsu OPT3 gﬂﬁ 6.11 UAAINIAIUIUA1UDS FRECrest(on) Fuilunisdiuamm
A Hdqyu 1 ' o =
nunlansiw FRF Tus13 [m-Aw, aen+Aw] n131a1 FRFCrest AGA LATAININITAANIT
duaziiouveslaseaiaiums lusiueudeanual FTCrest vosilayninisesnuuy OPT4
ansamuralugilupu@ernuny FRFCrest Tasfin1swia1 FTCrest éiga Ao n15aanis

o

'] <o ) g . ~ I 1A
deiuussduaziouninlaseade lldigruvesrogaiues luauil a1 FRF 2lddluasmy
4 - v A 1 ] I~ ] [
HAUEU YA (point receptance) JaNgageaveINogd duAIved FT Wlunisasnigusaluy
HUILNU X 1INYABDATDIH O 1UdiguseesTnseadng
g Ad o Y Aq v ) '
TuapuIsIMuINsuuuratsihwinenlslunsaumveuntimus lnvesdyminsnian
v Y Y
mNzNgaueioge wiounsasm Useazideansae 1l
P o a I % =
- SPEA: nassuniaouod SPEA Tagldavdiurvasailudlsesnuuy uazlisnsinig
a 4 a % I o o o
A ATod lonosuaziamyuiily 1.0 uaz 0.5 muaiau vuIAv09152 1N HAZINUIUIG

P~ o w ] 1 I~ [
ugagaliauilu 200 tag 300 awd 1Ay druvuiavesrtanuveunins Talauilu
200

' v . J a 4 a o . .
- PBIL mammﬁﬁ'auj’f (learning rate) AW 1UADTVOINITNINF YW (Mutation shift)

HAZONIINITINANUNTY (Mutation rate) A 0.5, 0.2 az 0.1 @ 1UA1IAY F1UIUVD
4 [] 3 A o = O B~
nawesaNuizilune 40 vuiavelszynsuaziuivinaugegaiauily 200 tag

o w [ [] 3 =~
300 Mud1aY FIUVUIAVD IR BNV UKW Tadiauilu 200



89

'
a

a a A A <3
- AMOSA: guugiisudude 10 gauugiigatiede 0.001 1935Fumandaauulu 3 29

3 ?
o g J Jdou A 1 ] A ]
uusn Sauaselumsiniiandufie 200x300 YU1Av0IHUIBINHAMAYT 11igN

o < a ] a3 ° a @
asoudvzgnanautlu 200 minaun¥nlunirenuiTuIunY 400 47

10

|

10
1H,dl

rs

Ll

10

Lrrul

10

Lol

L | | L
0 5 a)W-Aa) 0)1+A0) 10
Frequency, @

10

N
(@)

gﬂﬁ 6.11 FRFCrest(a)

6.3.3 NAN13BDNULIL
H Y !

MMsTuItmaumgngauaazas 10 a5 o ldveunimus Ia 10 yadmsuuaaz 13

Y A 4
MINSMUINAINILGY HV azseesn1uy U (generational distance, GD) Tuntl lsaunasuay
A e uYINIgIuYed HV uay GD Tumisisziiuaussouzves MOEAS #an1s

= aAa o 3’; d' = A 1 ~
ATeuMeuITITUUININIAY taadlums1en 6.4 Tunsdives OPTL iWeastadouanasas
[ A | as Aa A A o [ Y
A sUVUVINTFINYEY HV tuag GD wui I5nangane PBIL 41150 OPT2 PBIL 1+ian
HV dlgaaiu SPEA 1va1 GD ange Fauaasiveuninus Ianldain PBIL finsnszaiodn

nHendives SPEA uaveuntimus Iaves SPEA imsgimidiaeudnit dmsudyninig

] ]
A A

ponUUY OPT3 uaz OPT4 SPEA fedtnangalumsmveuniiimus Ia minwamsfSouiioy
dy I Y = = 1 ~ A A [
sawnsoagdiduninsan1dn PBIL iaussoszgalunsalvesmsmannmnzdgaiineany
1 < a a a ] 1 I a, { {
MIMIAINNNUANAUTIA DA (OPTL) uaziFawadin (OPT2) dau SPEA iludsnangalums

Az Ngainetesnumsaamsdudgiiou (OPT2-4)
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M3199 6.4 M3fseuney HV uay GD

HV GD
AVG STD AVG STD

SPEA 0.8176 | 0.2008 | 0.0426 0.1348
OPT1 | PBIL 0.9393 | 0.0300 |0.0014 0.0045
AMOSA | 0.6020 | 0.2013 | 0.2944 0.4481

SPEA 0.6453 ]0.1817 | 0.0083 0.0147
OPT2 | PBIL 0.8055 | 0.0696 | 0.0245 0.0260
AMOSA | 0.4548 | 0.1985 | 0.3157 0.3007

SPEA 0.9486 | 0.0235 | 0.0480 0.0378
OPT3 | PBIL 0.8840 | 0.0524 | 0.3425 0.3676
AMOSA | 0.6632 | 0.1537 | 0.3012 0.2041

SPEA 0.9767 | 0.0176 | 0.0295 0.0302
OPT4 | PBIL 0.7672 |0.1189 | 0.3203 0.2628
AMOSA | 0.8501 | 0.0743 | 0.3384 0.1609

ouniInus Iadanga (faainal HV) vealywniniseenuuy OPT1-4 uaaslugii

8.12, 8.14, 8.16 Uaz 8.18 Mud 1A Tunaazlyminisesnuuy msdennamaganVe RN
! Yy A Yy o v ¥ o =

15 Tan1 6 Awazuaasglveslnssainunaeandesnunamasvainiy awaadlugui 8.13, 8.15,

8.17 uaz 8.19 A wsaayl a1 lunsld MOEAs vz laTassaiwveseganainiiaiy

d‘ v A v Aad J d' I a’/ =
g’]JL!’]J’]JLW’E]ﬂ'I‘iGIﬂﬁHElﬁ] INNMITUITNMIVIAURNIENTALNEIATUAYD
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A0+,

12+

=

log(log(IH. )

-16 X, of OPT1 |
.18 -Xl of OPT2 ’ :
——x, of OPT3| ¥
-20
.......... x, of OPT4 |
22, 10 20 30 40 50 60 70 80 %

o, rad/s

51]‘7; 6.20 FRF vaewamasa1n OPT1-4

U

v
=S J

) Y
0111715059 a0UN15 19411 1A93 98I LUIUMTRB UV 31]11 8.20 uagaan1 FRF
{ H o I~ 1
veanamash 1 vea OPT1-4 Gl,ugﬂﬁ 8.13, 8.15, 8.17 LAY 8.19 @UAIAU mﬂgﬂﬁ]zmullﬁ)m Wa
1 o =\ A ~ Y o J v Y ~ ~
INAYLAATAD fﬂzmi]mﬁmm@mw”lﬂmwu@iuﬁm%mﬂmmwﬁawmﬁtymmiaammu‘n

~ 9 @ 1 1 1 = a 1 ~ ~ 9 A

MEITDI AIDIIUTU AIANVATITUNACIWAMTNVDIHARATNIIZgan 1da1n OPT2 Tifga
v f H H < f H M
g A1 FRFCrest vosnamagmanziga ldonveumnimus Taves OPT3 iflusiiafiga i

Q Q

v H H
8.21 ueraanl FT voan@ Inssadennanludredu sngilwudt wamasein OPTA Tvian

! X g - < 1
FTCrest aga 3uiluldamanunianuie mnwanisasindeviludaslfiiuii nszuaums

'
A o

E4
ponuuumitaueiiansaldldsalunalfia
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X, of OPT1
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iﬂ‘ﬁ 6.21 FT vowamasan OPT1-4

U

a dJ
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Tyt ldhmsaiamsesnuuuIasederyuauilunisninens Tad JUnswazvuig
9 [ Y A A 1 Ao a a gJ;
wiounu sz linamasuziganilaussouzgannmsesnuuuiduiunisiazvuaou ns
o 2 a v { { [ o a
Uszgna ldiuneuisiiannmssz i Inseadranunzdganlndidesnumsti 1014 luauese ms
Qv ana o o q Yy ' 5 y X =
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simigaveslasediie vazluvaz@ernu nawsomuanuiuretoveslaseaiuiy
A a f o J a
Fhuneiiaeslumsesnuuy msarsanseenuuuluuni awnsouldldszgnaldluaunss
vannategluuy wu mseenuuy Inseadwazwiu m lWilwsege vaz Tassaseihe Tavan

I 2 a v Ao @ <
Lﬂuﬁ}u UDNITNU L!u’)ﬂﬂﬁluﬂWiﬂﬂﬂllUULWaWUﬂﬁﬁWﬂ'ﬁﬂBUfﬂEJWﬁUlﬂfl\?ﬂWif]f]ﬂL!UUTﬂi\isﬁjﬂlﬁN
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a s ' = Yy
UNN 7 DIUANH ﬂ1§ﬁ1ﬂ1!ﬁﬂ1$ﬂ@'ﬂﬂl@ﬂiﬂ§x‘ﬂl6!!611\‘1

7.1 ANNIN

[

dy dyd a o 9}3’; asa Y A
wem luuntidlumsasanislsegndlsvuneuisiiannmsnuuvareivuig imens
1 A 9y < 2 A a 1 9
ponUUUMIA NN NgaveeInTatonds (frames) HlingAnssuNINALANA1991N TATIY oMU
a2 A a 7 ¥ a A o 5 sa
(trusses) na1fe FudIunsewamuavedInssainaialilinssuTumuddauas Tuwuaia
Taona 1 lunrseenuun Tasedonyu deonuvuszdesdifisiennuadesvesInseasielu
g o 1 . . . . . <
eedu Tnseadreazdesdndnilu statically determinate w3 statically indeterminate 13w
[ Y ] 9 < 1o 2 X [ dy o Y 9 <
98191100 uan1soenuUY Insestouiusivg hisiiadalatedl iildniseenuunTassdouda

o A Y ' 9
mLuumﬂmwmﬂﬂiwawyu

Y
QU asl [

1 ° 14 a 9| 4
Gluuwﬁi]zmmuamiﬂizqﬂmumu 51 @JJ‘L!']ﬂ']ﬁLLUUW@']EJL]J'IW?J'IFJLﬁ@ﬂ'Ii@@ﬂLL‘]J‘]JW']

yuranazgUnsunuzngaveslnsedzniudela uaz Inseas oy uvosso lomuaiy

A

9 v
ﬂ']ﬂuuﬂzﬁ'llﬁu@ﬂ'ﬁﬁ']ﬂ']LﬁiJ']gﬁEjﬂLLUU@ﬁIuNﬁﬁﬁ@ﬂ']ﬁﬁ']‘ﬂ'ﬂW'ﬂTa?J gﬂmmazmmﬂmmz
~ 9 Aan gJ/ asAa o Y A P a
Wq@ﬂl@ﬂjﬂﬁﬂﬁﬁqﬂﬁgw1uﬁﬂﬁﬂﬁ IﬂfJ‘llu@]@uﬁ‘ﬁﬂﬂﬁlu’]ﬂ’]ﬁllfﬂ‘ﬂﬁaTﬂlﬂ?ﬁﬂ?ﬂﬂi%iuﬂ’]ﬁﬁ’]‘ﬁﬁﬂ’]ﬁ

A
DONLUUUND

- non-dominated sorting genetic algorithm (NSGAII)
- strength Pareto evolutionary algorithm (SPEA2)

- population-based incremental learning (PBIL)

- Pareto archive evolution strategy (PAES)

- multiobjective particle swarm optimisation (MPSO)

[

dy % Y o % dy [ ] d' 9 a é’, asAa
‘Ll@ﬂi]1ﬂ‘Llﬂ\ivl@unﬁ‘u@GI’J“]f’JﬂL!“U’UGI,WNLW’E]GI,W]J‘3$LiJuﬁiJiiﬂuZﬂl@ﬁlu@l’E]u’)‘ﬁ’) AUINIT

9 2 A R ,
LL“]J“]J‘H’(J18L1J1W3J18%\1L58ﬂ’31ﬂ1 C

7.2 Hyriimseanuuy
9 < d'z:al = 1 [ ) [ ~ R dy =
dayrinisesnuuyIassdenas (lunteniEenilassnn) dmsunsaanu luuniiansaeu
Y o dy
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BPBIL: PBIL using binary codes with 0.05 mutation rate, and 0.2 mutation shift

BPAES: PAES using binary codes

BNSGA: NSGAII using binary codes with crossover and mutation rates as 1.0 and
0.5 respectively

BSPEA: SPEA2 using binary codes with crossover and mutation rates as 1.0 and
0.5 respectively

RSPEA: SPEAZ2 using real codes with crossover and mutation rates as 1.0 and 0.5
respectively

RNSGA: NSGAII using real codes with crossover and mutation rates as 1.0 and
0.5 respectively

RMPSO: MPSO using real codes with a starting inertia weight, an ending inertia
weight, a cognitive learning factor, and a social learning factor as 0.5, 0.01, 0.5, and 0.5
respectively
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10 11 12
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Ps problem
05~ 12
e
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0.46 O
@3
w0445 °7
® 6
0.42- 5 4
[¢)
® o
$3 ¢
0.4 M 1
o
038 r r r r r r r
0 1 2 3 4 5 6 7
F x10°

517 7.18 vouwhwus Tavesnseanuun Inseed e ST3 dymmseonuu P6

2T\ 2T s T
NV NVl o
T Ve T Ve N
2 G Y (R N 7\

51 7.19 Taseadrean g1 7.18
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8.1 AN
dy dy o v A é é a 1] 1
e luuniiuauemsesnuuuIasedndngdununiie Fanarsuiany luuiveu
.. 9 o A a A o =2
(uncertainties) TuilyinseeNUUDAIY NTTUIUMTBONLUDANE U UEENDNTBHIUII N3
ponuuudIsUANNLNTFeD0 (design for reliability) Taona 11 JyrinisesnuuuTasednnse
4 @ g J v I 4 v o
Tassafegiuuvduqinezasailesnduihuueduniaveslnsead TasliSou lviiidudoe

Tnssadnded ludemeriiosninusansziideonuuudmuawet 13 lumalfiadymindnme
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Uoega e 151 liamisoszyaigndesvesnuantiavesiggildiilasednldededanu
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wonnnil 15188 liamnsaszyvmnanazianvensinsz i ldededany anu limiveuves
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YSuanraiil dawalvranisesnuuuiinnuiuredstssad vindoenuuudadula@enai
[ gJ; I % A o 9 1
a1 udaynyanuaemIgu
9 2 ° Y a1 A [ )
msuntariiiamnsoi lana1eds wu msmuaivesanulasans (factor of safety)
P} A v o A A an R A ° S Y A
i 1) TuReu lviisnvestyrimseonuuy wiednIsnilsnemsimuailanguihnueidos
A 9 A A A ¥ 9 A A 2
maldlumsmuanuduyedoveslnseade awansluuni 6 nag 7 wonmiio lanil 151
70 Ya o @ A A 1 Aax A g 9
aunsolszgnaliisnumsesnuuudimiuanuindenewuis yailullIdungavesni
. . I 4 L =
(@evi1e (most probable point of failure) iHudu uaﬂmﬁ@mﬂﬁmﬁmﬁaﬂszqﬂmi%’ﬁmim

Az gauUATIdI (anti-optimisation, AO) iVer HamasveatlyHIN1ToONUUDANY MY
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Ansanany himiveuluguaniaigan ldneadnlasedn vazanu biniveuvesvuiauaz
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Y
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HAneveansInszii gIve ldmmsanniunenis3imunsizond two-level PBIL el 1y
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v H Y
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min f (x) (8.1)

Subject to
gi(x)<0,i=1,...,m
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min f(x,y) (8.2)

Subject to
gi(X, y) < 01 I = 13 LR m

A A 4 J A ] ] = [l ]

e y Aennmeivesalsntianm luuwiueuviuia nx1 innszaeegluziey e [y, yo] 910

Yaninsesnuuy (8.2) e nsnInamagsa 10 1A UNUIL AFALLUATITIN 151815 DL
I ] ' 1 2

Yoyrimsesnuuvesniludesiymigesns dgnwsnaemsmaunuziga (8.1) Fuiluilym

mseenuuulnd drudynmidesiaesie msmamuziganil y aauseenuuuuaziia

Wansudhvunedy
max F(y):y €ly,.y.] (8.3)

A A o A A P Y A ) Yo A '
1o F Ao ﬁﬁﬂ%u‘ﬂﬂﬂ‘b’ﬁﬂ’]u%ﬂ'l'iﬂ!ﬂla'Jﬁ']f]ﬂ@'ﬂ‘l]@\ﬂﬂﬁﬁﬁﬁ']ﬂﬂ']ﬂﬂlﬁGI'JLHJS Yy LW'E)ﬂ'J']iN']fJGL‘L!ﬂTi

o A o Y S 9 ~ A
ANUUNIT Lﬁ']ﬁnﬂﬁﬂﬂ'Wiuﬂiﬁﬁﬁﬂ%ulﬂ?ﬁﬂ?ﬂﬂﬁ@ﬂﬂ@

F(y) = max(gi(x, y)) (8.4)

Y
%

dal 1 ~ g (=} ~ J d o é’, a
mu”luﬂtgmmieammnaawamu 32 lulimsnlasuulasmveannmesaiuilsesnuuuaaua
[ ~ 9 1 Y B~ 1 ~
X mﬂﬁtymmimﬂuwqummumwm mmmmﬂan"lmuﬂumiwwmmmz‘wqmmu
% - - - 1 A 1 d' g‘.: )
a99352A1 (two-level optimisation) ﬂanﬂmimwmmmmqmmﬂtym (8.3) NNUULANINDU
I - - ~ v
910 (8.3) az13lu feasible region Glﬁ’ﬂmummia@mmu (8.1) miniwamaguod (8.3) 9191580721
I A o Y 4 9 9 ~ . 1 ~ )
Lﬂumimwamafmmﬂwamuﬂ”ﬁmm@ﬂﬂimsmmi”quﬂ (worst case scenario) NOUNIZ U
[ Y < o v [ o [ [
naf ladl Il mamasdae (8.1) iuszaunass Memghinamasvesszauiniluazdoaiinaim
4 [
Taudaiuaye euFonnIzUIUMIBBALUUA N YA TN msmmmmzﬁqmmmiﬁm
9 Y
TUMIWAITUABUITIIAUINTF NS UM IHANASVDINITONLLLFUAT 15181015 DU

A U

o < 1 o
ATZUIUMTAUNIAIN0 VYD EAS ooniiluanidiune a1 lumsmdinouuod (8.1) uaz (8.2)

Y
=\ o

. o Aa o <3|
Faliuuanumsauiunms lduaregUuuy Tuunilvzidinduenisaauilas PBIL iflu 2-level

PBIL iieviwamasginzigavod (8.2)
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as :2”1 o U U d' k%
8.3 35 PBIL tuuaeuuaItisum s miInumines ngauuun 9y
a, I a, 1 4 A ao { o 3/ a,
3% PBIL Wudtmiawvanz Agasaidauinmsnlsggna ldtunouiinislszuans
- - - - . - 1 1 I Aan A 79 Y
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1y 1x4 deau1¥naln i-th veaamssaeanuuzdlulumsiimy “1” lunulineduiin i-th
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119U9973 PBIL
ATZUIUMTAUNINOUYDI PBIL taadluduneudsn 8.1 PBIL Sudunszuiunsaie
4 1 I A A a 3’, A g 3’/ 9
nAwesYDIANNUINE I uNNa I NIuauauilu P = 0.5 fﬂmuuaﬁwﬂﬁwmﬁmmgmam
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R™ =(1-Lg)P™ +Lgh

(8.5)

4 a L4 4 Il I 1 1 a J
o PO Aeeamudvesnnmesanuiitvzitlulursauneuni PY AedA1veueamudvos
4 1 I [ Y] 1 A a o 1 =} 1 o =} 9
NAReIANNUIITIUNAIINYTU e uas b AeeamuAved b A1 Lr i580119031A13(58U]
v 14 v 9 H
(learning rate) ¥ lunfiAewun laninmsgu (mnasendiniglda) wuy uniform Tusaa [0.4,
E4
0.6] lums#nwilag hilimanaiiaunduluis PBIL uanwes Pi azgnilalieglusives [0.1,

7 L) 1

@ ' 4 v o
0.9] nasannsdszgnalyd (8.5) tieilosnun1sguiineuNa1dunIs NTLUIUMIMUIUIL
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Population 1 | Population 2 Population 3
o 01 1}12/1/12/]0]0 0|0 1
1,1 /1 0j]j0/212]0]|1}]1]1]0]0O
o/ 1 /0 1}12/0/2|1}]0 0|0 1
10/ 0 0J0/0]0O]0]JO]21]0]1

Probability vectors
[0.5,0.5,0.5,0.5] | [0.5,0.5,0.5,0.5] | [0.25,0.5,0,0.75] |

d‘ 4 ' I
g‘ij‘ﬂ 8.1 NNDFUOIANNUINU

YunUISAN 8.1 75 PBIL

Initialisation Pi=0.5, k=0, b ={}

Main procedure

1. Generate a binary population B according to P;.

2. Perform function evaluations f(B) and find the best solution b from B U b.

3. Update P; using equation (5).

4. Set Pito [0.1, 0.9] in cases that it is out of the interval.

5. If the termination condition is met, stop the procedure; otherwise, set k = k+1 and go
to 1.

lunsaives PBIL dwmiumsmiaunuizigaunuassiiy AO udasluduneudsn .2 &9
@ 4 Jd o
Usznouaiegidounuaesgl iosnin PBIL lduuiveuavgiudes b ununnaeiaiunls
td‘t:al) [ I 1 A o [ @ g’/ 9 o @
ponuuy Tuniszuia b sendudesdiune by dmivddulsesnuuuiuan X uaz by d1msy

J A ] ] g o 9y A 9 g J 3 Y
muﬂsmmm"lmmuau Y 3N uUU ‘VI1fniﬁiNﬂ33“])'1ﬂ3Lﬁ‘llﬂWuﬁfNLﬁiJﬂuﬂ’Jﬂﬂﬁq%J ﬂ?ﬁuﬂiﬁ

]
=)

1 < <& { ' J o
puaavguaesnangaa i (8.1) Wunnmes b nazwamasavgiudosn ldariansu

1A e 7 ' I ° o @
(8.3 Lwﬁqﬂﬁa w = {wyx wy} PBIL ﬁiﬁ’wnmasmaqmmm%gﬂuaawﬂmmu X 1ag y Hune

v
@ @

Py t1ag Py ad 1Al HUnuIen1 17 U¥au0dnainasavg 1 @esd min x 1wa1een Py uagy

2 i1
A

=1 k) v A
IUUNUAIY Bx 19U 11

A

° ' S ' Y o Aa A
2MNMIMMITINFUITUNUAIUVDI Y A28 Wy Aulsnangan By uaz
D : D ¥ qu o ! v
wy 1Weuunuaie b d91lsznouais by waz by 9nuuld by lunisdSuilgearves P dreaums
(8.5
y ; < o o 23 4
aimeluves PBIL (Wuaoud 7-13) iWumsaumaands y aldaomumssinuengavos
Tassadn sudualrenisadusavesnamasmugiuaesd msuals y Fuliounnuais Wy
4 1 Ex] 9 < 1 g’; ~ Y ~ 12
nannmes Py Tumsmaidanguaz 14 wy iuaiuaes x mnduiwamasn Inmnugnganiy
v ° g g =TT o o
Wandulu 8.3) Amuald w Asramasiu aniuls wy sulludiunaswes w lumsusuilss
Py aweauns (8.5) ginreluszrngaiinnuiiodunsusen Ni giawnglddimua luies
9 1
@eInuMISuve PBIL Hazngallodiuiugiaeusnasy No sou fivuald Ne Avuuia
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dszng aaiu lumssu 1 aseezlgsmiuasalumsinsey Inssairanaua No(Ni + 1)Np
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) aa A o o ' P~ 9
YUABUISN 8.2 PBIL 1117 UMIMIANHINENFALUUATIVIY

Initialisation Py, = 0.5, Py,i = 0.5, and find b = {bx by} and w = {wx wy} from an initial
population.
Main procedure
1. For k =1 to No (outer loop)
2. Generate a binary population Bx according to Py and assign wy as the second part of
every solution in Bx. The population is B = [B wy].
Perform function evaluations f(B).
Find the new best solution b from B U b based on the objective function in (1).
Update Py, with by using equation (8.5).
Set Py, to [0.1, 0.9] in cases that it is out of the interval.
For j = 1 to N; (inner loop)
8. Generate a binary population Wy according to Py, and assign wy as the first part

of every solution in Wy. The population is W = [wyx Wy].

9. Perform function evaluations f(W)

10. Find the new worst solution w from W U w based on the objective function in

No ok ow

@).

11. Update Py, with wy using equation (8.5).

12. Set Py,i to [0.1, 0.9] in cases that it is out of the interval.
13. Next j
14. Next k

8.4 M300NULVIATIONNIAUANE
= g 9 A Aa Y é’ .,3 3‘;

Tuniseinel 15darinmsesnuuy 4 daym lumsnaaevIsnaaauaunlvuil Taone 4

Tyminmsesnuuuimuauininmseenuuy Insedenyuaesyaneo 10-bar truss uaaalugilh
I o aa 9 1 a 4 2 A 1 =R o dy
8.2 1uTasnnaeslnilszneudieyace 6 90 uazoawUd 10 ¥ulaghgadae 1 1ag 2 gREANLNY
d9u9ad0 4 18z 6 SUuslunufe Fruag F2 eudiay Tassaieiiaesiiondt 25-bar truss
9 1 a ¢ A 1 = [ dy =

Usznouae 16 yAABLAE 25 PANUA 1WBIAAD 1 LAY 12 gnEanuNuLazling F1 F2 F3 Fouag

H 9 H 9
F1 n3ziigaae 2 4 6 8 uaz 10 muday Jyrinseenuuuniaisieazoenaail
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251 F k)
Ll w2 e, V4 e, 6
1.5+
> 7 Cs 10 6
1 -
0.5+
o e? 64 5
r r r r r r r r
0 0.5 1 1.5 2 2.5 3 3.5
X
519 8.2 10-bar truss
41- e12 e2 e? el?
1
oL 22 P20 \*14 F10\¢*1 F1 P11\¢*17 F21
16 6 5 15 23
>
d e24 el e8 eQ el eZ
—1 2 4 §] 8 10 2
2 Ve Ve VF3 Ve Ve
0 2 4 6 8 10 12 14 16 18
X

317 8.3 25-bar truss

AOP1: sizing optimisation of the 10-bar truss
min f (X,y), max F(Xx,y)
X y

Subject to
omax(X, ¥) - oyt <0, N/m?
Pi = Pcr < O, N

(8.6)
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Unmax — 0.005 < 0, m
xi = di €{0.04, 0.05, 0.06, 0.07, 0.08, 0.09, 0.10, 0.20}, m
{75, 150}7 <y = {F1, F2}" <{80, 175}", N

A A 9 ] 7 A 4 A @ A Aa 2 @
19 di A VAT UNIFUINANVDID AL UALIAL Unmax ﬂf)ﬂWﬂiiﬂimﬂcluuumquwwLﬂmlu (28]
a s o 3w a a A gy yga o
Ltﬂﬁuaﬂﬂlummmmamumxm‘Viumﬂuﬁmﬂiu‘uUﬂﬁﬂimwaGlWGlﬂmﬂﬂﬂﬂuﬂtymmﬁ@ammu
a2 o o < @ Ao ' 1 o & A
73 U535 F1 uag F2 gﬂﬂmumﬂumuﬂiﬂummTuLluuau ANUU ﬂiyﬁWﬂWﬁ@@ﬂllUUﬂﬂ

Aa A ~ v A o q ¥ Y} ' S 1A
M3 X nangavaz luvaz@einunm Fu uaz F, il laseainegluaaiumsainugige
AOP2: sizing optimisation of the 25-bar truss
min f (x,y), max F(X,y) (8.7)
X y

Subject to
omax(X, Y) - oyt <0, N/m?
Pi-Pa<0,N
Umax — 0.005 <0, m
xi €{0.06, 0.07, 0.08, 0.09, 0.10, 0.15, 0.20, 0.25}m;i=1, ..., 13
{150, 150, 150, 199.00x10%}' <y = {F4, F2, F3, E}' < {300, 300, 300, 201.00x10%}.

ddy A [ [ v a3 o A A [ 1 A a 1 o
GlUﬂimu LiilwuﬂiuﬂgaﬁﬂlaﬁENL‘]J‘L!G]’JLL‘]J?WiJﬂ’JmhlllL!,u‘LlE]‘LlLWmﬁmﬂﬂﬁ’mmﬁl\‘luﬂﬂiﬂn

[

A 9y a @ o a o v A dy
LWE]GlWLﬂﬂﬂ'NiJﬁllll'lﬁﬁ 15]'JL!,'IJ5ﬂ1ﬂuﬂﬂlu1ﬂﬂ]@ﬁl@amu@]ﬂlﬁ]ﬂIﬂi\iﬂﬂ UANU

- xifordp

- xpfordzand ds

- xsfordsandds

- Xqfords and d7

- xs for dg and dog

- X for dio and d11
- xyfordiz and dis
- xgfordisand dis
- Xo for dis and d17
- X for dig and dig
- X for dzo and d21
- Xn2 for d2 and das3
- X3 for d24 and d2s

AOP3: shape and S|Z|ng optlmlsatlon of the 10-bar truss
ifmmmsa@mmwamuﬂ@ﬂmmms@@mmu AOP1 Tagiiudanilseenuuufivua

gﬂmwumaﬂ 482 GINﬂﬂaﬁummGluuum@mmzummmmgﬂm 3182 5 1agM1UAUO LA

vosdulsmuagznsauily
-0.75m<x;<0.75mfori=11, ..., 14.

AOP4: shape and sizing optimisation of the 25-bar truss
ymimsesnuuunadeiyrimsesnuun AOP2 Tagmuamilseonuuuimuaging

(Z

2 ~ < 3A o ' A ] ~ A o 1
VUHUIDN 3 A1 G]f\?ﬂﬂ’f]@nllwu\‘lclullu’JﬂﬂéUﬂ\?ﬂqﬂﬁ@ 357908 11 I@EJ‘V] X14 ﬂ@ﬁﬁllﬂﬁm@\iﬂﬂﬁ@ 3
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d‘ A % 1 d' A 2 1 [
waz 11 Taeh xis AoaM5U099a00 5 1Az 9 1Al xis ABALTV099AAD 7 TasMruavD LA
o o I o [ .
o lsmmuagnsuily - 3.00m <x <3.00m dwmiui=14, ..., 16

Aasy 1 d' d' 9 g}/ = dy
aﬁmmmmxwqwhwmamawmﬂmmm 8 UANU

- PBILD5: This optimiser uses by from the best solution b instead of wy from the
worst solution w in step 8 of Algorithm 2. N is set to be 5.

- PBILwW5: This is PBIL detailed in Algorithm 2 where N; is set to be 5.

- PBILw5m: This is PBILwW5 with GA mutation. Having generated binary
populations in steps 2 and 8, The GA mutation is applied to the populations
where each solution has the probability of being mutated as 0.25.

- PBILw1: This is PBIL detailed in Algorithm 2 where N; is set to be 1.

- PBILw10: This is PBIL detailed in Algorithm 2 where N is set to be 10.

) Y
YUIAUDILTEHINTIAVFIUTDIAD 1000 FINW1BANI TUNITTULABZATIVETING
a p ) ¥ q ya 4 v o & v . '
WATIEH 1398319 15,000 159 1935 fuzzy set Tumsudasouluiedu Tiluaiuniisveenn
do Y ) o 1 PR ] ~ o Y A
Wanguihvune dmiuuaazdyminmsesnuuy sz lasmanruzngalagmidinon 30 A3

Y Y
a J a aa o o J
ansofToufieuaussouz e sa1la1e s NMINNana ld ueninil 63 1dnsdszgndld

) 1

. X I 1 4 Y] o [} 4
HybridGA Fuiludsniiedluissunssuieldinaussousues PBIL Mivauslviil
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v 4
nan1seenuuuvesdar AOPL uaaslumisied 8.1 dmsuduriniseonuuuil LﬁWhlﬁ}ﬁWﬂWi

o 9

o 4 o 1 o { { a @
fmuadynuive 19 ladaeuaoiunissinmiienga (worst case) NzinanuTaseainae
4 J o ] < 1 . o
Wea1veausanszyilianiu {Fi, F2}T = {80, 175}'N 91na1314 veuiiu 141 HybridGA Ay

H 1 vy X 1
PBIL5 Lignunsomawssnmliinaannzimafronga Tuvszdiuaouds PBIL dudld wy u
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13033 Wensanawledsudnnenudr PBILwL dmeviiaiiga ed1elsfia PBILwL
y s oy o

Tiiaansan worst case 1aa 30 a5e Watliflumsrzd 1951mauguIunisn worst case Yoo
finlihiuies Fensadauiu PBILWL0 $amt worst case 1dnnass uamanladsudmng 1§ud
gafiesninldnardaulng lunism worst case 1ues vnmsifFeuifioy PBILWS uas
PBILW5M Wy mainiiamduves GA 1133 PBIL hifinadeaussouzlumsvinamasiin
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wamseenuuuvey AOP2 naaslumssd 8.2 dmiuilymnisesnuuuil Aves
worst case Ao {F1, Fz, F3, E}" = {1000, 1000, 1000, 199.0x10°}™ 31nn15199 215 4 1431
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@13199 8.1 Optimum results of AOP2
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MHs HybridGA PBILb5 PBILwW5 PBILwSm PBILwl PBILwW10
Avrg Stdev Avrg Stdev | Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev

X1 0.0453 | 0.0073 0.0500 | 0.0000 0.0500 | 0.0000 0.0500 | 0.0000 0.0500 | 0.0000 0.0503 | 0.0018
X2 0.0463 | 0.0096 0.0493 | 0.0025 0.0500 | 0.0026 0.0497 | 0.0032 0.0477 | 0.0043 0.0543 | 0.0063
X3 0.0800 | 0.0000 0.0800 | 0.0000 0.0800 | 0.0000 0.0800 | 0.0000 0.0800 | 0.0000 0.0807 | 0.0025
X4 0.0610 | 0.0040 0.0603 | 0.0018 0.0600 | 0.0000 0.0603 | 0.0018 0.0600 | 0.0000 0.0650 | 0.0068
Xs 0.0500 | 0.0087 0.0493 | 0.0025 0.0500 | 0.0026 0.0500 | 0.0000 0.0477 | 0.0043 0.0520 | 0.0041
X6 0.0607 | 0.0025 0.0613 | 0.0051 0.0610 | 0.0040 0.0607 | 0.0025 0.0600 | 0.0000 0.0627 | 0.0064
X7 0.0810 | 0.0031 0.0800 | 0.0000 0.0800 | 0.0000 0.0800 | 0.0000 0.0800 | 0.0000 0.0803 | 0.0018
Xs 0.0517 | 0.0099 0.0503 | 0.0018 0.0500 | 0.0000 0.0500 | 0.0000 0.0500 | 0.0000 0.0517 | 0.0038
X9 0.0427 | 0.0052 0.0493 | 0.0025 0.0500 | 0.0000 0.0500 | 0.0000 0.0483 | 0.0038 0.0493 | 0.0025
X10 0.0800 | 0.0000 0.0800 | 0.0000 0.0800 | 0.0000 0.0800 | 0.0000 0.0800 | 0.0000 0.0803 | 0.0018
Y1 74.7849 | 1.1783| 77.5938 | 1.1768 | 80.0000 | 0.0000 | 80.0000 | 0.0000 | 80.0000 | 0.0000 | 80.0000| 0.0000
Y2 171.5082 | 13.5158 | 165.3552 | 7.5152 | 175.0000 | 0.0000 | 175.0000 | 0.0000 | 174.9984 | 0.0089 | 175.0000 | 0.0000

f(x,y) | 558.7238 | 30.9474 | 567.8900 | 9.9080 | 568.7844 | 7.3917 | 568.2535 | 6.2552 | 559.2016 | 7.1018 | 594.2857 | 20.6724

maxgi -0.0050 | 0.0000 -0.0050 | 0.0000 | -0.0050 | 0.0000 -0.0050 | 0.0000 | -0.0050 | 0.0000 | -0.0050 | 0.0000




@13199 8.2 Optimum results of AOP3
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MHs HybridGA PBILb5 PBILwW5 PBILW5m PBILwl PBILwW10
Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev
X1 0.0667 0.0106 0.0753 0.0078 0.0707 0.0037 0.0810 0.0243 0.0697 0.0032 0.0817 0.0172
X2 0.1017 0.0091 0.1533 0.0127 0.1550 0.0201 0.1483 0.0207 0.1500 0.0000 0.1600 0.0242
X3 0.0800 0.0037 0.0820 0.0076 0.0847 0.0073 0.0850 0.0078 0.0817 0.0046 0.0883 0.0079
X4 0.0690 0.0109 0.0727 0.0052 0.0750 0.0078 0.0747 0.0082 0.0700 0.0037 0.0800 0.0164
X5 0.0690 0.0109 0.0770 0.0160 0.0770 0.0084 0.0843 0.0355 0.0750 0.0051 0.0867 0.0121
Xe 0.0660 0.0104 0.0690 0.0061 0.0713 0.0035 0.0737 0.0156 0.0687 0.0043 0.0750 0.0073
X7 0.1000 0.0000 0.1283 0.0252 0.1500 0.0131 0.1517 0.0207 0.1500 0.0000 0.1500 0.0186
Xs 0.0923 0.0043 0.1027 0.0131 0.0997 0.0018 0.1053 0.0229 0.0993 0.0025 0.1050 0.0185
X9 0.0680 0.0092 0.0730 0.0065 0.0727 0.0069 0.0767 0.0103 0.0720 0.0081 0.0843 0.0155
X10 0.0680 0.0096 0.0750 0.0078 0.0760 0.0097 0.0793 0.0083 0.0710 0.0031 0.0827 0.0108
X11 0.0657 0.0068 0.0770 0.0099 0.0727 0.0074 0.0770 0.0158 0.0697 0.0032 0.0820 0.0167
X12 0.1500 0.0000 0.1500 0.0000 0.1517 0.0091 0.1517 0.0091 0.1500 0.0000 0.1583 0.0190
X13 0.0777 0.0057 0.0847 0.0090 0.0873 0.0078 0.0907 0.0087 0.0840 0.0056 0.0913 0.0221
! 150.0000 0.0000 | 279.9365 13.8161 | 297.8886 11.5648 | 293.5239 21.5257 | 300.0000 0.0000 | 299.7019 1.6330
Y2 150.0000 0.0000 | 278.6706 15.4757 | 296.4614 19.3818 | 289.2913 33.1890 | 300.0000 0.0000 | 298.5484 7.9508
Y3 150.0000 0.0000 | 252.3558 33.5946 | 297.3412 14.5631 | 289.8240 31.2534 | 300.0000 0.0000 | 297.0088 16.3835
2.009E+1 | 5.409E+0 | 2.001E+1 | 5.567E+0 | 1.990E+1 | 1.820E+0 | 1.991E+1 | 3.734E+0 | 1.990E+1 | 4.828E+0 | 1.990E+1 | 8.067E+0
ya 1 7 1 8 1 7 1 8 1 7 1 7
f(x,y) | 4751.2034 | 230.5610 | 5974.5867 | 363.5549 | 6222.8573 | 456.2727 | 6566.8994 | 1086.3438 | 5912.7947 92.7879 | 7045.4299 | 1006.9112
max
i ’ -0.0050 0.0000 -0.0050 0.0000 -0.0050 0.0000 -0.0050 0.0000 -0.0050 0.0000 -0.0050 0.0000




M13199 8.3 Optimum results of AOP4
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MHs HybridGA PBILb5 PBILwW5 PBILwW5m PBILw1 PBILw10
Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev

X1 0.0467 | 0.0084 0.0517 | 0.0053 0.0520 | 0.0041 0.0513 | 0.0043 0.0490 | 0.0031 0.0533 | 0.0084
X2 0.0477 | 0.0107 0.0510 | 0.0040 0.0503 | 0.0018 0.0513 | 0.0035 0.0507 | 0.0045 0.0543 | 0.0082
X3 0.0833 | 0.0048 0.0867 | 0.0055 0.0863 | 0.0067 0.0867 | 0.0048 0.0860 | 0.0050 0.0873 | 0.0069
X4 0.0603 | 0.0049 0.0577 | 0.0082 0.0607 | 0.0098 0.0577 | 0.0068 0.0563 | 0.0076 0.0610 | 0.0099
Xs 0.0570 | 0.0070 0.0543 | 0.0068 0.0590 | 0.0092 0.0533 | 0.0071 0.0553 | 0.0078 0.0583 | 0.0105
X6 0.0613 | 0.0043 0.0603 | 0.0072 0.0617 | 0.0079 0.0603 | 0.0093 0.0577 | 0.0043 0.0653 | 0.0107
X7 0.0720 | 0.0130 0.0783 | 0.0046 0.0773 | 0.0058 0.0797 | 0.0056 0.0760 | 0.0081 0.0793 | 0.0087
X8 0.0457 | 0.0082 0.0507 | 0.0037 0.0500 | 0.0037 0.0507 | 0.0037 0.0490 | 0.0031 0.0523 | 0.0082
X9 0.0440 | 0.0056 0.0510 | 0.0031 0.0507 | 0.0025 0.0497 | 0.0032 0.0483 | 0.0038 0.0507 | 0.0045
X10 0.0787 | 0.0035 0.0787 | 0.0051 0.0797 | 0.0041 0.0770 | 0.0047 0.0780 | 0.0048 0.0810 | 0.0055
X11 0.0518 | 0.1773 0.3132 | 0.2705 0.1478 | 0.3773 0.3319 | 0.3448 0.2337 | 0.3527 0.2345 | 0.4409
X12 0.5991 | 0.1766 0.5610 | 0.1850 0.6211 | 0.1079 0.5072 | 0.2017 0.6345 | 0.1444 0.5174 | 0.1896
X13 -0.6919 | 0.1381| -0.5828 | 0.1442| -0.5369 | 0.2001 | -0.4271| 0.2176| -0.6712| 0.1039 | -0.4691 | 0.2160
X14 0.6804 | 0.1490 0.5697 | 0.1723 0.5550 | 0.1935 0.5924 | 0.1489 0.6494 | 0.1410 0.5549 | 0.1754
Y1 75.3793 | 1.2182| 78.1703 | 1.5065 | 80.0000 | 0.0000| 80.0000 | 0.0000| 80.0000| 0.0000 | 80.0000 | 0.0000
Y2 170.9637 | 7.2167 | 166.1746 | 7.4693 | 175.0000 | 0.0000 | 175.0000 | 0.0000 | 175.0000 | 0.0000 | 175.0000 | 0.0000

f(x,y) | 479.4000 | 34.7275 | 529.8728 | 21.6285 | 535.8320 | 21.6881 | 534.5283 | 22.3252 | 501.9159 | 11.7035 | 574.2029 | 37.1328

maxgi -0.0047 | 0.0009 | -0.0050 | 0.0000| -0.0050| 0.0000| -0.0050| 0.0000| -0.0050| 0.0000| -0.0050| 0.0000




M13199 8.4 Optimum results of AOP5
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MHs HybridGA PBILD5 PBILwW5 PBILW5m PBILwl PBILwW10
Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev
X1 0.0787 0.0157 0.0787 0.0082 0.0813 0.0111 0.0800 0.0105 0.0730 0.0065 0.0870 0.0115
X2 0.1233 0.0286 0.1533 0.0127 0.1483 0.0091 0.1500 0.0131 0.1500 0.0000 0.1577 0.0311
X3 0.0830 0.0174 0.0780 0.0119 0.0833 0.0175 0.0810 0.0171 0.0717 0.0087 0.0903 0.0227
X4 0.0770 0.0124 0.0810 0.0212 0.0787 0.0111 0.0747 0.0104 0.0727 0.0087 0.0883 0.0261
X5 0.0807 0.0141 0.0770 0.0079 0.0803 0.0096 0.0803 0.0110 0.0717 0.0065 0.0847 0.0117
X6 0.0793 0.0131 0.0740 0.0062 0.0783 0.0099 0.0770 0.0088 0.0710 0.0031 0.0857 0.0205
X7 0.1200 0.0249 0.1483 0.0091 0.1533 0.0183 0.1567 0.0217 0.1517 0.0091 0.1557 0.0310
X8 0.0893 0.0187 0.0857 0.0176 0.0840 0.0214 0.0840 0.0181 0.0750 0.0107 0.0963 0.0318
X9 0.0780 0.0140 0.0807 0.0098 0.0827 0.0120 0.0777 0.0094 0.0747 0.0094 0.0833 0.0163
X10 0.0810 0.0106 0.0783 0.0095 0.0783 0.0105 0.0777 0.0101 0.0713 0.0035 0.0817 0.0162
X11 0.0817 0.0109 0.0773 0.0098 0.0823 0.0205 0.0767 0.0152 0.0707 0.0052 0.0850 0.0242
X12 0.1500 0.0000 0.1533 0.0127 0.1500 0.0000 0.1500 0.0000 0.1500 0.0000 0.1540 0.0234
X13 0.0857 0.0161 0.0823 0.0168 0.0860 0.0203 0.0823 0.0165 0.0737 0.0089 0.0940 0.0302
X14 -1.3764 0.8037 -1.9818 0.7962 -1.8035 0.7824 -1.5169 0.9604 -1.8596 0.7010 -1.5277 1.0779
X15 -0.6342 0.7655 -0.9292 1.0364 -0.6835 1.0393 -0.5185 0.9608 -0.7484 0.9619 -0.5791 1.3451
X16 -0.4087 0.7922 -0.3812 1.1555 -0.3243 1.1576 -0.1742 1.0618 -0.4516 0.9760 -0.3193 1.3226
Y1 194.0161 59.2515 | 238.8221 48.0552 | 300.0000 0.0000 | 300.0000 0.0000 | 300.0000 0.0000 | 299.5406 2.5164
Y2 168.5592 35.6225 | 251.6178 31.7033 | 300.0000 0.0000 | 300.0000 0.0000 | 300.0000 0.0000 | 296.8964 16.9992
Y3 239.6624 57.7826 | 231.6178 47.0528 | 300.0000 0.0000 | 300.0000 0.0000 | 300.0000 0.0000 | 299.4868 2.8109
1.995E+1 | 6.119E+0 | 1.999E+1 | 5.890E+0 | 1.990E+1 | 0.000E+0 | 1.990E+1 | 0.000E+0 | 1.990E+1 | 0.000E+0 | 1.990E+1 | 1.902E+0
ya 1 8 1 8 1 0 1 0 1 0 1 8
f(x,y) | 5222.3215 | 813.5479 | 5440.5355 | 524.4721 | 5616.7374 | 429.4775 | 5679.4132 | 654.9014 | 4938.2933 | 266.2513 | 6585.0710 | 1474.1376
max

i ’ -0.0050 0.0000 -0.0050 0.0000 -0.0050 0.0000 -0.0050 0.0000 -0.0050 0.0000 68.9978 | 377.9440




m15131 8.5 Number of worst cases found by the optimisers

MHs AOP1 AOP2 AOP3 AOP4
HybridGA 0 0 0 0
PBILb5 0 0 0 0
PBILW5 30 29 30 30
PBILwW5m 30 27 30 30
PBILw1 29 24 30 30
PBILw10 30 29 30 29
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Subintervals | -5<xi<-25 | -2.5<xi<0 | 0<xi<25 | 25<x<5
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X2
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nput: Ng, ni, objective function name (fun)

OUtQUtZ Xbest1 fbest

Initialization: Pjj = 1/ nj, x**t = {}

1:Fori=1toNc

2:  Generate a real code population X from Pjj (aa2eeg13luasisii 9.2) and find f =
fun(X)

3:  Find new x"*! from X and x®**! from the previous generation

4:  Update Pjj based on the new x"*! (Equations (9.1), (9.2), (9.3))

5: End
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Input: Ng, ni, N1, objective function name (fun), Pareto archive size (Na)

OUtQUtZ Xbest1 fbest

Initialization: Pj; = 1/ n, for each tray, a Pareto archive A = {}

1:Fori=1toNc

2: Generate a real code population X from the probability trays and find f = fun(X)

3:  Find non-dominated solutions from XUA and replace the members in A with
these solutions.

4:  Group the non-dominated solutions into Nt groups using a clustering technique,
and find the centroid rg of each group.

5:  Update each tray Pjj based on rg.

6:  If the number of archive members is larger than Na, remove some of the members
using a clustering technique.

7: End
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Yunoudsh 9.3 RPBIL-DE dwisumsmawmnzdgauuuvatedhvine

Input: NGBNP,an, N, objective function name (fun), Pareto archive size (Na)
Output: xPest, foest
Initialization: Pij = 1/ n; for each tray
: Generate a real code population X from the probability trays and find f =
fun(X)
: Find a Pareto archive A
1:Fori=1to Ng
2:  Group the non-dominated solutions into Nt groups using a clustering technique,
and find the centroid r¢ of each group.
3:  Update each tray Pjj based on rg.
4:  Generate a real code population X from the probability trays.
5:  Forj=1to Nprecombine X and A using DE operators
5.1: Select p from A randomly.
5.2: Select g and r from X randomly, q = r.
5.3: Calculatec=p+ F(g-r)
5.4: Set ¢;j into the interval Li < ci < Uj if it is outside the bounds.
5.5: If rand < pc, perform crossover
55.1:Fork=1ton
55.2: Ifrand <CR, yk =
5.5.3:  Otherwise, Yjx = p«
5.5.4: End
6: End
7:  New real-code populationis Y = {y1, ..., ¥j, ..., yne} and find f = fun(Y)
8:  Find non-dominated solutions from YUA and replace the members in A with
these solutions.
9:  If the number of archive members is larger than Na, remove some of the members
using a clustering technique.
10: End
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(unconstrained bi-objective optimisation) Nd el ulgyrinageuuiasgiu Felsznoudie
9

11 ZDT1 ZDT2 ZDT3 ZDT4 uag ZDT6 uenaniu azldyrimaaouniasgIuueInis
wannnghganuurateihuuieniten luiiidu CF1-CF7 @21 MOEAs A l¥lunisnadou

neumsuansiouziliznouane

- BPBIL using binary codes with mutation probability and mutation shift being 0.05
and 0.2 respectively.

- UPS-EMOA using crossover probability, scaling factor, probability of choosing
element from offspring in crossover, minimum population size, and burst size
being 0.7, 0.8, 0.5, 10, and 25 respectively.
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- SPEAZ2 using real codes with crossover and mutation rates of 1.0 and 0.1
respectively.

- MPSO using the starting inertia weight, ending inertia weight, cognitive learning
factor, and social learning factor being 0.5, 0.01, 0.5 and 0.5 respectively. The
best solution for computing a velocity vector is randomly selected from a Pareto
archive. The adaptive grid algorithm is used as an archiving technique.

- NSGA-II using real codes with crossover mutation probabilities as 1.0 and 0.1
respectively.

- RPBIL using real codes with N; = 40 where each probability tray produces 5
design solutions.

- RPBIL-DE using real codes with N; = 40 where each probability tray produces 5
design solutions. Crossover probability, scaling factor and probability of choosing
an element from an offspring in crossover for DE operators are set as 0.7, 0.8, and
0.5 respectively.

- DMOEA using real codes with temperature and mutation rate of 1000 and 1
respectively.

- DEMO using real codes with crossover probability, scaling factor and probability
of choosing an element from an offspring in crossover for DE operators being 0.7,
0.8, and 0.5 respectively.

- MOEA/D using real codes with number of neighboring weight vectors, crossover
and mutation probabilities being 6, 1.0, and 0.1 respectively.
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Friedma
OEAs | gpg| ILEJEASO' SPEA | MPS | NSG | MRPBI | RPBI | DEMOE | DEM | MOEA/ | ntest
Test Probens | - " 2 o | A L L-DE A 0 D (-
value)
Mea | 0996 | 0987 | 0986 | 0391 | 0967 0.977 8.33
¢ , ) ’ : 207 | 09481 | 09868 | 08727 7 ogeee | B3
0.001 | 0,003 | 0001 | 0159 | 0012 0.006
sor | sTO | %9 ) 0 ; 012 | 00022 | 00010 | 00191 ) 0.0001
1 [ Max 0.298 o.%gs o.%sg 0.6836 O.%Bl 00516 | 00890 | o078 0.387 L0000
Min. 0'%93 0'9579 0'9882 0'%00 0'%35 09433 | 09845 | 08418 0'%59 0.9995
Mea | 0.997 | 0942 | 0987 | 0446 | 0.978 0.983 T41x
e > , : ; )78 | 09239 | 09857 | 08559 2 | ogee2 | LA
0.001 | 0.098 | 0001 | 0175 | 0.007 0.004
oot | sTO | %9 ) ) 5 %7 | 00051 | 00015 | 00175 2041 0.0002
2| FLIES 1'%00 0'%97 0'9391 0'%99 0'9885 09353 | 09898 | 0.8828 0'%91 0.9995
Min. 0'%94 0'6198 0'9385 0'%00 0'%54 09134 | 09828 | 0.8246 0'%71 0.9987
Mea | 0.072 | 0975 | 098 | 0287 | 0964 | gocac | osoo | ooz | 0970 | oease | 51940
n 6 1 1 6 8 4
0018 | 0024 | 0001 | 0107 | 0.025 0.011
oor | sT0 | %S ) ’ " %25 1 00034 | 00012 | 00200 ) 0.0004
3 [ Max o.%go o.%95 o.%go 0.4(1)66 0.9687 00689 | 00921 | 08632 0.9;88 L0000
Min. O'%Ol 0'%86 0'383 0'%00 0'%65 09541 | 09867 | 0.7902 0%48 0.9981
Mea | 0.880 | 0548 | 0982 | 0.763 | 099 | o oo | ooras | osias | 089 | oesz0 | 8040
n 1 5 8 0 1 3
0.045 | 0189 | 0012 | 0.073 | 0.003 0.055
oot | sTO | % : . o 203 | 01299 | 00772 | 00802 > | 00078
| bue 0'%44 0205 0'299 0'%31 1‘%00 06253 | 0.7987 | 0.6600 0'258 0.9957
Min. 0'%07 0'%00 0'156 0'%11 0'5185 0.1462 | 04743 | 03418 0'256 0.9685
Mea | 0.057 | 0957 | 099 | 0953 | 0951 | oo | oooss | oz20s | 09 | oeaso | 77340
n 7 3 1 1 9 3
0.000 | 0.001 | 0004 | 0125 | 0.004 0.006
,or | sT0 | %9 ) ) : 04 | 00215 | 00020 | 01970 2% | 0.0007
6 | Max 0.9897 o.%gs 0.299 1.%00 0.397 02370 | 0009 | o0771e 0.5196 0,959
Min. 0'9697 0'%92 0'378 0"(‘)91 0'%80 01396 | 0.9958 | 0.0000 0%68 0.9962
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MOEAs UPS- Friedma
BPBI | O0° | SPEA | MPS | NSG | MRPBI | RPBI | DEMOE | DEM | MOEA/ | ntest
Tes L " 2 o | Al L L-DE A ) D (-
Problems value)
Mea | 0891 | garza | 0992 | %97 | 08639 | 04655 | 0.9200 | 06463 | 03745 | 0g2s1 | >3PI0
o | STD 0927 | 02001 | %99 | 9992 1 0178 | 01150 | 00234 | 00241 | 0.0849 | 0.0756
Lo Max ) 0956 | gggr5 | 0977 | 1990 109744 | 07123 | 09563 | 07240 | 05545 | 0.9137
min. | 032 | 00000 | %% | 0712 | 00480 | 02330 | 08572 | 05989 | 02631 | 05011
Mea | 0978 1 og7es | O0%° | O%%° | 05303 | 03676 | 09980 | 07930 | 08572 | 09677 | ZPRI0
o | STD 0919 | 0.1240 0'%03 09% | 02644 | 02866 | 0.0013 | 00250 | 01492 | 0.0260
2 b 0% | 09908 | ©999 | 993 | 09466 | 08980 | 10000 | 08350 | 0.9978 | 0.9911
Min. | O9 | os2es | 0% | 0% 1 00216 | 00000 | 09955 | 07320 | 06228 | 09182
Mea | 0990 1 o7740 | O9%° | 9223 | 09262 | 0.4082 | 07909 | 05361 | 08811 | 07582 | 490
o | STD 0'%87 0135 | %972 0'%21 00507 | 0.1630 | 0.0659 | 00366 | 0.0322 | 0.1033
3 | Max 0157 | 09262 | FO%° | 937 | 10000 | 06822 | 09190 | 06301 | 0.9324 | 0.9269
Min. | %9% | oa729 | 0T | 090 | o755 | 00039 | 06425 | 04750 | 08078 | 05307
Mea | 0315 | ogoos | %97 | O77 | 0933 | 05008 | 0.9750 | 09288 | 09813 | 09187 | %0
o | STD 0057 | oo7a7 | 0938 | 08 1 o0a21 | 02068 | 00497 | 00260 | 0.0267 | 0.0597
o b 05%0 10958 | ©9% | 9920 | 09880 | 08721 | 09982 | 09698 | 1.0000 | 0.9803
Min. | O 1 07008 | 0570 | 0507 | 08023 | 00000 | 08206 | 08524 | 09411 | 07927
Mea 0'5531 0408 | O7V 0'%02 07296 | 07603 | 0.7638 | 06206 | 07503 | 05601 | 220
o | STD °'g63 0.2329 0'%18 0'%21 0.1470 | 00007 | 00004 | 01397 | 00181 | 01792
> | Max ) OFT4 Fogana | 0914 | O35 | 10000 | 07618 | 07644 | 07565 | 0.7646 | 0.8578
Min. | %9 | 00000 | %44 | 0% | oa0s2 | 07592 | 07628 | 03652 | 06572 | 02209
Mea 0'%67 0.6565 0'9303 0'8621 0.7367 | 05429 | 0.8595 | 07780 | 05848 | 09056 | °2&O
o | STD 0'%35 0.1646 | 201 0'%37 0.1698 | 00465 | 01003 | 00382 | 0.1554 | 0.0636
N 037 | 0o2a | O9% | 985 | 0gg70 | 07041 | 09685 | 08522 | 0.8651 | 10000
Min. | O7 1 oseer | @39 | 7% | 00000 | 04776 | 06421 | 07105 | 02672 | 06192
Mea 0'295 0.7173 0'%10 0%20 0.8769 | 06569 | 0.8800 | 08180 | 09433 | o0sdo2 | O¥LY
o | STD 0970 1 0746 | °9% | 9% | o061 | 0788 | 00708 | 00307 | 0.0467 | 0.0777
7| Max) 0882 1 ggs3p | 0983 | 075 | og768 | 08974 | 09786 | 08722 | 1.0000 | 0.9668
Min. | OS18 | 026ag | T8 | 0000 | o7305 | 02086 | 07212 | 07378 | 08128 | 06437
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M13199 9.5 Ranking of MOEAs for all test problems based on Wilcoxson rank sum test.

BPBI IlEJI\P/IS(S SPEA MPS NSGA MRPBI RPBIL DEMOE DEM MOEA/
L@ | A 2 23) | 0@) | -1 L (6) -DE (7) A(8) 0 (9) D (10)
ZDT
1 2 3 3 10 7 8 3 9 6 1
ZDT
2 2 6 3 10 6 8 4 9 5 1
ZDT
3 4 4 3 10 4 8 2 9 4 1
ZDT
4 4 8 2 6 1 10 7 8 5 2
ZDT
6 3 5 6 3 7 9 1 9 7 1
> 15 26 17 39 25 43 17 44 27 6
Rank 2 5 3 7 4 8 3 9 6 1
CF1 5 8 1 2 2 8 2 7 10 6
CF2 3 5 2 7 9 10 1 8 5 3
CF3 7 4 1 10 1 9 4 8 3 4
CF4 4 8 1 9 4 10 1 4 1 4
CF5 8 8 3 10 1 3 1 6 5 6
CF6 3 8 1 5 6 10 3 6 9 1
CF7 7 8 2 10 4 8 2 6 1 5
> 37 49 11 53 27 58 14 45 34 29
Rank 6 8 1 9 3 10 2 7 5 4
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9.5.2 Case Il: Sizing design of a 2D 200 bar truss
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8.5.3 Case IlI: Shape and sizing design of a 2D 200 bar truss
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9.5.4 Case IV: Sizing design of a 3D Dome 120 bar truss
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msw’fi 9.7 Normalized hypervolumes of all MOEAs for all test problems

MOEAs UPS- Friedma
BPBI | Jr | SPEA | MPS | NSGA | RPBI | RPBIL| DEMO | DEM | MOEA/ | Hed™
Tes L " 2 0 Y L DE| E ) D | e
Problems
Mea | 06074 | 08654 | 0.5069 0'2255 04891 | 0.9831 0'%88 04163 | 09193 | 04188 | +3X10°
cas | STD | 00904 | 00742 | 0.1047 032 | 01127 | oooos | *% | 01085 | 0.0655 | 0.1348
1 | Max. | 07739 | 09913 | 07174 | O | 07017 | 09854 | O%° | 06423 | 10000 | 06369
Min. | 04278 | 0.6618 | 03092 0'%00 0.2863 | 09815 0'9586 0.1859 | 0.7654 | 0.1279
Mea | 03484 | 05846 | 0.3156 0'1125 0.3805 | 0.4253 0'%62 02132 | 06256 | 02185 | (14X10°
cas | STD | 00777 | 0,085 | 0.0839 0952 1 0oess | 00735 | %% | 00713 | 0.0699 | 0.0677
eIl | Max. | 05449 | 08015 | 05826 0279 | 0asa0 | oese2 | M9% | 03522 | 07447 | 03535
Min. | 01925 | 0.4244 | 01118 0'%00 0.2008 | 03256 0'9814 00011 | 04810 | 0.0990
Mea | 03818 | 05608 | 0.2531 0'1313 0.3311 | 0.4012 0'%66 02183 | 05840 | 01641 | 367X10°
cas | STD | 00684 | 0.0900 | 0.0784 0970 1 00709 | 0o0saa | *9'7 | 00794 | 0.0723 | o0.0688
©M | Max. | 05026 | 07374 | 0.4436 | O3%° | 04648 | 06471 1000 | 03487 | 07801 | 02872
Min. | 02177 | 0.3394 | 0.1030 0'%00 02309 | 02072 | %23 | 00058 | 0.4681 | 0.0014
Mea | 01499 | 03808 | 0.1635 0'341 0.2204 | 0.9381 0%80 01113 | 03118 | 01325 | #9010
cas | STD | 00492 | 00532 | 0.0559 0.92% | 00548 | 0oozs | *9* | 00308 | 02022 | 0.0527
®V'| Max. | 02577 | 05062 | 02808 | %% | 03578 | 09444 | 1O | 01828 | 05866 | 02388
Min. | 00721 | 0.2783 | 00617 0'%00 01220 | 09332 | %3 | 0.0508 | 0.1509 | 0.0143
Mea | 05617 | 06781 | 0.5083 0"(‘525 05532 | 05001 0'255 04785 | 04771 | 04158 | 38210
cas | STD | 00360 | 00436 | 00249 0.9% 1 00231 | 01364 | “%° | 00285 | 0.0676 | 0.1039
V| Max. | 06199 | 07438 | 05755 | O4 | 05049 | 07857 | O | 05430 | 05828 | 05316
Min. | 04939 | 0.5846 | 04749 0'3;63 04843 | 03180 | %57 | 0.4174 | 03101 | 0.0000
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A1313f 9.8 Ranking of MOEAs for all truss design problems based on Wilcoxson rank

sum test
BPBIL | UPS-EMOA | SPEAZ | MPSO | NSGA-Il | RPBIL | RPBIL-DE| DEMOEA | DEMO | MOEA/D

Case | 5 4 6 10 6 2 1 8 3 8
Casell | 5 2 7 10 5 2 1 8 2 8
Casel | 4 2 7 10 6 2 1 7 2 9
Cla\je 6 3 6 10 5 2 1 9 4 8
CaseV | 3 2 6 9 3 5 1 7 7 9
s 23 13 32 29 2 17 5 39 18 22
Rank 5 2 7 10 6 3 1 8 2 9
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e wi A N 1NiInsguaInun ludunsuIsn 9.4 Wandu ESmutate 1893013
Usvgnd I5aunis (9.5) dau AppGrad vinnwdanialszgnd 1% approximate gradient Tu (4.8) -
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%uﬂaues%’ﬁ 9.4 Hybrid multiobjective RPBIL

Input: n, nt, m, n;, T, max_eval, na, ns
Output: Pareto archive A
Initialisation:

Let Pijk=1/n; k=1, ...,nt

Generate X from Pjjx (VuaeuI5N 9.2).
1]

Generate a set of neighbour solutions Xy using a Latin hypercube sampling
technique.
Find A from non-dominated sorting X U Xn
Main procedure:
While the total number of function evaluation is less than max_eval, do the following
If the members in A are more than na
Do: activate the clustering technique to remove some members from A.
Divide the members of A into nr groups and find the centroid of each group.

Fori=1tonr
Use the centroid of the i-th group to update the i-th probability tray using
(9.1)-(9.3).
Next i

Generate X from Pijx (V4a9UITN 9.2).

Apply ES mutation X' = ESmutate(X)

Create ng solutions from an approximate gradient operator & binary crossover X” =
AppGrad(A, X, ns)

Find new A from non-dominated sorting X’ U A LU X"

as ' A { o % n:al = Y . = Jd o
AAmaunnzigaiwannyuu lvutisz@eunnuaies HRPBIL ¥9vziiaonoivufo

1 1 9
nuuiluas 1414 approximate gradient 35 MOEAs e lufsouieuanssousiiaail

- BPBIL: binary multiobjective population-based incremental learning using binary

codes with mutation probability and mutation shift as 0.05 and 0.2 respectively.

UPS-EMOA: unrestricted population size evolutionary multiobjective optimisation
algorithm (Aittokoski and Miettinen, 2010) using crossover probability, scaling
factor, probability of choosing element from offspring in crossover, minimum
population size, and burst size as 0.7, [0.6, 0.9], 0.5, 10, and 25 respectively.

- SPEAZ: strength Pareto evolutionary algorithm using real codes with crossover and
mutation rates of 1.0 and 0.1 respectively.

- MPSO: multiobjective particle swarm optimization using the starting inertia weight,
ending inertia weight, cognitive learning factor, and social learning factor as 0.5,
0.01, 0.5 and 0.5 respectively. The best solution for computing a velocity vector is
randomly selected from a Pareto archive. The adaptive grid algorithm is used as an
archiving technique.

- NSGA-II: non-dominated sorting genetic algorithm using real codes with crossover
mutation probabilities as 1.0 and 0.1 respectively.
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- DMOEA: dynamic multiobjective evolutionary algorithm using real codes with
temperature and mutation rate as 1000 and 1 respectively.

- DEMO: differential evolution for multiobjective optimization using real codes with
crossover probability, scaling factor and probability of choosing element from
offspring in crossover for DE operators as 0.7, [0.6, 0.9], and 0.5 respectively.

- MOEA/D: multiobjective evolutionary algorithm based on decomposition using
real codes with number of neighbouring weight vectors, crossover and mutation
probabilities as 6, 1.0, and 0.1 respectively. The weighted sum technique is used for
decomposition.

- AMOSA: archived multiobjective simulated annealing. The algorithm performs a
simple downhill operator for the first 3 generations before entering the main
procedure. In this paper, the method is performed in continuous spaces where a
candidate is obtained by mutating on its parent.

- RPBIL: multiobjective population-based incremental learning (T#aeu3s 9.2)

using real codes with n; = 40 where each probability tray produce 5 design
solutions.

- HRPBIL1: RPBIL with ES mutation (%umau?‘%ﬁ 9.4 without approximate gradient

and binary crossover).
- HRPBIL2: RPBIL with ES mutation, approximate gradient, and binary crossover

(%umu%‘%ﬁ 9.2) using ng = 10. Crossover and mutation probabilities as 0.7 and
1.0 respectively. The probability of choosing an element from offspring is 0.5.
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oroptem | PB! | Ups | SPE | MPS [ NSG | DMO | DEM | MOEA | AMOS | RPBI | HRPBI | HRPBI
L A | o | Al | EA 0 D A L L1 L2

Mea | 047 | 099 | 0.669 | 0412 | 0811 0.994 0.985
n | 48 | 21 7 3 8 | 05880 | 1 | 07705 | 06955 | 7 | 09865 | 0.9992

ST | 014 | 001 | 0120 | 0192 | 0.122 0.017 0.001
Cas| D | 51 | 62 8 9 5 | 01232 | 6 | 00594 | 04558 | 0 | 00013 | 0.0002

el [Max | 074 | 1.00 | 0882 | 0670 | 0.993 0.999 0.987
| s9 | o0 | 4 6 2 | 08943 | 9 | 08775 | 09179 | 5 | 09892 | 0.9994

Min | 019 | 093 | 0438 | 0,000 | 0.535 0.901 0.984
| e | 36 5 0 9 | 03808 | 9 | 06372 | 03792 | 5 | 09845 | 09987

Mea | 061 | 097 | 0527 | 0249 | 0,618 0.974 0.958
n | 98 | 28 6 6 4 | 02895 | 5 | 05011 | 05351 | 9 | 09595 | 0.9841

ST | 040 | 001 | 0.131 | 0132 | 0.100 0.014 0.001
cas| D | 36 | 61 1 6 3 | 00971 | 8 | 00972 | 01434 | 1 | 00014 | 00138

ell [Max | 081 | 099 | 0.779 | 0.450 | 0.804 1,000 0.961
37 | 83 9 5 4 | 04521 | 0 | 06814 | 08160 | 4 | 09630 | 0.9999

i | 041 | 093 | 0.269 | 0000 | 0432 0.930 0.955
93 | 00 | 4 0 0 | 00713 | 9 | 02375 | 02423 | 9 | 09571 | 09604

Mea | 047 | 0.74 | 0.405 | 0.110 | 0508 0.779 0.463
n | 76 | 70 7 5 4 | 02895 | 7 | 03637 | 01349 | 8 | 06687 | 09954

cas | ST | 003 [ 004 | 0057 | 0.062 | 0078 0.056 0.075
@l b | 8 | % 7 8 4 | 00405 | 6 | 00470 | 00851 | 9 | 01668 | 0.0022

& [Max | 054 | 082 | 0490 | 0267 | 05625 0.890 0,561
| 09 | e 7 1 5 | 03451 | 6 | 04574 | 03054 | 7 | 07997 | 1.0000

Min | 040 | 0.64 | 0231 | 0003 | 0278 0.657 0.249
| 3 | s 6 3 9 | 01874 | 4 | 02596 | 00000 | 9 | 02791 | 09916
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n | 82 | s 1 7 7 | 07990 | 8 | 09014 | 09107 | 7 | 09017 | 09428

cas | ST | 007 [ 000 | 0083 | 0.178 | 0053 0.002 0.185
@b | 5 | o8 1 8 0 | 00706 | 1 | 00281 | 00417 | 8 | 00654 | 0.0046

& [Max | 0.93 [ 100 | 0.045 | 0926 | 0.946 0.999 0.924
| o5 | oo 2 3 1 | 09000 | 1 | 09406 | 09460 | 8 | 09376 | 0.9466

Min | 056 | 0.99 | 0,640 | 0259 | 0.758 0.987 0.000
26 | 60 5 6 8 | 05700 | 7 | 08069 | 07275 | 0 | 06183 | 09268

@135199 9.10 Overall ranking based on Wilcoxon rank sum test

PBI | UP | SPEA | MPS | NSG | DMOE | DEM | MOEA/ | AMOS | RPBI | HRPBI | HRPBI
L | s 2 o | A A 0 D A L L1 L2
Casel | 11 | 3 8 11 6 10 1 6 8 5 4 1
Clalse 6 | 2 8 11 6 11 2 8 8 4 4 1
Clzﬁe 5 | 3 8 11 5 10 2 9 11 7 4 1
Cfife 1 | 1 9 12 4 9 2 4 4 4 4 3
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This article proposes an efficient metaheuristic based on hybridization of teaching—learning-based opti-
mization and differential evolution for optimization to improve the flatness of a strip during a strip coiling
process. Differential evolution operators were integrated into the teaching—learning-based optimization
with a Latin hypercube sampling technique for generation of an initial population. The objective function
was introduced to reduce axial inhomogeneity of the stress distribution and the maximum compressive
stress calculated by Love’s elastic solution within the thin strip, which may cause an irregular surface
profile of the strip during the strip coiling process. The hybrid optimizer and several well-established evo-
lutionary algorithms (EAs) were used to solve the optimization problem. The comparative studies show
that the proposed hybrid algorithm outperformed other EAs in terms of convergence rate and consistency.
It was found that the proposed hybrid approach was powerful for process optimization, especially with a
large-scale design problem.

Keywords: strip coiling; evolutionary optimizers; hybrid algorithm; flatness defects; spool crown

1. Introduction

In a steel mill, thin sheet metal production with high quality and low cost is a major customer
requirement. In industry, it is not usually easy to achieve this goal because of equipment and
operating conditions. In addition, the cold shape of the thin strip is not easy to predict because
manufacturing of the hot-rolled thin strip consists of several processes (Jung and Im 1997, 1999;
Kwon, Han, and Chun 2011).

Strip coiling is a process applied at the end of a rolling line in metal strip manufacturing.
During the strip coiling process, flatness defects such as wavy edge or centre buckle caused
by axial inhomogeneity of the stress distribution within a thin strip are usually encountered. To
better understand this phenomenon, a physical model to describe coil deformation was presented
by Yanagi et al. (1998). In this work, they found that flatness defects can be avoided by reducing
coiling tension and decreasing the strip crown or increasing its exponent. The stress analysis of
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Figure 1. Circumferential stress distributions for the cases of (a) wavy edge defect and (b) centre buckle defect.

the coiling process was revisited by Park et al. (2014) to include the effect of the crown shape of
the spool in the analysis.

Insummary, manufacturing a flat strip without the crown shape is the best solution for preventing
flatness defects on the metal strip during the strip coiling process. However, it is almost impossible
to make flat strips in industry. Decreasing the strip crown or increasing its exponent, as shown in
Figure 1, isdifficult to achieve because of production constraints. Therefore, processing parameters
such as spool geometry and coiling tension were selected as controlling parameters to improve
the strip flatness during the strip coiling process in the present work. To determine the optimal
values of these processing parameters, various optimization studies are necessary.

In general, optimization algorithms can be classified into two categories: those with a function
derivative, also known as gradient-based methods; and those that do not apply a function derivative,
for example evolutionary algorithms (EAs). Compared with gradient-based methods, EAs are easy
to use and can be applied more generally to deal with all kinds of functions and design variables
owing to the non-gradient requirement. Because of this advantage, EAs are widely used in various
real-world engineering applications (Bureerat and Limtragool 2008; Yildiz 2009d, 2012; Tiwari,
Oduguwa, and Roy 2008; Zhang and Wang 2012; Gholizadeh and Barzegar 2013). However, EAs
also have some weaknesses due to the random search procedure. A lack of search consistency
and low convergence rates are typical in EA search procedures, particularly for large-scale design
problems. Therefore, hybridization of EAs to enhance their search performance has become
popular (Pholdee and Bureerat 2012, 2013; Srisoporn and Bureerat 2008; Kaveh and Talatahari
2009; Plevris and Papadrakakis 2011; Yildiz 2009b, 2009c, 2013a, 2013c; Zidani et al. 2013;
Cagnina, Esquivel, and Coello 2011; Ghiasi, Pasini, and Lessard 2011).

Hybrid EAs can be classified into three categories: hybrid EAs with surrogate models (Srisoporn
and Bureerat 2008; Sun et al. 2010), incorporating EAs with a local search technique (Plevris and
Papadrakakis 2011; Zidani et al. 2013; Ghiasi, Pasini, and Lessard 2011; Pholdee and Bureerat
2012; Yildiz 2009a) and hybridization of two EAs (Kaveh and Talatahari 2009; Pholdee and
Bureerat 2013). A hybrid of EAs with a surrogate model is a powerful tool for an optimization
study requiring a large computation time to calculate objective function evaluations, as in the
optimization of a metal forming process (Sun et al. 2010). The basic concept of this hybrid
approach is to use the surrogate model as an approximate function evaluation instead of a real
objective function evaluation. The results of this hybrid approach will depend on the accuracy of
the surrogate model and sampling points used to construct the surrogate model. For the hybrid
of EAs and local search techniques, also known as a mimetic algorithm, the basic concept is to
use the EAs to provide a pseudo-global search region. Then, a local search technique is used
to speed up the search procedure. However, this kind of hybrid approach includes a local search
technique, which usually requires a function derivative (Plevris and Papadrakakis 2011), such that
it is difficult to apply to real engineering applications. Moreover, a local search technique without
applying a function derivative, such as the Nelder-Mead simplex downhill method (NM), is not
efficient for problems with large-scale design variables (Ghiasi, Pasini, and Lessard 2011). In this
regard, the hybrid of two EAs may be more flexible to enhance the search performance of the
EAs in real engineering optimization studies. Successful implementation of this kind of hybrid
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algorithm in real engineering applications can be found in the literature (Pholdee and Bureerat
2013; Kaveh and Talatahari 2009; Nwankwor, Nagar, and Reid 2013; Yildiz 2013b).

In this work, a new hybrid algorithm based on integrating differential evolution (DE) operators
into the search procedure of teaching—learning-based optimization (TLBO) is developed and
applied to optimization of the strip coiling process. The hybrid optimizer will be termed enhanced
teaching-learning-based optimization with differential evolution (ETLBO-DE). The ETLBO-
DE and several well-established EAs such as DE (Storn and Price 1997), simulated annealing
(SA) (Bureerat and Limtragool 2008), artificial bee colony optimization (ABC) (Karaboga and
Basturk 2007), real code ant colony optimization (ACOR) (Socha and Dorigo 2008), TLBO (Rao,
Savsani, and Vakharia 2011), league championship algorithm (LCA) (Kashan 2011), charged
system search (ChSS) (Kaveh and Talatahari 2010), hybrid DE and Nelder—Mead simplex method
(HDENM) (Wu et al. 2010), hybrid DE and hill-climbing (HDEHC) (Hernandez, Leguizamon,
and Mezura-Montes 2013), and hybrid particle swarm optimization and DE (HPSODE) (L.iu, Cali,
and Wang 2010) are employed to solve a large-scale design problem of the strip coiling process
in order to improve the flatness of the strip during the process. For this purpose, the optimal
processing parameters of spool geometry and coiling tension were determined by introducing the
objective function to minimize axial inhomogeneity of the stress distribution and the maximum
stress, which may cause the irregular surface profile of the strip during the coiling process.

2. Formulation of optimization design problem of the strip coiling process

During the strip coiling process, a wavy edge will form when the circumferential stress at the
middle zone of the strip is highly compressed while the two edges are tensile or lightly compressed.
On other hand, if the middle zone of the strip is highly tensile while the two edges are compressed
or lightly tensile, a centre buckle will occur, according to previous studies (Yanagi et al. 1998;
Park et al. 2014). Figure 1(a) and (b) shows the circumferential stress oy distributions along the
z direction within a thin strip that incurred a wavy edge and a centre buckle, respectively.

In the strip coiling process, when the strips are coiled, the middle zone (z = 0) of the strip at the
inner coil will be highly compressed compared with the two edges owing to the coiling tension
and strip crown. In this case, the centre buckle at the inner coil is unlikely and the wavy edge is
likely to form. Therefore, the wavy edge defect at the inner coil becomes a major issue during the
strip coiling process. Figure 2 shows the plot of the circumferential stress o, distribution in the

i 0,=-20MPa

Circumferential stress (MPa)

- Case of wavy
edge defect

z (mm) 0 200 r (mm)

Figure 2. Circumferential stress distribution oy in the coil determined by Love’s elastic solution by Park et al. (2014).
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Figure 3. Spool geometry used in the present investigation.

z direction at each radius r of the coil calculated by Love’s elastic solution, determined by Park
et al. (2014), which may contribute to the formation of the wavy edge defect after finishing the
coiling process.

It was found from Figure 2 that formation of the wavy edge defect can be decreased by reducing
the axial inhomogeneity of the stress distribution and the maximum compressive stress in the
compressive zone. In this study, optimization using EAs will be applied to find the optimal
processing parameters including coiling tension o and spool geometry, as described in Figure 3.

To reduce axial inhomogeneity of the stress distribution and the maximum compressive stress,
the objective function was defined to minimize the maximum compressive stress and the volume
of the circumferential compressive stress, as shown in Figure 2. In this figure, the volume was
calculated only for the coil in which compressive stresses were higher than 20 MPa, to minimize
the likeliness of the wavy edge defect.

Then, the objective function can be expressed as:

- \V; max(ogc)
Min: f (e, 1o, 07i) = - +
(ap, M, OT,i) Vo + max(o4co)

Subjectto: 0 < oy <4,
0<nm <4, @)
25 <ori <50MPa; i=1---Nmax

loTi —ori-1l <2MPa

where V and oy are approximate values of the circumferential stress and the compressive circum-
ferential stress higher than 20 MPa, respectively (see Figure 2), while Vy and oy are the values
of the original design case. o7, is the coiling tension at the coil number i (generally, the coiling
tension was set to be constant for all the coils). nmax is the maximum number of coils, which was
set to be 220 in this study, and ay, np are the spool crown and spool crown exponent, which were
used in defining the spool geometry in Figure 3 as:

b2) = by — « (ﬂ> @)
= b Z

ax

In this equation, b(z) and by (=330 mm) are the outer radius of the spool along the z direction
and the initial value of the outer radius of the spool, respectively, and z,.x = 525 mm is the width
of the spool. The inner radius of the spool a in Figure 3 was set to be 300 mm. The total number
of design variables considered was 222 (220 for the coiling tensions or; and two for the spool
geometry ap and np).
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3. Teaching-earning-based optimization

In the optimization algorithm based on TLBO proposed by Rao, Savsani, and Vakharia (2011),
the search process starts with an initialized population. In this work, the population is considered
as a group of learners and the best individual is a teacher. The knowledge is an objective function,
which needs to be improved towards the optimum. The optimization process starts by randomly
creating an initial population. Then, objective function values of the members in the population
are evaluated and the best individual is identified. After that, the population is updated in two
stages: the ‘teacher phase’ and the ‘learner phase’. During the teacher phase, an individual (x;)
is updated based on the best individual (Xiacher) and the mean values of the whole population
(Xmean), as follows:

Xnew,i = Xold,i + I {Xteacher — (TEXmean)} (3)

where r € [0,1] is a uniform random number and T is a teaching factor, which can be either
lor2.

For the learner phase, the population is updated by interactions among the individuals. Two
individuals x; and x; are selected randomly, where i # j. The modification can be expressed as:

| Xoigi Hr i —xp) i F i) < F(x) @)
Xl H O —xi)iff(x) < f(x)

Xnew,i
During both the teacher and learner phases, the new solution (Xney) Will be accepted if it is
better than the old ones; otherwise, it will be rejected. The search process is repeated until the
termination criterion is satisfied. The detailed TLBO computational steps are summarized in
Algorithm 1 (see below).

4. Hybrid of teaching-earning-based optimization and differential evolutionary
algorithm

The DE algorithm is a simple but efficient evolutionary algorithm proposed by Storn and Price
(1997). The DE algorithm has two main operators to update populations, i.e. mutation and
crossover. In this work, the DE/best/2/bin strategy was used for the hybrid algorithm. The DE
mutation operator can generate a new population (Xpew,i) Using the following equation:

Xnew,i = Xbest + F(Xr,l +Xr2 — X3 — Xr,4) (5)

Algorithm1  Teaching-learning-based optimization (TLBO)
Input: Maximum iteration number maxiter, population size np.
Output: Xpest, foest
Initialization
1. Generate an initial population randomly.
2. Evaluate objective function values.
Main algorithm
3. Fori =1 to maxiter

3.1 Identify the best solution (Xeacher)-

(Teacher phase)

Forj=1ton,

3.2 Update the population using Equation (3)

3.2.1 Evaluate the objective function value f (Xnew,j)
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3.221ff (Xnew,j) < f(X0|d'j)
Replace Xoid,j DY Xnew,j
End

End

(Learner phase)

Forj =1ton,

3.3 Update the population using Equation (4)
3.3.1 Evaluate the objective function value f (Xnew,j)
3.3.21Iff (Xnew,j) < f(X0|d‘j)

Replace Xgid,j BY Xnew,j
End
End
End

where F is a scaling factor and x; ; are four randomly selected individuals. For a new individual
Xlew = DXnew.1, - - -» Xnew,p] and an old individual X} ,; = [Xold1, - - -» Xold,0], the binary crossover step
can be expressed as:

Xnew,j = Xold if rand < CR,j =1,...,D (6)

The computational steps of the proposed ETLBO-DE hybrid algorithm are described in
Algorithm 2. The hybridized TLBO and DE can be obtained in such a way that TLBO is used
as a main search procedure. The process starts by randomly generating an initial population. The
populations will then be updated based on the best solution from the TLBQO’s teacher phase, sim-
ilar to Algorithm 1. However, after the teacher phase, the DE/best/2/bin strategy will be used to
update the population instead of using the learner phase of the original TLBO.

DE is used as an alternative for the local search instead of classical optimization methods
such as gradient-based optimizers because objective and constraint function values are evaluated
through a numerical approach, which usually has some truncation errors during the computational
steps. This may lead to difficulty and inaccuracy in calculating function derivatives. Moreover,
direct methods such as the simplex downbhill are reported to be less effective than DE in solving
a large-scale optimization problem with 222 design variables.

5. Numerical experiments

To examine the search performance of the proposed ETLBO-DE hybrid algorithm, several EAs
were used to compare the objective function values, which were determined by Equation (1). The
EAs used in this study are as follows:

DE (Storn and Price 1997): The DE/best/2/bin strategy was used. The DE scaling factor was
random, from 0.25 to 0.7, in each calculation and the crossover probability was 0.7.

Algorithm?2 Newly developed ETLBO-DE hybrid algorithm
Input: Maximum iteration number maxiter, population size np.
Output: Xpest, fhest
Initialization
1. Generate an initial population randomly.
2. Evaluate objective function values.
Main algorithm
3. Fori =1 to maxiter
3.1 Identify the best solution (Xeacher)-
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(Teacher phase)

Forj=1tong

3.2 Update the population using equation (3)
3.2.1 Evaluate the objective function value f (Xnew,j)
32.21ff (Xnew,j) <f (Xold,j)

Replace Xoidj bY Xnew,j

End

End

(DE operation)

Forj=1ton,

3.3 DE mutation using Equation (5)

Fork=1toD
3.4 DE crossover using Equation (6)
End

3.5 Evaluate the objective function value f (Xnew,)
3.6 If f (Xnew;) < f (Xoldj)
Replace Xoid, bY Xnew,
End
End
End

SA (Bureerat and Limtragool 2008): An annealing temperature was reduced exponentially by
10 times from the value of 10 to 0.001 in the optimization searching process. On each loop 2n
children were created by means of mutation to be compared with their parent. Here, n is the
number of design variables.

ABC (Karaboga and Basturk 2007): The number of food sources was set to be 3n. A trial
counter to discard a food source was 100.

ACOR (Socha and Dorigo 2008): The parameters used for computing the weighting factor and
the standard deviation in the algorithm were set to be & = 1.0 and g = 0.2, respectively.

TLBO (Rao, Savsani, and Vakharia 2011): There is no required parameter setting.

LCA (Kashan 2011): The default parameter settings provided by the authors were used. The
lower limit for the retreat coefficient and approach coefficient was set to be 0 while the upper limit
for the retreat coefficient and approach coefficient was set to be 2. The probability of success (P;)
was set to be 0.9999 and the decreasing rate of P, was set to be 0.9995.

ChSS (Kaveh and Talatahari 2010): The number of solutions in the charge memory was 0.2N,,.
Here, N, is the population size. The charged moving considering rate and the parameter PAR were
set to be 0.75 and 0.5, respectively.

HDENM (Wu et al. 2010): The DE/rand/1/bin strategy was used. The DE scaling factor and
crossover probability were set to be 0.5 and 0.9, respectively. The NM reflection factor, expansion
factor, contraction factor and shrinkage factor were 1.0, 2.0, 0.5 and 0.5, respectively.

HDEHC (Hernandez, Leguizamon, and Mezura-Montes 2013): The DE/rand/1/bin strategy
was used. The DE scaling factor and crossover probability were set to be 0.6. The hill-climbing
algorithm used the same algorithm as presented in Hernandez, Leguizamon, and Mezura-Montes
(2013).

HPSODE (Liu, Cai, and Wang 2010): The PSO starting inertia weight and ending inertia weight
were set to be 0.5 and 0.01, respectively, while the cognitive learning factor and social learning
factor were set to be 0.5. The DE/rand/1/bin, DE/current to best/1/bin and DE/rand/2/bin
strategies were used. The DE scaling factor was random, from 0.25 to 0.75, in each calculation
and the crossover probability was 0.8.
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HTLBO-HJ: After completing the TLBO’s learning phase for each generation, the pattern
search (PS) method was used as a local search technique to update the current optimum solution.
Thus, TLBO was used as the main search algorithm.

HTLBO-NM: After completing the TLBO’s learning phase for each generation, the NM method
was used as a local search technique to update the current optimum solution. Thus, TLBO was
used as the main search algorithm.

ETLBO-DEL1 (Algorithm 2): The DE parameter setting was used for the DE operation while
an initial population was randomly generated.

ETLBO-DE2 (Algorithm 2): The ETLBO-DE1 parameter setting and Latin hypercube sampling
(LHS) technique were used to generate an initial population.

Fourteen evolutionary optimizers were used to solve the proposed optimization design problem
of the strip coiling process with five optimization runs. Both the population size and the number
of iterations were set to be 100. For the optimizers using different population sizes, such as
simulated annealing and TLBO, their search processes were terminated with the total number of
function evaluations as 100 x 100. The optimal results of the optimizers within a limited number
of function evaluations were compared to determine the best performer. It should be noted that
the optimization parameter setting used for each optimizer was obtained by selecting the best set
from the test runs with several sets of parameters.

6. Resultsand discussion

The numerical results for the objective function values obtained from each optimizer are shown
in Table 1. In this table, the mean values (Mean) are used to measure the convergence speed while
the standard deviation (STD) represents the search consistency of the method. A method with a
lower mean value of the objective function has better convergence speed, while a method with a
lower STD has better search consistency.

For the measure of convergence speed based on the mean objective value, the best convergence
method was ETLBO-DE2 and the worst was ABC. The second and third best performers were
ETLBO-DE1 and DE, respectively. For the measure of search consistency based on the STD,
ETLBO-DE2 had the best consistency while ABC had the worst consistency, similar to the search
convergence. The second and third best consistencies were HDENM and ACOR, respectively.
The minimum objective function value was obtained by ETLBO-DE2.

Table 1. Objective function values calculated.

Evolutionary algorithm Mean STD Max. Min.

DE 0.9700  0.0275 1.0096  0.9354
ABC 1.7637  0.0787 1.8800  1.6751
ACOR 1.0621  0.0070 1.0705  1.0546
Chss 1.4026  0.0289 1.4448  1.3678
LCA 1.7116  0.0408 1.7580  1.6473
SA 15451  0.0645 1.6323  1.4841
TLBO 0.9915  0.0132 1.0066  0.9766
HDEHC 1.1460  0.0126 11286  1.1592
HDENM 1.2609  0.0050 1.2567  1.2693
HPSODE 1.2562  0.0470 11987  1.3130
HTLBO-HJ 1.0025  0.0922 1.1338  0.8729
HTLBO-NM 1.1146  0.1826 11328  0.9477
ETLBO-DE1 0.9026  0.0107 0.9134  0.8858

ETLBO-DE2 0.8850  0.0047 0.8897  0.8784
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Figure 4. Search history of the original evolutionary algorithms and the hybrid algorithms.

Among the four hybrid TLBO algorithms, the results indicate that the hybrid TLBO with DE is
more efficient than the hybrid TLBO using other classic local search methods, i.e. pattern search
and the simplex downhill method. This implies that DE is a more powerful local search technique
for the present optimization problem. All the hybrid versions of TLBO using DE were superior
to the original TLBO. Based on the average values of the objective function, the hybrid TLBOs
using PS and NM were inferior to the original TLBO, although they provided better results for
some optimization runs.

Figure 4 shows a search history of the best optimization run of the original TLBO, DE and the
proposed hybrid algorithms. It was found from this figure that the convergence rates of search
processes of the hybrid algorithms were better than the original TLBO and DE from the beginning.
From this figure, it is noticed that the original TLBO has a faster convergence rate than the original
DE from the start because the TLBO has two steps for updating its population. For search processes
larger than 1000 function evaluations, however, the convergence rate of DE became faster than
TLBO. Accordingly, it can be said that TLBO is better when approaching to the near optimum area
whereas DE is efficient for a local search of the real optimum point. Therefore, combining both
optimizers can compensate for the weak points of each. The hybrid algorithms use the features
of TLBO to quickly land on the area near the optimum. Then, the DE operators are used for fine
searching of the optimum solution. This combination makes the hybrid algorithms more efficient
than their original techniques.

Of the new optimizers, ETLBO-DEZ2 is superior to ETLBO-DEL. ETLBO-DE2 can converge to
the optimum result after a few function evaluations, whereas ETLBO-DEL needs more function
evaluations to reach the optimum. Overall, ETLBO-DE2 was found to be the best optimiza-
tion algorithm investigated in this study for solving strip coiling process optimization problems
with large-scale design variables. It can be seen from the present investigation that integrat-
ing DE into the main procedure of TLBO leads to an efficient evolutionary algorithm, and the
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Figure 6. Comparison of circumferential stresses along the z and r directions for (a) the original design and (b) the
optimal design.

search performance will be made much more efficient by introducing LHS to generate the initial
population in the newly developed hybrid algorithm.

Based on the best optimization run of ETLBO-DEZ2, the optimal spool crown and spool crown
exponent obtained were found to be 1.96 and 1.00, respectively, while the optimal coiling tensions
obtained as a function of number of coils are illustrated in Figure 5. The results show that the
coiling tensions started with the highest value at the first coiling and decreased when the number of
coilsincreased. After a few series of coiling, the tension levels became almost constant, converging
to the minimum value at the end of the process.

Figure 6 (a) and (b) shows the plot of the circumferential stress distributions along the z and
r directions before and after the optimization, respectively. Table 2 shows a comparison of the
maximum compressive stresses and the standard deviation of stresses at the inner strip between
the original and optimal designs. The results indicate that the optimal processing parameters
obtained by the ETLBO-DEZ2 algorithm can reduce the maximum compressive stress and axial
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Table 2. Maximum compressive stress and standard deviation of the stresses
at the inner coil.

Original design Optimal design

Maximum compressive stress (MPa) 111.546 67.248
Standard deviation of stresses 48.375 28.283

inhomogeneity of the stress distribution at the inner strip, which may cause wavy edge defects
during the strip coiling process.

7. Conclusions

Inthis work, a novel hybrid algorithm of TLBO and a DE algorithm was developed for optimization
of the strip coiling process. The objective function was formulated to minimize the volume of
the circumferential stress and maximum compressive stress higher than 20 MPa during the strip
coiling process. Ten existing EAs were used to examine the proposed hybrid algorithm and obtain
the optimal processing parameters, such as the coiling tensions ot and the spool geometry «;, and
np, based on minimization of the proposed objective function with a limited number of function
evaluations. In the present study, the hybrid of TLBO and DE outperformed the other EAs. The
search performance of the proposed hybrid algorithm can be augmented by applying LHS to
generate an initial population. The optimal processing parameters such as spool crown «y and
spool crown exponent n, obtained from the best optimization run of the best performer were
found to be 1.96 and 1.00, respectively, while the optimal coiling tensions or; were obtained as
a function of the number of coils. The present results show that the maximum compressive stress
and axial inhomogeneity of the stress distribution at the inner coil which caused flatness defects
in the strip coiling process were greatly reduced compared with the original case. The currently
proposed optimization scheme is powerful in handling large-scale design problems for industrial
applications. The optimum processing parameters obtained will be helpful in reducing edge wave
defects during the strip coiling process to improve product quality.
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In this article, real-code population-based incremental learning (RPBIL) is extended for multi-objective
optimization. The optimizer search performance is then improved by integrating a mutation operator of
evolution strategies and an approximate gradient into its computational procedure. RPBIL and its variants,
along with a number of established multi-objective evolutionary algorithms, are then implemented to solve
four multi-objective design problems of trusses. The design problems are posted to minimize structural
mass and compliance while fulfilling stress constraints. The comparative results based on a hypervolume
indicator show that the proposed hybrid RPBIL is the best performer for the large-scale truss design
problems.

Keywords: population-based incremental learning; hybrid evolutionary algorithms; multi-objective truss
optimization; comparative performance; multi-objective evolutionary algorithms

1. Introduction

A truss is one of the most used engineering structures for several reasons, including the ease and low
cost of construction. The structures can be used in a wide variety of applications such as bridges,
roofs and towers. Over the past few decades, a great deal of research on design optimization of
truss structures has been done (e.g. Kim and de Weck 2006; Hasangebi 2007; Li, Huang, and Liu
2009; Xu et al. 2010; Jansen and Perez 2011; Su et al. 2011; Chen and Huang 2013; Gholizadeh
and Barzegar 2013). The design problems can be categorized as sizing (Kaveh and Zolghadr 2012;
Luetal. 2013; Sadollah et al. 2012), shape (Fadel Miguel and Fadel Miguel 2012; Gholizadeh and
Barzegar 2013; Pholdee and Bureerat 2012) and topology optimization (Su ef al. 2011; Richardson
et al. 2012). It is also possible to operate all three types of truss optimization simultaneously,
which is called automated design (Rahami, Kaveh, and Gholipour 2008; Noilublao and Bureerat
2011; Torii, Lopez, and Biondini 2012). Work involving the development and improvement of
optimizers for such structural design is one of the most important issues. A typical single-objective
design problem of trusses is assigned to minimize structural mass subject to safety requirements
such as stress and displacement constraints. The optimizers used for tackling the design problem
could be gradient-based optimizers or meta-heuristics, while the most popular method for the latter
category is a genetic algorithm (Lingyun et al. 2005; Rahami, Kaveh, and Gholipour 2008; Gomes
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2011). Other meta-heuristics or evolutionary algorithms employed to solve single-objective truss
design problems include particle swarm optimization (Li, Huang, and Liu 2009; Gomes 2011),
simulated annealing (Bennage and Dhingra 1994), charged system search (Kaveh and Talatahari
2010) and differential evolution (Kaveh and Talatahari 2008; Brest and Maueec 2011; Mallipeddi
etal. 2011).

In practice, it has been found that minimizing structural mass subject to structural safety con-
straints is somewhat difficult to implement. This is due to the fact that minimizing mass often
results in a reduction in structural strength and consequently leads to structural reliability being
decreased. As a result, multi-objective optimization is introduced to overcome such a drawback.
By implementing a multi-objective design problem, a designer can optimize both structural mass
and reliability (Noilublao and Bureerat 2011). Parameters that can be used to measure structural
reliability are compliance minimization, structural natural frequencies (Bennage and Dhingra
1994) and frequency response function (Noilublao and Bureerat 2011).

Evolutionary algorithms (EAs) are recognized as alternative optimizers to classical gradient-
based optimization methods. Using EAs is advantageous as they are simple to implement, robust
and capable of searching for global optima. EAs can be used to solve almost any kind of optimiza-
tion problem since they search for optimum solutions without using function derivatives. Most
importantly, for multi-objective optimization, multi-objective evolutionary algorithms (MOEAs)
can search for a Pareto optimal set within one optimization run. These reasons make EAs popular
and they are implemented in a wide range of applications. Nevertheless, their weak points, a low
convergence rate and a lack of consistency, still exist. Therefore, EA performance enhancement
is always demanding. Since the first EA was invented, there have been numerous EAs presented
in the literature, where some are newly invented with new concepts and others are extended from
older versions. There are several ways to enhance the search performance of EAs. The hybridiza-
tion of various promising EA operators leading to a new hybrid algorithm is one effective strategy
(Kaveh and Talatahari 2008, 2009; Yildiz 2009a, 2009b, 2009c; Cagnina, Esquivel, and Coello
2011; Zidani et al. 2013). Integrating gradient-based optimizers into the main procedures of EAs
is an alternative means (Cai ef al. 2012; Niu, Zhou, and Zeng 2012). Nevertheless, this optimiza-
tion strategy requires derivative computation, which means that the derivative-free feature of EAs
will be missing. The success of integrating a direct search method such as a simplex downhill
method and a pattern search method has been reported (Chen and Tsai 1996; Koduru et al. 2008;
Wang, Xu, and Li 2011). Mostly, the aforementioned hybrid strategies were developed for single-
objective optimization. Recently, an efficient EA operator called an approximated gradient has
been employed and found to be powerful for truss design problems (Pholdee and Bureerat 2012).

This article presents an alternative hybrid evolutionary optimizer for multi-objective optimiza-
tion of trusses. The multi-objective version of population-based incremental learning using real
codes (RPBIL) is hybridized with the evolution strategies (ES) mutation operator and approxi-
mate gradients. The new hybrid method is derivative free. Four multi-objective design problems
of trusses posed to minimize structural mass and compliance with stress constraints are used as the
benchmark problems. Design variables for the four design problems are shape and sizing. Then,
three variants of RPBIL and a number of established MOEAs are used to tackle the test problems.
The results obtained from the various optimizers are compared based on a hypervolume and it is
found that the proposed hybrid RPBIL is overall the best optimizer.

2. Real-code population-based incremental learning for single-objective optimization

The very first version of population-based incremental learning (PBIL), based on binary search
spaces, was introduced by Baluja (1994). There have since been several versions of PBIL such as
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multi-objective (Bureerat and Sriworamas 2007) and real-code (Bureerat 2011a, 2011b) versions.
Real-code population-based incremental learning herein is the multi-objective version extended
from the single-objective RPBIL presented in Bureerat (2011b). The method is classified as
a simple estimation of a distribution algorithm (EDA). It is developed for solving a bound-
constrained optimization in which, for the case of multiple objectives, it can be expressed as

min{fi(x),....fu(¥}; L=x=U (1)

where X is a vector of design variables size nx 1.

The concept of single-objective RPBIL is to use the so-called probability matrix representing
a real-code population. Given that the probability matrix P is sized n x n;, it means the bounds
of all design variables are divided into n; subintervals for generating a real code population.
The value of P;; determines the probability of having the ith element of x in the jth subinterval,
whichis [L; + (j — 1)d;, L; + jd;] where d; = (U; — L;) /n;. Let X = {xy, ..., Xr} be the real-code
population with 7 members. The number of the ith element of x located in the jth subinterval can
be computed as round(TP;;), where round(x) gives the nearest integer to x. The pseudo-code for
generating a population X from the given probability matrix P is shown in Algorithm 1.

Algorithm 1: Generating a real-code population

Input: P, T

Output: X

Fori=1ton

Y={

Forj=1ton

Find n;

Ifj < ny, njj = round(TP;)

Ifj=n,n;=T-3 " na

Randomly generate n;; real number in the interval [L; + (G — Dd;, L; + jd;]
Set those real numbers as the members of Y.

Next j

Randomly shuffle the positions of the members of Y.
Set all members of Y as the ith row of X

Next i

For single-objective optimization, the search process starts with an initial probability matrix
whose members are full of 1/n;. The real-code population is then generated while objective
functions are evaluated. The best solution x** based on whether maximization or minimization
is then found and used to update the probability matrix. The probability matrix is updated in such
a way as to increase the value P;, where the ith element of X is located in the rth subinterval.
Consequently, the values of the other elements on the ith row of P will be decreased. A real-code
population generated from this updated probability matrix will tend to have more members around
xP*st, However, this could cause a premature convergence for the RPBIL search. In order to avoid
such a phenomenon, the updating scheme is proposed as:

P = (1 = LGN P + Le () 2)

and
Lg(j) = Lgoexp(—(j — r)%) 3)

where Lgg is an initial learning rate to be specified (default = 0.5). The index r is the subinterval
in which the ith element of the best solution is located in. Instead of increasing only the value
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of P;., using Equation (3), the values of elements adjacent to P;. on the ith row are also slightly
increased. The updated probability matrix P;; is then modified as

/
) Py

A @)
DIy

in order to preserve the condition
ny
/o
> Pi=1 Q)
j=1

where Pl; is the final update of P;. The probability matrix and the best solution are iteratively
updated while the corresponding real-code population is created until a termination condition is
fulfilled.

3. Real-code multi-objective population-based incremental learning

For multi-objective RPBIL, more probability matrices (say nr) are used to produce a population
so0 as to achieve better population diversity, which is one of the most important requirements in a
MOEA process. With a number of probability matrices being used, each matrix will be called a
probability tray. Each probability tray is used to generate a subpopulation while the population is
the union set of all those subpopulations created using the respective probability trays. The search
procedure starts with initial probability trays whose elements are full of 1/n;, and an initial Pareto
archive. The real-code population is then generated while function evaluations are carried out.
The non-dominated solutions of the union set of members in the previous Pareto archive and the
members in the newly generated population are sorted and saved as the updated Pareto archive. In
cases where the number of members in the archive exceeds the predefined archive size (n4), the
clustering technique (Bandyopadhyay er al. 2008) is activated to remove some members from the
archive. Afterwards, the members in the archive are divided into ny groups using the clustering
technique. The centroid of each group is used as the best solution to update the corresponding
probability tray. The pseudo-code for multi-objective RPBIL is shown in Algorithm 2.

Algorithm 2: Multi-objective real-code population-based incremental learning

Input: n, ny, m, n;, T, iter_max, ny

Output: Pareto archive A

Initialization:

LCtPij,k = 1/1/11; k= 1, R (4

Sett = 0.

Generate X' from P;;; (Algorithm 1).

Find A° from non-dominated sorting X’

Main procedure:

For t = 1 to iter_max

If the members in A’ are more than 74

Do: activate the clustering technique to remove some members from A’
Divide the members of A’ into ny groups and find the centroid of each group.
Fori =1tonr

Use the centroid of the ith group to update the ith probability tray using (2)-(5).
Next i

Sett=1r+1.
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Generate X' from Pjjx (Algorithm 1).
Find A’ from non-dominated sorting X' UA'~!
Next ¢

4. Hybrid multi-objective real-code population-based incremental learning

Having implemented the multi-objective RPBIL on some simple test functions, it is found that
the optimizer has acceptable performance. However, premature convergence can occur during the
search because the updated probability tends to generate a population whose members are adjacent
to the centroids of the grouped non-dominated solutions. In order to alleviate this shortcoming,
the ES mutation is employed to modify the population before performing function evaluation.
For the ES mutation, a design variable vector x is mutated leading to an offspring x’ using the
following strategies:

o! = 01.exp(t N (0, 1) + T.N,(0, 1) ©

x'=x+N(0,07)

where the constants 7’ (default = 1//2/n) and t (default = 1/+/2n) are predefined parameters.
N(0, ¢”) is a random vector sized nx 1 having the mean values 0, standard deviation values ¢’ and
rotation angles 0. N(0,1) denotes the normally distributed random number having expected mean
0 and standard deviation 1. Each random number N without subscript is sampled once for one
individual solution while N with subscript is sampled anew for each element of a solution. o; is
the standard deviation of the ith element of design vectors in the population.

Moreover, as the approximate gradient is proven to be a descent direction for the multi-objective
truss design (Pholdee and Bureerat 2012), it will be integrated into the main procedure of multi-
objective RPBIL, leading to a new hybrid algorithm. An approximate gradient is an operation to
approximate a steepest descent direction from the members of a population and their function
value. Using the first order Taylor’s series expansion, the function value of x; which is adjacent
to the current solution x can be predicted as:

&) =f(xX+ Ax) ~ f(x) + AX"Vf (x) (7

where Ax = x; — x. If there are R neighbours of x as xi,...,xg where R > n, the approximate
gradient of x can be computed as:

x; —x)T fx) —f(x)
VF(X) = AVF(x) = : —b )

(xg — )T FxR) — )

It is recommended that the value of R should be higher than the size of design variables n in
order to prevent the singularity of A. Since A is not a square matrix, a pseudo-inverse operator is
employed to solve Equation (8).

Having obtained approximate gradients of objective functions and constraints, the use of such
gradients to update the current solution towards the optimum is based on the steepest descent
direction concept. First, the exterior penalty function technique in combination with the weighted
sum technique is used to modify the constrained multi-objective design problem to become an
equivalent unconstrained problem with one objective. The new equivalent objective function can
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be expressed as:

=Y wifix)+CY_ max(0, g/ (x)) ©)
i=1 i=1
whereg;, i = 1,..., C is a penalty parameter, n, are the total number of inequality constraints of

the design problem and w; (3~ w; = 1) are the weighting factors (randomly generated in the
procedure of hybrid RPBIL).
The update of x, denoted by x

neW ' is obtained as

X"V =x+2As (10)

where A is a step length. The direction s = —Vf’(x) computed using Equation (8) (by replacing
f with f” in the equation) is similar to a steepest descent direction. From many previous studies
on truss optimization with stress constraints, the optima are likely to be located on the constraint
boundaries. The step length is therefore calculated in such a way that x"*" will be located on the
boundaries of the constraints and remain feasible. Using the first order Taylor’s series expansion,
the constraint value at x"*" can be approximated as:

gi(X +48) & gi(x) + As' Vgi(x) (11
Since it is expected that the solution will land at the boundary, the following relation is obtained:
gi(®) +2s'Vgi(x) = 0 (12)

Thus, the step-length X; for leading x"*% to the boundary of g; can be calculated as:

—gi(X)
= (13)
s'Vgi(x)
In cases where there are n, constraints, the minimum value of A; will be chosen since x"*" needs to

be feasible. Figure 1 displays how the approximate gradient operator works on a two-dimensional
(2D) optimization problem with two nonlinear constraints. From the current population X =
{X1,...,Xo}, Xy is updated using its nearest neighbours (x, — X¢) for estimating gradients. X"+t
(<) is the updated position of x; using actual gradients, whereas x"**-*PP (A) is the updated position
of x; using approximate gradients. It can be seen that both updated solutions are close to each
other but they are infeasible owing to the use of linear approximation (first order Taylor’s series
expansion) for approximating nonlinear convex boundaries.

As aresult, the updating scheme for an approximate gradient operator will be modified from (10)
in such a way that, if x is feasible, X" can be computed as:

X"V = x4+ (0.5 + 0.5rand)o's (14)
where rand € [0, 1] is a uniform random number. If x is infeasible, X"V is computed as:
X% =x+4+ (1+0.5rand)os (15)

Using Equations (14) and (15), it is expected that the updated solutions will tend to be in the
feasible region.

In the hybrid RPBIL, after the ES mutation, a few solutions (say ng solutions) are randomly
selected from the current Pareto archive to apply the approximate gradient operator leading to np
updated solutions. These np updated solutions (using Equations 14 and 15) will be added to the
pool with the mutated population and the members from the current Pareto archive. Nevertheless,
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Figure 1. Step length determination for constrained optimization.

from the observation in Figure 1, using the updated solutions directly may not be beneficial
as they can possibly be infeasible. Therefore, the binary crossover is applied to the ng updated
solutions mating with other np solutions randomly selected from the Pareto archive (this is similar
to the binary crossover of differential evolution). The members in the Pareto archive are chosen to
recombine with solutions from approximate gradients because they are the current best solutions
being explored. The solutions obtained after the binary crossover are put in the pool for non-
dominated sorting. The pseudo-code of the hybrid multi-objective RPBIL is given in Algorithm
3. Initially, a Latin hypercube sampling technique will be used to generate a number of design
solutions to be used as neighbour solutions for estimating approximate gradients throughout
the search procedure. The function ESmutate returns a mutated population based on (6), while
the function AppGrad produces ng solutions by means of an approximate gradient and binary
Crossover.

Algorithm 3: Hybrid multi-objective RPBIL

Input: n, ny, m, n;, T, max_eval, ns, ng

Output: Pareto archive A

Initialization:

LetP,-j,k = 1/111;]( =1,...,nr

Generate X from Pj;; (Algorithm 1).

Generate a set of neighbour solutions Xy using a Latin hypercube sampling technique.
Find A from non-dominated sorting X U Xy

Main procedure:

While the total number of function evaluation is less than max_eval, do the following
If the members in A are more than ny

Do: activate the clustering technique to remove some members from A.

Divide the members of A into ny groups and find the centroid of each group.
Fori=1tonr
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Use the centroid of the ith group to update the ith probability tray using (2)—(5).

Next i

Generate X from Pj;; (Algorithm 1).

Apply ES mutation X' = ESmutate(X)

Create np solutions from an approximate gradient operator & binary crossover X’ =
AppGrad(A, Xy, ng)

Find new A from non-dominated sorting X’ UA U X"

5. Numerical experiments

Four multi-objective optimization problems of 2D and 3D trusses are posed for MOEA
performance benchmarking, and are detailed as follows.

5.1. Case I: Two-dimensional 10-bar truss

The truss structure is illustrated in Figure 2 (Xu et al. 2010). The structure is subject to a vertical
load of —45 kN at nodes 4 and 6 and a horizontal load of 10 kN at node 6, while hinge supports are
assigned at nodes 1 and 2. Design variables include the cross-sectional areas of all bar elements,
and x- and y-direction positions of nodes 3 and 5. The material density and modulus of elas-
ticity are 7833 kg/m> and 206.9 GPa, respectively, while the allowable stress is 65.95 MPa. The
constrained multi-objective optimization problem is minimizing mass and compliance subject to
stress constraints, which can be expressed as:

mxin{fl (x),£(x)} (16)
s.t.

|omax| < oy

0.636 < A; < 132.73cm?

—10<X;,<05m fori=3

—05<X;,<0m fori=5

0<Y,<10m fori=3

0<Y,<15m fori=5
where X451 = {A;, X;, Y;}T is a design vector, f;(x) is a function of mass, f>(X) is a function of
compliance,omax 1S maximum stress on a structure,A;are the elements’ cross-sectional areas, X;

are the x-direction positions of nodes 3 and 5, and Y; are the positions in the y-direction of nodes
3and 5.

5.2. Case II: Two-dimensional simple supported 37-bar truss

The truss structure is illustrated in Figure 3 (Gomes 2011). The structure is subject to a vertical
load of —10kN at nodes 2, ..., 10 with simple supports at nodes 1 and 11, where design variables
include the cross-sectional areas of all bar elements and positions in the x- and y— direction
of nodes 2-5, 7-10, 12-15 and 17-20. The design variables are treated as being symmetrical
with respect to the y-axis. The material density and modulus of elasticity are 7971.810kg/m?
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Figure 2. Two-dimensional 10-bar truss.
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Figure 3. Two-dimensional simple supported 37-bar truss.

and 210 GPa, respectively. The allowable stress is set to be 400 MPa. The design problem is
expressed as:

m)j“Vl(X),fz(X)} a7

S.t.

|Omax| < 0y

1.77 < A; < 113.09 cm?
—045<X; <045m
—045<Y;<045m

where x37 = {4;,X;,Y:}Tisa design vector, A; are cross-sectional areas of all bar elements, X;
are the x-direction positions of all nodes except for nodes 1 and 11 (changes in X; are symmetrical
about the y-axis), and Y; are the y-direction positions of all nodes except for nodes 1 and 11
(changes in Y; are symmetrical about the y-axis).

5.3. Case III: Two-dimensional 200-bar truss

The truss structure is illustrated in Figure 4 (Kaveh and Talatahari 2009; Xu et al. 2010). The
structure is subject to a vertical load of —45 kN at nodes 1-6, 8, 10, 12, 14-20, 22 and 2475, and
a horizontal load of 4.5 kN at nodes 1, 6, 15, 20, 29, 34, 43, 48, 57, 62 and 71, while nodes 76 and
77 are fixed. Design variables include the cross-sectional areas of all bar elements, and positions
in the y-direction of all nodes except for nodes 76 and 77. The design variables are treated to be
symmetrical about the y-axis. The material density and modulus of elasticity are 7833 kg/m? and
206.9 GPa, respectively, while the allowable stress is 65.95 MPa. The bi-objective design problem
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Figure 4. Two-dimensional 200-bar truss.

is expressed as:
min{fi (%), /> ()} (18)
S.t.
[omax| < oy
0.636 < A; < 132.73 cm’
—15<Y;,<15m fori<71
—7<Y;<15m for71 <i<75

where Xo4i; = {4;,X;, Y} T is a design vector. Positions of nodes on the same level are assigned
to one design variable.

5.4. Case IV: Three-dimensional dome 120-bar truss

The truss structure is illustrated in Figures 5 and 6 (Kaveh and Talatahari 2008, 2009). The
structure is subject to a vertical load of —10kN at nodes 13-36, —30kN at nodes 3749 and
—60kN at node 49. The design variables include the cross-sectional areas of all elements and
the z-direction positions of all nodes except for nodes 1-12. The material density and modulus
of elasticity are set to be 7971.810kg/m?> and 210 GPa, respectively, while the stress limit is
400 MPa. The constrained multi-objective optimization problem can be expressed as:

mxin{fl (x), LX)} 19)

S.t.

|Umax| f 0'y
1.77 < A; < 132.73 cm?
—15<Z <15m
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Figure 5. Top view of a three-dimensional dome 120-bar truss.
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Figure 6. Side view of a three-dimensional dome 120-bar truss.

where Xgy; = {A;,Z;)}" is a vector of design variables. Positions of the nodes on the same
level (Figure 6) are assigned to one design variable and the sizes of the elements are set to
be symmetrical.

Twelve MOEAs are employed to tackle the test problems. The optimizers and their optimization
parameter settings are detailed as follows:

e BPBIL: binary multi-objective population-based incremental learning (Bureerat and Sriwora-
mas 2007) using binary codes with mutation probability and mutation shift of 0.05 and 0.2,
respectively.

e UPS-EMOA: unrestricted population size evolutionary multi-objective optimization algorithm
(Aittokoski and Miettinen 2010) using crossover probability, scaling factor, probability of
choosing element from offspring in crossover, minimum population size, and burst size of 0.7,
[0.6, 0.9], 0.5, 10 and 25, respectively.

e SPEAZ2: strength Pareto evolutionary algorithm (Zitzler, Laumanns, and Thiele 2002) using
real codes with crossover and mutation rates of 1.0 and 0.1, respectively.
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e MPSO: multi-objective particle swarm optimization (Reyes-Sierra and Coello Coello 2006)
using the starting inertia weight, ending inertia weight, cognitive learning factor, and social
learning factor of 0.5, 0.01, 0.5 and 0.5, respectively. The best solution for computing a velocity
vector is randomly selected from a Pareto archive. The adaptive grid algorithm is used as an
archiving technique.

e NSGA-II: non-dominated sorting genetic algorithm (Deb et al. 2002) using real codes with
crossover mutation probabilities of 1.0 and 0.1, respectively.

e DMOEA: dynamic multi-objective evolutionary algorithm (Liu ef al. 2009) using real codes
with temperature and mutation rate of 1000 and 1, respectively.

e DEMO: differential evolution for multi-objective optimization (Robie¢ et al. 2005) using real
codes with crossover probability, scaling factor and probability of choosing element from
offspring in crossover for differential evolution operators of 0.7, [0.6, 0.9] and 0.5, respectively.

e MOEA/D: multi-objective evolutionary algorithm based on decomposition (Zhang and Li
2007) using real codes with number of neighbouring weight vectors, crossover and mutation
probabilities of 6, 1.0 and 0.1, respectively. The weighted sum technique in (9) is used for
decomposition.

e AMOSA: archived multi-objective simulated annealing (Bandyopadhyay er al. 2008). The
algorithm performs a simple downbhill operator for the first three generations before entering
the main procedure. In this article, the method is performed in continuous spaces where a
candidate is obtained by mutating on its parent.

e RPBIL: multi-objective population-based incremental learning (Algorithm 2) using real codes
with n; = 40 where each probability tray produces five design solutions.

e HRPBIL1: RPBIL with ES mutation (Algorithm 3 without approximate gradient and binary
Crossover).

e HRPBIL2: RPBIL with ES mutation, approximate gradient and binary crossover (Algorithm
3) using np = 10, with crossover and mutation probabilities of 0.7 and 1.0, respectively. The
probability of choosing an element from offspring is 0.5.

The methods using differential evolution operators, UPS-EMOA and DEMO, use a uniform
random scaling factor in the range of [0.6, 0.9]. All MOEAs except for UPS-EMOA, AMOSA and
HRPBIL?2 use a population size of 50, and 50 generations for Cases I, IT and I'V, while for Case III,
the population size and number of generations are set as 100 and 100, respectively. UPS-EMOA,
AMOSA and HRPBIL?2 use different population sizes and iteration numbers, as defined previously,
but their search procedures are terminated at the same total number of function evaluations. The
Pareto archive of all MOEAs is set at 500 except for NSGA-II and DEMO, which keep Pareto
solutions in a population. The optimization parameter settings detailed above are obtained using
several settings for each optimizer and selecting the one that gives the best results. Each design
problem is solved using the various MOEAs’ 30 optimization runs for performance comparison.
The non-dominated sorting scheme for constrained optimization in Deb, Pratap, and Meyarivan
(2001) is used for all MOEAs.

Comparison of Pareto fronts obtained from the various MOEAs is based on the performance
indicator called hypervolume. The hypervolume Hy of a Pareto front A can be defined as:

Hy=UYV, (20)
i€A

where V; is the hypervolume of a hypercube constructed from the ith non-dominated point and a
predefined reference point, as shown in Figure 7 for a 2D case. It should be noted that the reference
point must be dominated by all members of A. The hypervolume basically measures both front
advancement and extension. The higher the hypervolume value, the better the Pareto front.
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Figure 7. Two-dimensional hypervolume.

Table 1. Comparative performance based on a hypervolume indicator.

Problem PBIL UPS SPEA2 MPSO NSGA-II DMOEA DEMO MOEA/D AMOSA RPBIL HRPBIL1 HRPBIL2

Case I

Mean 0475 0992 0.670 0.412 0.812 0.588 0.994 0.771 0.696 0986  0.987 0.999
STD 0.145 0.016 0.121 0.193 0.123 0.123  0.018 0.059 0.156  0.001 0.001 0.000
Max. 0.746 1.000 0.882 0.671 0.993 0.894 1.000 0.878 0.918 0988  0.989 0.999
Min. 0.197 0.934 0.439 0.000 0.536 0.381  0.902 0.637 0.379 0985  0.985 0.999

Case II

Mean  0.620 0.973 0.528 0.250 0.618 0.290 0.975 0.501 0.535 0959 0.960 0.984
STD 0.104 0.016 0.131 0.133 0.100 0.097 0.015 0.097 0.143  0.001 0.001 0.014
Max. 0.814 0.998 0.780 0.451 0.804 0452 1.000 0.681 0.816 0.961 0.963 1.000
Min 0.419 0.930 0.269 0.000 0.432 0.071  0.931 0.238 0.242 0956  0.957 0.960

Case 111

Mean 0.478 0.747 0406 0.111 0.508 0.290 0.780  0.364 0.135 0464  0.669 0.995
STD 0.039 0.050 0.058 0.063 0.078 0.041  0.057 0.047 0.085 0.076  0.167 0.002
Max. 0.541 0.830 0.491 0.267 0.627 0.345  0.891 0.457 0.305 0.562  0.800 1.000
Min. 0.403 0.646 0.232 0.003 0.279 0.187  0.657 0.260 0.000 0.250 0.279 0.992

Case IV

Mean  0.788 0.999 0.837 0.716 0.898 0.799  0.998 0.901 0911 0.864 0.902 0.943
STD 0.076 0.001 0.083 0.179 0.053 0.071  0.002 0.028 0.042 0.186  0.065 0.005
Max. 0.931 1.000 0.945 0.926 0.946 0.900 0.999 0.941 0946 0925 0.938 0.947
Min. 0.563 0.996 0.641 0.260 0.759 0.570  0.988 0.807 0.728 0.000 0.618 0.927

6. Results and discussion

Having performed each optimizer to solve each test problem for 30 optimization runs with 2500
function evaluations for Cases I, II and IV, and 10,000 function evaluations for Case III, the
comparative results based on the hypervolume indicator are shown in Table 1. Note that those
hypervolume values are normalized to ease comparison. With 30 runs, the mean values of the front
hypervolumes are used to measure the convergence rate, while the standard deviation represents
the search consistency of the methods.

For Case I, the best performer (for convergence rate) is HRPBIL2, while the close second
best is DEMO. The third and the very close fourth best optimizers are HRPBIL1 and RPBIL,
respectively. Based on the hypervolume standard deviation, the most consistent methods are
HRPBIL?2 and RPBIL, followed closely by HRPBIL1. For the Case II design problem, the best
optimizer based on hypervolume average is HRPBIL?2, while the second best and the close third
best are HRPBIL1 and RPBIL, respectively. The three most consistent methods for this case
are HRPBIL1, RPBIL and HRPBIL2. For Case III, which is large scale, the noticeably best
method based on convergence rate is HRPBIL2, which is head-and-shoulders above the rest. The
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Table 2. Comparative hypervolumes based on Wilcoxon rank sum test for Case 1.

Case ] PBIL UPS SPEA2 MPSO NSGA-II DMOEA DEMO MOEA/D AMOSA RPBIL HRPBIL1 HRPBIL2

PBIL
UPS
SPEA
MPSO
NSGA
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MOEAD
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Table 3. Overall ranking based on Wilcoxon rank sum test.

PBIL UPS SPEA2 MPSO NSGA-II DMOEA DEMO MOEA/D AMOSA RPBIL HRPBIL1 HRPBIL2

Case | 11 3 8 11 6 10 1 6 8 5 4 1
Case II 6 2 8 11 6 11 2 8 8 4 4 1
Case IIT 5 3 8 11 5 10 2 9 11 7 4 1
Case IV 11 1 9 12 4 9 2 4 4 4 4 3
= 33 9 33 45 21 40 7 27 31 20 16 6
Ranking 9 3 9 12 6 11 2 7 8 5 4 1
Pareto front of case | (2500 evaluations)
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Figure 8. Pareto front of a design Case I using HRPBIL2.
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Figure 9. Truss structures according to the front in Figure 7.
X 104 Pareto front of case Il (2500 evaluations)
4
®
3.5
3
25
@
o
5
3 2
E ®2
9]
o
lN 1.5
1H
3
05@ 4
6 7 8 9 10
O 4 VY ! I . J
0 1000 2000 3!!00 4000 5000 6000

Figure 10.

Figure 11.

f;=mass (kg)

Pareto front of a design Case II using HRPBIL2.

‘-'J__I;_Lf -

N L|i T

W\Z=N

. /ZINANNNAZIZAN

N

Truss structures according to the front in Figure 9.



Downloaded by [Khon Kaen University], [Sujin Bureerat] at 01:13 16 May 2014

Engineering Optimization 1047

% 10° Pareto front of case Ill (10000 evaluations)

compliance

f,=

7 8 9 10
1 . . 1 . .
1500 2000 2500 3000

f,=mass (kg)

Figure 12. Pareto front of a design Case III using HRPBIL2.

Figure 13. Truss structures according to the front in Figure 11.

second and the third best are DEMO and UPS-EMOA, respectively. The top three most consistent
methods are HRPBIL2, DEMO and UPS-EMOA. For Case 1V, the optimizer that gives the best
convergence rate is DEMO, while the very close second and third best optimizers are UPS-EMOA
and HRPBIL2, respectively. The three most consistent methods are still these three methods, with
similar orders.
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x 104 Pareto front of case IV (2500 evaluations)
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f,=mass (kg) x 104

Figure 14. Pareto front of a design Case IV using HRPBIL2.

Figure 15. Truss structures according to the front in Figure 13.

Furthermore, the multi-objective evolutionary optimizers are ranked based on the statistical
Wilcoxon rank sum test. Table 2 shows the ranking of MOEAs for the Case I design problem.
Since 12 MOEAs are implemented, a comparison matrix sized 12 x 12 whose elements are full
of zeros is generated. The null hypothesis for the Wilcoxon rank sum test is that, for a particular
test problem, the median of 30 front hypervolumes obtained using method / is not different from
the median of 30 front hypervolumes obtained using method J at a significance level of 5%. If the
null hypothesis is rejected and the median from method 7 is greater, the element IJ of the matrix
is set to be ‘1’. After summing up all values in matrix columns, the best optimizer is the one that
has the highest score. The summation and ranking are also given Table 2. The ranking of MOEAs
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when solving the four truss design problems according to the statistical test is shown in Table 3.
From the results, the best performer is HRPBIL2, while the second and third best methods are
DEMO and UPS-EMOA, respectively.

Overall, the best optimizer is the proposed hybrid real-code population-based incremental
learning (HRPBIL2), while the second best method is DEMO. The other top performers are
UPS-EMOA, HRPBIL1 and RPBIL. Among the three variants of RPBIL, HRPBIL1 is superior
to RPBIL. This means that adding the ES mutation to the procedure of RPBIL can enhance its
performance. The search performance is even higher when integrating the approximate gradient
and binary crossover to the algorithm. The hybrid RPBIL gives the best results for both conver-
gence rate and consistency, particularly for a large-scale problem. In the Case IV design problem,
DEMO and UPS-EMOA can approach (and slightly better) HRPBIL because the total number of
design variables is eight, which is not too high as it can be seen from the table that other MOEAs
also have good performance for this design case.

The best Pareto fronts of the four design problems obtained using HRPBIL2 are chosen for
illustration. The front of Case I is displayed in Figure 8, and some design solutions are selected and
displayed as corresponding structures in Figure 9. For Case II, the front is displayed in Figure 10
and the structures are shown in Figure 11. The fronts of Cases III and IV are shown in Figures 12
and 14, respectively, while the corresponding structures are illustrated in Figures 13 and 15. From
the figures, it can be seen that structures with various shapes and sizes can be obtained within
one optimization run. The multi-objective design process provides a designer a number of Pareto
optimum solutions with various values of structural mass and compliance for decision making.

7. Conclusions

RPBIL for single-objective optimization is extended for multi-objective optimization. The multi-
objective version is then hybridized with an ES mutation operator and an approximate gradient
leading to three variants of multi-objective RPBIL. The proposed algorithms along with nine estab-
lished MOEAs are implemented on four multi-objective test problems of trusses. Comparative
results based on the hypervolume show that the hybrid HRPBIL2 outperforms the other MOEAs,
particularly for a large-scale truss design problem. Among the three variants of RPBIL, adding
the ES mutation operator to the algorithm of RPBIL can improve its performance. The hybrid
RPBIL is even more efficient when integrating an approximate gradient and a binary crossover
to the search procedure. This shows that the proper mix of several evolutionary operators from
different EAs can result in an efficient optimizer.
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This paper proposes a hybrid meta-heuristic based on integrating a local search simplex downhill (SDH) method into the
search procedure of real-code ant colony optimisation (ACOR). This hybridisation leads to five hybrid algorithms where
a Monte Carlo technique, a Latin hypercube sampling technique (LHS) and a translational propagation Latin hypercube
design (TPLHD) algorithm are used to generate an initial population. Also, two numerical schemes for selecting an initial
simplex are investigated. The original ACOR and its hybrid versions along with a variety of established meta-heuristics are
implemented to solve 17 constrained test problems where a fuzzy set theory penalty function technique is used to handle
design constraints. The comparative results show that the hybrid algorithms are the top performers. Using the TPLHD
technique gives better results than the other sampling techniques. The hybrid optimisers are a powerful design tool for

constrained mechanical design problems.

Keywords: real-code ant colony optimisation; simplex downhill; constrained optimisation; hybrid algorithms; Latin

hypercube sampling

1. Introduction

In recent decades, meta-heuristics (MHs) and evolution-
ary algorithms (EAs) have arisen as alternative optimisers
to classical mathematical programming. The methods are
simple to use, robust, and capable of tackling global opti-
misation. They can deal with almost any kind of optimi-
sation problem. Moreover, multiobjective versions of these
types of optimisers can explore a Pareto front within one
optimisation run (Bureerat & Sriworamas, 2007). Never-
theless, with such appealing advantages, they have some
inevitable shortcomings, i.e. a low convergence rate and a
lack of search consistency. This is because those optimisers
search for optimum solutions based upon randomisation.
As a result, the solutions obtained by using such optimisers
are often classified as near optima or approximated Pareto
fronts. This implies that performance enhancement is al-
ways an issue in the field of evolutionary computation and
MHs.

Over the last few decades, a large number of MH op-
timisers have been developed and proposed for a wide va-
riety of applications. The algorithms have been developed
based on various concepts such as the estimation of dis-
tribution concept (Baluja, 1994; Brest et al., 2013; Bu-
reerat, 2011a), swarm intelligence (Reyes-Sierra & Coello
Coello, 2006), natural evolution of a genetic algorithm (GA)
(Linfield & Penny, 1995), etc. Based on the comparative
performance and its applications, one of the most power-

ful and popular optimisers is ant colony optimisation using
real codes (ACOR) (Socha & Dorigo, 2008). The algorithm
has been tested and found to be one of the most efficient
EAs by several researchers (Bureerat, 2011a, 2011b; Socha
& Dorigo, 2008). It has been successfully implemented
to solve a wide variety of practical design problems, e.g.
design of storm sewer networks (Afshar, 2010), neural net-
work training (Socha & Blum, 2007), support vector ma-
chines (Zhang, Chen, & He, 2010), design of natural gas
pipeline transportation (Chebouba et al., 2009), water re-
sources (Afshar & Madadgar, 2008; Hajizadeh, Christie, &
Demyanov, 2011; Madadgar & Afshar, 2009), process and
control system design (Schluter et al., 2009), active vibra-
tion control (Mohamad, Tokhi, & Omar, 2011), structural
health monitoring (Majumdar, Maiti, & Maity, 2012; Yu &
Xu, 2011) and electrical engineering (Hazra & Sinha, 2009;
Nakawiro & Erlich, 2009). Due to past successes, there have
been several proposals to extend and increase the search
performance of ACOR. The modifications have been made
by adding evolutionary operators to ACOR (Zhu, Yang, &
Ma, 2011), hybridising ACOR with other MHs (Karimi,
Nobahari, & Siarry, 2010) and integrating local search into
ACOR (Liao, Kuo, & Hu, 2012; Liao, Montes de Oca,
Aydin, Stiitzle, & Dorigo, 2011). For the local search hy-
brid, it has been found that the integration of a simplex
downhill (SDH) method (Nelder & Mead, 1965) to MHs is
one of the best choices to enhance their search performance
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(Chelouah & Siarry, 2005; Wang, Xu, & Li, 2011; Zahara
& Kao, 2009). Nevertheless, such a local search optimiser
has not been hybridised with this powerful ACOR yet.

This paper presents an alternative choice for ACOR
performance enhancement. We have integrated the SDH
method (also known as the Nelder and Mead method) to
ACOR for constrained optimisation of mechanical systems.
The hybrid approach employs ACOR as the main optimiser,
while the SDH method is used for local search. Also, the
initialisation stage has been enhanced by using Latin hyper-
cube and optimum Latin hypercube sampling techniques,
leading to five variants of the hybrid ACOR optimisers. The
methods along with a number of established MHs were
implemented on numerous constrained design problems,
including automotive component design. Comparative re-
sults revealed that the proposed hybrid methods were the
top performers and they can be considered as a powerful
optimisation tool.

2. Related work on hybrid meta-heuristics

There have been several proposals to improve the search
performance of existing or newly developed MHs. For de-
sign problems with expensive function evaluations, the
use of MHs in combination with surrogate models has
been an effective means (Kanyakam & Bureerat, 2012;
Srisoporn & Bureerat, 2008; Tenne, Izui, & Nishiwaki,
2012). Success in hybridising MHs with some direct search
optimisers such as an approximate gradient technique
(Bureerat, 2011b; Pholdee & Bureerat, 2012), a pattern
search method (Mariani & dos Santos Coelho, 2011) and
the SDH method (Chelouah & Siarry, 2005; Wang et al.,
2011; Zahara & Kao, 2009) has been reported. It is also
possible to hybridise some existing EAs or MHs together
to enhance their performance (Hsu, 2012; Kaveh & Talata-
hari, 2008; Kaveh & Talatahari, 2009; Lion, Hsieh, & Chen,
2013; Pholdee & Bureerat, 2013; Shelokar, Siarry, Jayara-
man, & Kulkarni, 2007; Yildiz, 2009b, 2009¢, 2012, 2013).

Hybrid ant colony optimisation for combinatorial prob-
lems on a discrete design domain has been proposed by
some researchers (Huang & Liao, 2008; Kabir, Shahjahan,
& Murase, 2012; Lee, Lee, Lin, & Ying, 2010; Panahi
& Tavakkoli-Moghaddam, 2011; Wang, Osagie, Thulasir-
aman, & Thulasiram, 2009). For ACOR, it has been inte-
grated with tabu search (Karimi et al., 2010), population-
based incremental and differential evolution (Xiao & Li,
2011), and a real-code genetic algorithm (Ciornei &
Kyriakides, 2012). For the use of local search, ACOR has
been hybridised with gradient-based optimisers (Liao et al.,
2011) and the Hooke and Jeeves local search method, also
known as pattern search (Liao et al., 2012). To our knowl-
edge, the hybrid of the SDH method and ACOR has not
been investigated yet. Also, the implementation on practical
constraints optimisation problems has not been adequately
studied yet. Moreover, even with thousands of articles de-

scribing hybrid MHs or EAs, the optimisers still rely on
randomisation and they are not efficient for all types of de-
sign problems. As a result, there is always a need to enhance
the convergence rate and search consistency of MHs.

Improvement of the initialisation phase of evolution-
ary optimisation has been somewhat overlooked. Usually, a
randomisation or Monte Carlo technique is used to gener-
ate an initial population. Yildiz (2009a) and Karen, Yildiz,
Kaya, Oztiirk, and Oztiirk (2006) have applied the Taguchi
method to improve the quality of an initial population before
entering the MH main search procedure. This can result in
improved performance of the optimisers. It has been found
by the authors that, rather than using the Taguchi method,
which is time-consuming for high-dimensional problems,
an alternative idea to create a high-quality initial popula-
tion is to make the population members evenly distributed
throughout the design domain as much as possible. With
such a concept, a Latin hypercube sampling technique can
be used instead of the Monte Carlo method. Moreover,
an optimum Latin hypercube sampling technique (Viana,
Venter, & Balabanov, 2010) that is not time-consuming can
also be useful for the initialisation phase.

3. Real-code ant colony optimisation and a simplex
downhill method

Ant colony optimisation was first introduced by Dorigo
(Dorigo, 1992) for solving combinatorial optimisation.
Since then, a few researchers have extended the method
for optimisation in continuous spaces (Guo & Zhu, 2012;
Kong & Tian, 2006) (hereinafter it will be referred to as
real-code ant colony optimization [ACOR]). One of the
best versions of ACOR was proposed by Socha and Dorigo
in 2008 (Socha & Dorigo, 2008). Unlike the very first ver-
sion, which was based upon a discrete probability distri-
bution, ACOR uses a continuous probability distribution.
This method will be used to solve minimisation problems
with bound constraints expressed as

min f(x); L < x < U, (1)

where f'is an objective function, x is a design vector sized
n x 1,and L and U are the lower and upper bounds of x,
respectively. The computational steps for ACOR are given
in Algorithm 1. The search procedure starts by generating
an initial population or a solution archive, P = {x',x?, ...,
x"}. Then, m offspring O = {y', y%, ..., y"} are cre-
ated. To create the element y;, the weighting factors, wy, are
computed:

1 ( N; — 1) 2
W= ——exp|———]),
: qgm~/2m P 2q%m?

where m is a population size, g is a parameter to be defined
and N, is the order of the solution x, sorted based on the
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objective function values from the smallest to the largest.

The probability of the /th Gaussian function being selected
is computed as

w;

L
D w;
=1

P = 3)

In this paper, the Roulette wheel is used for selecting
the Gaussian function. The mean value ug and the standard
deviation ail used for generating the ith element of a new
solution y are set as

Wi =i @)
and
l _ E . e 1
Ui—m;p%_xﬂ’ (5)

Table 1. Design variables and bounds.

Design variables Bounds (mm)

x1 =1y 0<l;,<60
n=1 100 < , < 200
X3 ="¥pi 15 57‘}71 535
X4 =Tp2 15 =Tp <30
X5 =1t 3<t<45

respectively, where & is a parameter to be defined. Then, the
ith element of a new solution is generated from a normally
distributed random number having mean 4! and standard
deviation o/, which is denoted by N(u!, o). This process
is repeated until m new solutions are created. The best m
solutions between the old and new populations are chosen
as the next generation. These steps are repeated until ter-
mination conditions are met. More details can be found in
Socha and Dorigo (2008).

Algorithm 1: real-code ant colony optimisation

Input: Maximum iteration number #,,,, population size m

M: Xpests fbest
Initialisation

1. Randomly generate an initial population P(¢), where
t = 0 is an iteration number.

2. Set the parameters ¢ and &.
3. For t =1 to #,,4x, do the following:

Ant-based solution construction process: Q(t)

4. Find the order of each solution and find w; using (2).
5. Compute p; using (3).
6. Forj =1 to m, do

Fori=1ton, do

Use a Roulette wheel operator to choose the /th
Gaussian function.

Find 4! and o/.
Generate the ith element of a new solution j as
J_ .
yi = N(u;,07).
Keep y/ in the range [L;, U;].
Next i
Next j

7. Set the best m solution from P(# — 1) U Q(¢) as the
next-generation P(f).

Next ¢

The SDH method proposed by Nelder and Mead (1965)
is a direct search method for unconstrained optimisation.
It is considered one of the most efficient local search
techniques without using function derivatives. The com-
putational steps of the SDH method are detailed in Al-
gorithm 2. The process starts with an initial simplex
consisting of n + 1 solutions for an n-dimensional space.
The simplex is then evolved by means of reflection, ex-
pansion, contraction and simplex reduction until a termi-
nation condition is fulfilled. Note that every time a new
solution is created, it will be treated as if it is inside the
bounds.
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Algorithm 2: SDH method

Input: initial simplex {Xi, X3, ..., X, +1}
Output: X,

(1) Start with x;, X5, ..., X, 41 and set k= 0.
(2) Find x;, = max({xi, Xp, ...
min({xl, X2, . .uy Xn+1}).

(3) Reflection: find x, and f(x,).

4) Iff(x,) < f(x1), go to step (8).

(5) Iff(x;) <f(x,) <f(xp), replace x; with x, and go
to step (14).

(6) If f(x,) = f(xs), replace the second worst solution
with x, and go to step (14).

(7) Iff(x;) > f(xp), go to step (11).
(8) Expansion: find x, and f(x,).
9) Iff(x.) < f(x), replace x; with x, and go to step
(14).
(10) Otherwise go to step (14)
(11) Contraction: find x. and f(x.).
(12) If f(x.) < f(xz), replace x; with x. and go to step
(14).
(13) Otherwise, reduce the current simplex as x; = 0.5(x;
+ x;) and go to step (14).
(14) Ifthe termination criterion is met, set X, = X; and
stop; otherwise, set k = k+ 1 and go to step (2).

» Xp413) and x; =

4. Hybrid algorithms

The procedure of the hybrid algorithm is detailed in Algo-
rithm 3. The hybridised ACOR and SDH can be obtained
in such a way that ACOR is used as the main search pro-
cedure. When a set of offspring is created, » + 1 solutions
are selected in some manner to be an initial simplex. After-
wards, the SDH method (Algorithm 2) is activated to find a
solution Xg;,,. The next-generation population is found by
selecting the m best solutions of P(t — 1) U O(f) U Xgimp.
In this study, we not only propose the hybridised ACOR
and SDH, but also try to improve the initialisation phase
by using Latin hypercube and optimum Latin hypercube
sampling techniques. We have the following five variants
of the hybrid algorithm:

ACORSDHI1: The hybrid algorithm as shown in Algo-
rithm 3. The initial simplex is the best  + 1 solutions from
P(t— 1) U Q(%) in step (7). An initial population is created
using a Monte Carlo method.

ACORSDH2: The hybrid algorithm as shown in Algo-
rithm 3. Here a Latin hypercube sampling technique is used
to generate an initial population.

ACORSDH3: The hybrid algorithm as shown in Algo-
rithm 3. This algorithm uses a Latin hypercube sampling

technique for generating an initial population. For this vari-
ant, N >> n best solutions will be saved to an external
archive in parallel with the search procedure. When the
SDH method is invoked, n 4 1 solutions for an initial sim-
plex will be selected from the archive by using the crowding
distance algorithm (Deb, Pratap, Agarwal, & Meyarivan,
2002).

ACORSDH4: The hybrid algorithm as shown in Algo-
rithm 3. Here a translational propagation Latin hypercube
algorithm is used to generate an initial population.

ACORSDHS: The hybrid algorithm is similar to
ACORSDHS3, but the translational propagation Latin hy-
percube algorithm for generating an initial population is
used.

These five hybrid algorithms are employed to solve a
number of test problems and compared with various estab-
lished MHs.

Algorithm 3: hybrid ACOR and SDH

Input: Maximum iteration number #,,,,, population size

OUtPUt: Xpests fbest
Initialisation

1. Randomly generate an initial population P(%),
where ¢ = 0 is an iteration number.

2. Set the parameters g and &.
3. For t =1 t0 t,4y, do the following:
4. Create a set of offspring Q(f) following steps
(4)—(6) in Algorithm 1.
5. Select the best n + 1 solutions from P(f — 1)
U O(?) to generate an initial simplex.

6. Activate Algorithm 2 to find X, where the
procedure is terminated after 7, iterations.

7. Set the best m solution from P(t — 1) U O(¢) U
Xsimp as the next generation P(¢).

Next ¢

The hybrid optimisers are developed to be used with
constrained optimisation problems. In this work, we employ
the fuzzy set theory (FST) as a penalty function technique
(Cheng & Li, 1997). For a typical minimisation problem
with inequality constraints:

min_ f(x) (6)

subject to

gi(x)<0,i=1,....,. M

L<x<l,
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Table 4. Comparison of F1 based on the statistical test.

ABC BBBC BPBIL CKS CMAES CPBIL CSS ChSS DE EP ES FWA GA GSA HS LCA PSO SA TLBO ACOR ACORSDH1 ACORSDH2 ACORSDH3 ACORSDH4 ACORSDHS5

ABC

BBBC

BPBIL
CKS

1

CMAES
CPBIL
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where g; are inequality constraints. By using the FST, the
penalty function F(x) can be written as

F = f+ Kp(l — puc), (7

where Kp is a penalty parameter and f; is the objective
function value in the fuzzy environment. The parameter (¢
is the total membership function value of the problem (6)
computed as

0; if x is feasible

1; if g;(x) >0; foralli=1,...,M
pe(x) = M )

% D i otherwise

i=1

where u; is the membership function value of the constraint
gi(x) defined as

0; if gi(x) > d;
)= L1 8T e e <d )
I; L ifgmse

where d; and ¢; are the parameters to be specified.

In Cheng and Li (1997), the objective function is mod-
ified to the fuzzy environment as f, = f/(f + c¢), where ¢
is a constant. It can be derived that the optimum of £; is the
same solution as that of the original objective function f(x).
In a classical exterior penalty function technique and some
other penalty function techniques, it is difficult to define the
penalty parameter since the small value of the parameter can
lead the optimum to the outside of the feasible region. On
the other hand, an excessively large penalty parameter may
make it difficult for the optimiser to reach the real optimum.
The aim of using f; in FST is to scale down the function
value in the range of [0, 1] (given that f(x) > 0). Also, the
penalty term p¢ is scaled down to the range of [0, 1]. This
gives FST an advantage to define the value of the penalty
parameter Kp. However, it can be seen that if the range of
the objective function has negative values, the value of £,
will be out of the interval [0, 1] and such an advantage is
gone. In this work, we modify the value of the f; as

fo=(+c)/(f +a+a) (10)

where ¢; is a constant shift used to ensure that f 4+ ¢ is
always positive, and c; is a positive constant.

5. Test problems

Seventeen constrained test problems were used to examine
the search performance of the proposed hybrid methods.
Most of them are constrained mechanical design problems
about which more details can be found in the literature. The

problems are detailed as follows:

F1: Composite leaf spring design I (Rajendran & Vija-
yaranagan, 2007), n = 2
F2: Torsional bar spring design (Rajendran & Vija-
yaranagan, 2007), n = 2
F3: Composite leaf spring design II (Rajendran & Vi-
jayaranagan, 2007),n = 3
F4: Coil spring design (Rajendran & Vijayaranagan,
2007),n=3
F5: Design of a tension/compression spring (Rao,
Savsani, & Vakharia, 2011), n =3
F6: Steel leaf spring design (Rajendran & Vijayarana-
gan, 2007),n =3
F7: Belleville spring (Rao et al., 2011), n =4
F8: Design of a pressure vessel (Rao et al., 2011),
n=4%
F9: Welded beam design (Rao et al., 2011),n =4
F10: Multiple disc clutch brake design (Raoetal.,2011),
n=>5
F11: Weight design of a gear train (Savsani, Rao, &
Vakharia, 2010), n =5
F12: Design of a gear train (Rao et al., 2011),n =7
F13: TLBO benchmark function III (Rao et al., 2011), n
=17
F14: Rolling element bearing (Rao et al., 2011), n = 10
F15: TLBO benchmark function I (Rao etal.,2011),n =
13
F16: Design of a 10-bar truss, n = 10
The 10-bar truss is shown in Figure 1. The structure
is subject to external forces F; = 80 N and F, =
175 N. The design problem can be written as

min f(x) (11D

subject to
) O‘max(x) — Oyt = 0

])i_PchO

x; =d; €1{0.04,0.05,0.06,0.07,0.08}, m

where d; is the diameter of the ith bar element,
0 max 18 the maximum stress on the bar elements,
P; is the axial load acting on the ith element, while
P, is the critical buckling load for the element.
The structure is made up of material with Young
modulus £ = 200 x 10° N/m?, yield stress o,, =
235 x 10 N/m? and density p = 7800 kg/m>.
F17: Torque arm optimisation (Botkin, 1995)

The torque arm structure used as a component in an
automotive suspension system is shown in Figure 2. The
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Table 7. Comparative results of F17.

Optimisers ABC BBBC ACOR ACORSDHI ACORSDH2 ACORSDH3 ACORSDH4 ACORSDHS
Mean objective values 0.922152 0.913344 0.913374 0.913344116 0.913392492 0.913305876 0.913324134 0.913347716
Ranking based on the #-test 8 2 2 2 2 1 2 2
Number of feasible optima 5 5 5 5 5 5 5 5
design problem can be written as ABC: Artificial bee colony algorithm (Karaboga &
Basturk, 2007). The number of food sources is set
min : w, (12) tl(:) ge 3n. A trial counter to discard a food source is
. BBBC: Big Bang—Big Crunch algorithm (Erol & Eksin,
subject to 2006). The centre point selection method 2 is used
to create a new population.
Ovon — 4/ Sk = 0, BPBIL: Population—b'ased increment'al learping (Baluyja,
1994). The learning rate, mutation shift and muta-
1—r<0, tion rate are set as 0.5, 0.2 and 0.05, respectively.
N CKS: Cuckoo search (Yang & Deb, 2010). Discovery
w—w <0, rate of alien eggs (p,) is 0.25.

CMAES: Evolution strategy with covariance matrix
where wy is the structural weight, o is the first-mode struc- adaptation (Hansen, Miiller, & Koumoutsakos,
tural natural frequency, A = lateral buckling factor (the ratio 2003). Use the default parameter settings provided
of the critical load to applied load), o, is the maximum by the authors.
von Mises stress on the structure and wy = 5.5 rad/s. Fur- CPBIL: Continuous population-based incremental
thermore, material properties are as follows: Young’s mod- learning (Bureerat, 2011a). The learning rate, mu-
ulus £ = 60 x 10° N/cm?, Poisson’ ratio v = 0.3, yield tation shift and mutation rate are set as 0.5, 0.2 and
stress o, = 80000 N/em?, density p = 0.00718 kg/cm? and 0.05, respectively. PBIL3 in the reference is em-
safety factor Sr = 1.5. The design variables and their bound ployed with Ty = S and T, = 40.
constraints are given in Table 1. CSS: Continuous scatter search (Herrera, Lozano, &

The optimisers used for this comparative performance Molona, 2006). The BLX-« recombination method
study are as follows (details of notations and parameter is used. The number of high-quality solutions in
settings can be found in the corresponding reference of the reference set is 0.25 x 6n, and the number of
each method): diverse solutions in the reference set is 0.25 x 6n.

Table 8. Computational time (seconds) for solving F1-F16.

ABC BBBC BPBIL CKS CMAES CPBIL CSS ChSS DE EP ES FWA GA

F1  0.0196 0.0157 0.0214 0.0187 0.0786  0.0198 0.0306 0.0294 0.0163 0.0157 0.0231  0.0372  0.0278
F2  0.0164 0.0112 0.0180 0.0156 0.0688  0.0217 0.0284 0.0251 0.0114 0.0116 0.0150  0.0345  0.0278
F3  0.0399 0.0306 0.0500 0.0365 0.1281  0.0426 0.0715 0.0642 0.0298 0.0306 0.0393  0.0961  0.0702
F4 0.0251 0.0151 0.0393 0.0208 0.1147  0.0305 0.0525 0.0544 0.0171 0.0193 0.0291 0.1419  0.0590
F5 0.0341 0.0260 0.0432 0.0319 0.1269  0.0363 0.0587 0.0597 0.0239 0.0273 0.0336  0.0866  0.0673
F6  0.0393 0.0315 0.0489 0.0393 0.1240  0.0466 0.0651 0.0632 0.0328 0.0312 0.0368  0.0957  0.0709
F7  0.0616 0.0540 0.1065 0.0689 0.2086 0.0741 0.1193 0.1269 0.0475 0.0589 0.0720  0.1865  0.1475
F&  0.0466 0.0354 0.0803 0.0440 0.1847  0.0579 0.1013 0.1027 0.0342 0.0414 0.0518  0.1833  0.1270
F9  0.0598 0.0427 0.0906 0.0598 0.2046  0.0715 0.1218 0.1191 0.0466 0.0536 0.0627  0.1811  0.1379
F10 0.0792 0.0547 0.1454 0.0702 0.1197 0.0977 0.1616 0.1867 0.0564 0.0682 0.0905 03104  0.2349
F11 0.1406 0.1097 0.1981 0.1337  0.3425 0.1468 0.2335 0.2430 0.1110 0.1208 0.1380 0.3612  0.2896
F12 0.1843 0.1311 0.3550 0.1730 0.5316  0.2134 04596 0.4399 0.1259 0.1431 0.1902  0.7966  0.5972
F13 0.1654 0.1109 0.3342 0.1388  0.5239  0.1929 0.4267 0.4093 0.1178 0.1252 0.1640  0.7690  0.5723
F14 03787 0.2682 0.9031 0.3553  1.0446  0.4588 1.0049 1.0650 0.2607 0.3036 0.3920  2.1267 1.5981
F15 0.6547 0.4963 1.9455 0.5887 1.8142 0.8948 2.4024 2.6185 0.5953 0.6743 09198 53047 4.3245
Fl6 2.8726 2.8080 3.4352 29054 3.5611 29704 3.8518 3.5381 2.7796 2.8159 29314 45762 4.1422
> 48178 42412 7.8146 47005 9.1767 53758 9.1897 9.1452 43061 4.5408 5.1894 152877 12.4942
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Table 9. Computational time (seconds) for solving FI-F16.

GSA HS LCA PSO SA TLBO ACOR ACORSDH1 ACORSDH2 ACORSDH3 ACORSDH4 ACORSDHS
F1  0.0249 0.0191 0.0337 0.0158 0.0214 0.0200  0.0251 0.0291 0.0264 0.0353 0.0270 0.0337
F2  0.0184 0.0165 0.0300 0.0130 0.0142 0.0173  0.0214 0.0225 0.0232 0.0324 0.0241 0.0308
F3  0.0490 0.0435 0.0727 0.0286 0.0359 0.0409  0.0650 0.0632 0.0635 0.0816 0.0666 0.0783
F4  0.0347 0.0319 0.0541 0.0184 0.0211 0.0243  0.0543 0.0522 0.0546 0.0680 0.0535 0.0678
F5  0.0431 0.0407 0.0640 0.0242 0.0283 0.0358  0.0582 0.0565 0.0560 0.0669 0.0556 0.0685
F6  0.0482 0.0442 0.0695 0.0304 0.0345 0.0385  0.0623 0.0636 0.0652 0.0789 0.0643 0.0779
F7  0.0885 0.0788 0.1125 0.0452 0.0517 0.0646  0.1364 0.1272 0.1267 0.1598 0.1296 0.1576
F8  0.0695 0.0580 0.0996 0.0368 0.0414 0.0532  0.1128 0.1148 0.1091 0.1430 0.1180 0.1394
F9  0.0890 0.0741 0.1142 0.0448 0.0522 0.0580  0.1237 0.1222 0.1182 0.1479 0.1179 0.1517
F10 0.1338 0.1134 0.1618 0.0564 0.0632 0.0750  0.2073 0.2010 0.2015 0.2521 0.1987 0.2634
FI11 0.1958 0.1585 0.2257 0.1144 0.1204 0.1428  0.2612 0.2578 0.2505 0.3065 0.2495 0.3108
F12 03654 0.2824 0.3509 0.1241 0.1345 0.1810  0.5431 0.5369 0.5223 0.6554 0.5251 0.6571
FI13 03207 0.2479 0.3278 0.1045 0.1297 0.1418  0.5290 0.5161 0.5052 0.6430 0.5275 0.6582
F14 09399 0.7304 0.7138 0.2651 0.2781 0.3586 1.5453 1.5005 1.4958 1.8815 1.5515 1.9425
F15 25748 19538 1.4722 0.6198 0.6139 0.8814  3.3485 3.7654 3.8853 4.7136 4.2172 4.8579
F16 3.4480 3.1838 3.2285 2.7970 2.8168 2.8884  4.0477 3.9054 3.8877 4.2431 3.9473 4.2684
> 84436 7.0770 7.1309 4.3383 4.4573 5.0215 11.1414 11.3344 11.3912 13.5090 11.8733 13.7640
Table 10. Computational time (seconds) for solving F17.
Optimisers ABC BBBC ACOR ACORSDHI1 ACORSDH2 ACORSDH3 ACORSDH4 ACORSDHS5
Time (seconds) 2406.98 2786.641 2768.298 2781.017 2778.815 2824.503 2832.791 2847.425
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Figure 3. Summation of mean objective function values of F1-F16 from Table 2 and 3.
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Figure 5. Search histories of (a) F4 and (b) F6.

ChSS: Charged system search (Kaveh & Talatahari,
2010). The number of solutions in the charge mem-
ory is 0.2 x 6n. The charged moving considering
rate and the parameter PAR are set to be 0.75 and
0.5, respectively.

DE: Differential evolution (Storn & Price, 1997).
Use the DE/rand/1/bin strategy. The scaling factor,
crossover rate and probability of choosing offspring
elements are 0.5, 0.7 and 0.8, respectively.

EP: Evolutionary programming (Béck, 1996). Use a
tournament selection operator.

ES: Evolution strategies (Bick, 1996). Use a tourna-
ment selection operator and a simple mutation with-
out the effect of rotation angles.

GA: Genetic algorithm (Lindfield & Penny, 1995). The
crossover and mutation rates are 1.0 and 0.1, respec-
tively.

GSA: Gravitational search algorithm (Rashedi,
Nezamabadi-pour, & Saryazdi, 2009). Use the de-
fault parameter settings provided by the authors.

HS: Harmony search (Geem & Kim, 2001). The param-
eter settings are as follows: harmony memory size =
5n, harmony memory considering rate (HMCR) =
0.8, pitch adjusting rate (PAR) € [0.4, 0.9] and band-
width (BW) € [0.0001, 0.9].

LCA: League championship algorithm (Kashan, 2011).
Use the default parameter settings provided by the
authors.

PSO: Particle swarm optimisation (Reyes-Sierra &
Coello Coello, 2006). The starting inertia weight,
ending inertia weight, cognitive learning factor and
social learning factor are assigned as 0.5, 0.01, 2.8
and 1.3, respectively.

SA: Simulated annealing (Bureerat & Limtragool,
2008). The starting and ending temperatures are 10
and 0.001, respectively. One each loop, n candidates
are created by mutating on the current best solution,
while another »n candidates are created from mutat-
ing the current parent. The best of those 2x solutions
are set as offspring to be compared with the parent.

TLBO: Teaching-learning-based optimisation (Rao
etal., 2011).

ACOR: Real-code ant colony optimisation (Socha &
Dorigo, 2008). The parameter settings are ¢ = 0.2
and £ = 1.0.

ACORSDHI1: Use the parameter settings as ACOR.
The maximum number of iterations for the SDH
method is 1,,,; = 5. An initial population is created
randomly.

ACORSDH2: Use the parameter settings as
ACORSDHI1. Also, use the Latin hypercube
sampling technique (LHS) for creating an initial
population.

ACORSDH3: Use the parameter settings as
ACORSDH2. Use the crowding distance algorithm
for selecting the vertices of an initial simplex.

ACORSDH4: Use the parameter settings as
ACORSDH1 and wuse translational propaga-
tion Latin hypercube design (TPLHD) for creating
an initial population.

ACORSDHS5: Use the parameter settings as
ACORSDHA4. Use the crowding distance algorithm
for selecting the vertices of an initial simplex.

Each optimiser is used to tackle the optimisation test
problems (F1-F16) for 30 optimisation runs. The parame-
ters for the FST penalty function technique are set as ¢ =
—0.0001, d =1, ¢; = 2500, ¢, = 10 and K, = 5. The best
performers obtained from performance comparison based
on F1-F16 will be used to solve F17 with five runs for
each method since the function evaluation of this problem
is somewhat time-consuming. The population size is set
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Figure 6. Search histories of (a) F12 and (b) F15.

to be 6n, whereas the number of iterations is 7 for all test
cases. For the optimisers using a different population size or
having a local search, their search processes are terminated
with the total number of function evaluations as 6rn x 7n.

6. Results
6.1. Comparative performance

The comparative performance of the various optimisers for
solving the test functions F1-F16 is displayed in Table 2—10.
In Table 2 and 3, each cell represents the mean value of 30
objective function values of the near optima of a test prob-
lem obtained from using one optimiser. To ease in viewing,
the first eight best optimisers are highlighted in grey while

)
8000

Objective function values

100 150 200 250 300 350 400 450 500
Number of function evaluations

L L
0 50

the top four methods are additionally boldfaced. Figure 3
shows the bar chart of the summation of mean objective
function values for all test problems. In this figure, for each
test problem, the mean objective value from the best op-
timiser is normalised to be 0, while that from the worst
optimiser is normalised to be 1. This is in order to make
a fair comparison of all test problems. When considering
all test problems, it can be seen that ACORSDHS gives
the best overall results, whereas the second and third best
are ACORSDH3 and ACORSDH2, respectively. The fourth
and fifth bests are ACORSDH1 and ACPRSDH4, respec-
tively. The original ACOR is the sixth best (the best for non-
hybrid optimisers), while the BBBC and ABC algorithms
are the seventh and eighth best optimisers, respectively. This
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Figure 7. Search histories of the real engineering test problem of torque arm.

implies that integrating a simplex downhill local search to
ACOR leads to a more powerful MH. ACORSDH4, al-
though being ranked the fifth best for the hybrid algorithms,
gives the best results (mean value = 0) for five test prob-
lems. The method only fails to converge to a near minimum
of F16, 10-bar truss design.

A more reliable ranking of MHs is conducted based
upon the statistical #-test. Table 4 shows how to assess the
performance of MHs for solving F1. The comparison starts
with a square matrix T, sized 25 x 25 (equal to the number
of optimisers) whose elements are full of zeros. Then, the

results obtained from method i and method j are compared
using the statistical #-test at 95% confidence level. In cases
that the mean value from method i is significantly differ-
ent from that obtained from method j, the element Tj is
changed to be 1, if the mean value obtained from method
i is higher; otherwise, the element T}; is changed to be 1.
Having compared all the optimisers, the results are given
in Table 4. When summing up each column, the optimiser
having the highest score is said to be the best performer. In
this test case, ACORSDH4 is the best method for F1. The
results of ranking the optimisers for all test problems are
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Figure 8. Design points at the initialisation step.
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Figure 9. Design points at the final generation.

shown in Table 5. After summing up each column for all
the test problems in Table 5, the optimiser having the lowest
score is the best performer. Figure 4 shows the summation
of the ranking values in Table 5. The overall best opti-
misers are ACORSDH4 and ACORSDHS, while the close
third best optimisers are ACORSDH2 and ACORSDH3.
ACORSDHLI is the fifth best and the worst among the pro-
posed hybrid ACORs. The sixth best is the original ACOR.
The seventh and eighth best optimisers are BBBC and CP-
BIL, respectively. From the two rankings, it can be seen
that the integration of the SDH method to the main proce-
dure of ACOR helps increase its search performance. When

1.

X

1

1

112 114 116  1.18 1.2

using the Latin hypercube sampling technique to generate
an initial population, the performance of the hybrid opti-
miser is increased. It is even further increased when the
optimum Latin hypercube sampling technique (TPLHD) is
employed. The two numerical schemes used to select an
initial simplex gave insignificantly different optimum re-
sults, although ACORSDH3 and ACORSDHS seem to have
an edge over ACORSDH2 and ACORSDH4, respectively,
based on both ranking systems.

Figures 5-7 show search histories of some test prob-
lems. The selected problems represent low-dimensional
(F4 and F6), high-dimensional (F12 and F15) and

Figure 10.

Summation of the computational time for all test problems from Table 8 and 9.
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practical (torque arm) design problems. The selected al-
gorithms include ABC, ACOR, BBBC, and the five pro-
posed hybrid algorithms. The best runs of the algorithms
for each problem are illustrated. For the low-dimensional
problems, ACORSDHS using TPLHD for generating ini-
tial solutions gives the best initial solutions. For the high-
dimensional test problems, ACORSDH2, which uses LHS,
gives the best initial solutions for F12, while ACORSDH4
using TPLHD gives the best initial solutions for F15. For
the torque design problem, ACORSDH2, using LHS gen-
erates the best initial solutions. It can be seen that using
LHS or TPLHD can result in better initial sets of design
solutions and this enhances the convergence rate of the
algorithms.

Figure 8 displays objective function contours and feasi-
ble region boundaries (dashed lines are bound constraints)
of F2, whereby the initial design points by the various hy-
brid algorithms are plotted. It can be seen that the initial
points by means of TPLHD give more evenly distributed
positions. This means that an optimiser using this optimal
Latin hypercube sampling technique will have better pop-
ulation diversity initially. Figure 9 shows the design points
from the various methods at the final iteration. It is shown
that all the optimisers can approach the optimum because
the problem has only two design variables.

Table 6 shows the number of feasible near optima found
by each optimiser solving each test problem. With the ex-
ception of F5 and F16, the five hybrid algorithms can find
the feasible near optima for all 30 runs for all test problems
which is superior to the other MHs. The original ACOR
and its five hybrid variants along with ABC and BBBC
were employed to solve the F17 test problem with five
runs for each method. The comparative results are given in
Table 7. All the optimisers can find feasible near optima
for all five runs. Based on the #-test and the mean objec-
tive values, the best optimiser is ACORSDH3. It should be
noted that these comparison results more or less rely on the
parameter settings of the optimisers.

Table 8 and Table 9 show the average computational
time (in seconds) spent by the optimisers for solving each
test problem, while Figure 10 shows the summation of the
computational time of all cases from Table 8 and 9. The re-
sults show that BBBC is the fastest in searching for optima,
while the second fastest is DE. For the proposed hybrid
algorithms, the computational time slightly increases from
the original ACOR. The algorithms using TPLHD need a
little longer computing time than those using LHS, while
LHS needs a slightly longer computational time than
the Monte Carlo method. In addition, the computational
time of the hybrid algorithms is increased when apply-
ing the crowding distance algorithm. For the test problem
F17, the fastest of the eight algorithms is ABC, while the
second and third fastest are ACOR and BBBC, respectively.
For the hybrid optimisers, the conclusion is similar to the
cases of F1-F16.

Table 11. Comparison based on the ¢-test (F1-F17).

Set7 Set8 Setl9 Set31 Set43 Setll (original)

F1 12 7 13 3 8 8
F2 2 21 6 13 9 8
F3 13 11 2 9 7 38
F4 1 1 1 1 1 1
F5 23 1 1 1 23 23
F6 16 3 7 7 15 12
F7 11 11 28 11 11 28
F8 8 17 15 23 22 1
F9 21 2 24 31 17 31
F10 1 1 1 1 1 28
F11 9 2 30 14 2 36
F12 3 13 3 2 1 3
F13 13 13 13 13 13 2
F14 9 10 3 3 7 15
F15 8 16 14 9 9 5
F16 3 3 3 3 3 3
F17 1 1 1 1 1 1
> 154 133 165 145 150 243
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Figure 11. Summation of #-test ranking scores from Table 11.

6.2. Optimisation parameter settings

In order to investigate, the optimisation parameters of
ACORSDHS, one of the top performers, g, & and the num-
ber of iterations of the SDH algorithms (7, ), were varied,
leading to numerous sets of parameters. The values of the
parameters g, & and 1, were assigned as {0.2,0.5,0.8, 1},
{0.2, 0.5, 0.8, 1} and {3, 5, 10}, respectively. Therefore,
there were 4 x 4 x 3 = 48 sets of the optimisation pa-
rameters as {0.2,0.5,0.8,1} x {0.2,0.5,0.8,1} x {3,5,10}.
Each parameter set is employed with ACORSDHS to solve
the test problems F1-F16 for 30 optimisation runs, and to
solve the F17 test problem for five runs.

Having run all 48 optimisers for solving all test prob-
lems, we selected the first five best parameter sets to com-
pare. The parameter sets were named Set 7 (¢ = 0.2, & =
0.8, Inax = 3), Set8 (¢ = 0.2, &£ = 0.8, L1ux = 5), Setl9
(g =0.5,& =08, L = 3), Set31 (¢ =08, & = 0.8,
Loy = 3) and Setd3 (¢ = 1.0, & = 0.8, [,,5c = 3). The origi-
nal parameter set used in the previous subsection is termed
Setll (¢ = 0.2, & = 1.0, I,y = 5). Table 11 shows the
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comparison using the statistical #-test, similarly to Table 5,
and Figure 11 shows the summation of the ranking scores
of all test problems in Table 11. Based on the #-test ranking
in Table 11 and Figure 11, the top optimisers are in the order
of Set8, Set31, Set43, Set7, Setl9 and Setl7. The original
parameter set gives the worst results. From the comparative
results, the parameters that have observable impacts on the
algorithm search performance are & and /,,,,. The former
should be set at a higher value, while the latter should have
a lower value.

7. Conclusions

A new hybrid MH is proposed. The method is based on the
integration of a local direct search SDH method into the
main search procedure of ACOR, resulting in five variants
of the hybrid algorithm. The hybrid methods along with
other established MHs are then implemented to solve a
number of constrained test design problems. Based on two
ranking methods, it can be concluded that the proposed hy-
brid methods give the best results. The use of the optimum
Latin hypercube sampling technique for generating an ini-
tial population results in performance enhancement of the
hybrid algorithms. The optimisation parameters that lead to
an enhanced hybrid optimiser are & and /,,,,. The former
should be set at a higher value, while the latter should have a
lower value. The modified FST penalty function technique
is capable of handling design constraints. This hybrid op-
timiser can be considered a powerful tool for constrained
mechanical system design.
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This paper investigates the search performances of various meta-heuristics (MHs) for solving truss mass
minimisation with dynamic constraints. Several established MHs were used to solve five truss optimisa-
tion problems. The results obtained from using the various MHs were statistically compared based upon
convergence rate and consistency. It was found that the best optimisers for this design task are evolution
strategy with covariance matrix adaptation (CMAES) and differential evolution (DE). Furthermore, the
best penalty function technique was discovered while four penalty function techniques assigned with
several parameter settings were used in combination with the five best optimisers to solve the truss opti-
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Introduction

A truss is one of the most used structures in engineering applica-
tions due to its simplicity and low cost for construction. Under work-
ing conditions, such a structure is subject to multiple types of loads,
which can be categorised as being static or dynamic. The structure
under dynamic excitation may cause several undesirable vibration
phenomena including structural resonance. As a result, truss design-
ers have to find ways to prevent or suppress structural vibration. The
problem of truss minimisation subject to natural frequency con-
straints has been researched [1-6], and it has been found that prede-
fined frequency constraints can prevent vibration resonance from
certain frequency bands of dynamic loads. Since its introduction, this
special design problem has been problematic because its feasible
region is non-convex while the boundaries are highly non-linear
[1-3]. This has led to difficulty in the use of gradient-based optimis-
ers. Alternatively, meta-heuristics (MHs) are known to be a better
choice. Many researchers in the field of structural optimisation have
been interested in the investigation of solving this kind of optimisa-
tion problem using MHs. Normally, the problem has an objective in
minimising structural mass with multiple frequency constraints
while using design variables such as topology [4], sizing [1,7], and
a combination of shape and size [2,3,5,6].

Meta-heuristic algorithms are widely used for various kinds
of optimisation design problems, particularly for engineering

* Corresponding author. Tel.: +66 43 202845.
E-mail address: sujbur@kku.ac.th (S. Bureerat).

http://dx.doi.org/10.1016/j.advengsoft.2014.04.005
0965-9978/© 2014 Elsevier Ltd. All rights reserved.

applications, due to their derivative-free and global optimisation
capabilities. These optimisers are robust and can be used to solve
almost any kind of optimisation due to the nature of soft comput-
ing. However, a lack of search consistency is unavoidable during
the MH search because of procedural randomisation. Also, there
is likely to be a slow convergence rate if parameter settings, which
are problem-dependent, are not properly assigned. Over the last
few decades, numerous MHs have been developed, improved upon,
and successfully implemented on a wide variety of optimisation
problems [8-14]. New MHs can be proposed as hybridisations of
existing algorithms [9-10,13,14] or have been introduced as new
search concepts [15-18]. Even with thousands of algorithms in
the literature, it can be said that there is no single MH that can out-
perform other MHs for all design problems. Consequently, it is
always useful to compare the performance of a number of well-
established and newly developed MHs for solving a newly intro-
duced design problem or a problem that remains difficult to solve.
For truss mass minimisation with frequency constraints, there are
a number of MHs that have been successfully used including a
charged system search algorithm [4], a hybrid version of the
charged system search algorithm [3], a genetic algorithm [6,7], a
particle swarm algorithm [1,19], a harmony search [2,5] and a fire-
fly algorithm [5]. Nevertheless, since those researchers conducted
their work independently, they presented a new meta-heuristic
and compared it only with the previously used optimisers in the
literature. Usually, the new method was run many times and the
best results were taken to show and compare. This is not an
appropriate way to compare search performances of MHs since it
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is unlikely that those optimisers can get the same results with sev-
eral runs due to randomisation in the process. There are a large num-
ber of MHs that have been overlooked and not implemented, while
there have been several penalty function techniques being used such
as the traditional exterior penalty function technique [2], the fuzzy
set theory technique [20], the Kaveh-Zolghadr technique [3], and
the Murata-Kim-Sugei technique [21]. The comparison of their
effectiveness would be useful for future engineers and researchers.
In this comparative study, various MHs (mostly well-estab-
lished), have been employed to solve a number of traditional test
problems for truss optimisation with frequency constraints.
Twenty-four MHs were used to solve five test problems. The top
five best performers were then used in combination with four pen-
alty function techniques and various sets of their internal parame-
ters to solve the test problems in order to examine the
effectiveness of those penalty function techniques. Each optimiser
was used to solve each test problem a number of times, while the
results obtained from using the various methods were statistically
compared. The best meta-heuristics and the most effective penalty
function methods will be discussed. What follows in this paper is
organised such that: Section ‘Test problems of truss shape and siz-
ing optimisation’ gives details of the test problems for truss mass
minimisation with frequency constraints. Section ‘Meta-heuristics’
shows the comparative performance of the 24 meta-heuristic opti-
misers on solving the five test problems. The top five best optimis-
ers are then used to examine the effectiveness of the penalty
function techniques while the comparative results of this study
are given in section ‘Comparative study of various meta-heuristic
algorithms’. Finally, concluding remarks are provided in section
‘Comparative study of various penalty function techniques’.

Test problems of truss shape and sizing optimisation

A typical truss optimisation problem with dynamic constraints
can be posed as

min f(x) (1)

st. w<wgy foriel
;> wjq forje]
X <X<Xy

where X is a vector containing design variables having lower and
upper bounds as Xx; and xy respectively, f is an objective function,
w; is the i-th mode natural frequency of a truss, w; q is an allowable
frequency for the i-th mode natural frequency, I and J are the sets of
mode numbers to be specified by a designer.

The objective function is structural mass whereas design vari-
ables include, in this work, sizing and shape variables. The sizing
design variables include truss element cross-sectional areas while
the shape design variables are nodal positions of the structure. It
is commonplace that most if not all of MHs can handle optimisation
problems with bound constraints. For the design problem (1), a pen-
alty function, which will be detailed later, is adopted to handle the
dynamic constraints.

Five test problems of shape and sizing optimisation of trusses
with frequency constraints commonly found in the literature will
be employed in this study. The design problems were assigned to
minimise structural mass subject to multiple frequency con-
straints, and are detailed as follows:

Case I: Sizing design of a 2D 10 bar truss

The truss structure is illustrated in Fig. 1 [1,3,5,6]. The structure
is subject to non-structural mass of 454 kg at each free node. The
design variables include all simple bar element cross section areas.
Material density and modulus of elasticity are 2770.0 kg/m® and

6.98 x 10'° N/m? respectively. The sizing optimisation is presented
to minimise structural mass subject to natural frequency con-
straints which can be expressed as follows:

min f(X) = structural mass
X

st. w;>7Hz
w, >15Hz
w3 >20Hz
0.645 < A; < 50 cm?

where X" = {x1,...,%10} = {A1,. ..,A10} is a design vector, f(X) is struc-
tural mass. The variables w1, w, and w3 are the natural frequencies
for the first, second and third modes respectively. A; are cross-
sectional areas of all bar elements.

Case II: Shape and sizing design of a 2D 37 bar truss

The truss structure is illustrated in Fig. 2 [1,2,5,6,19]. The structure
is subject to non-structural mass of 10 kg at each free node of the
lower chord. The elements of the lower chord were set as bar ele-
ments with unchanged cross-sectional area of 40 cm? while the other
were set as bar elements with initial cross-sectional area 1 cm? The
design variables include all bar element cross-sectional areas (except
the lower chord bar elements) and y-direction of nodal positions of
the upper chord. The design variables are treated so to have a sym-
metrical structure with respect to the y axis. Material density and
modulus of elasticity are 7800.0 kg/m> and 2.1 x 10! N/m 2, respec-
tively. The shape and sizing optimisation problem is presented to
minimise structural mass subject to frequency constraints which
can be expressed as follows:

min f(X) = structural mass
X

st. w; >20Hz
w;, > 60 Hz
w3 > 60 Hz
1 <A <10cm?
01<Y;<3m

where x” = {x,...,x10} is a design vector. Truss cross-sectional areas
are assigned as the first 14 elements of the vector while the nodal
positions are assigned as the 15th- 19th elements. The variables
w1, W, and ws are the natural frequencies for the first, second
and third modes respectively. A; are element cross-sectional areas.
Y; are the y-direction of positions of the upper chord nodes (changes
in Y; are symmetric about y axis).

Case III: Sizing design of a 3D 72 bar space truss

The truss structure is illustrated in Fig. 3 [1,3,5,7]. Four non-
structural masses of 2270 kgs are attached to the top nodes. The
design variables include all bar element cross-sectional areas
which were divided into 16 groups according to Table 1. Material
density and modulus of elasticity are 2770.0kg/m> and
6.98 x 10'°N/m?, respectively. The sizing design problem is
assigned to minimise structural mass subject to frequency con-
straints, which can be expressed as follows:

min f(x) = structural mass
X

st. w;=4Hz
wy = 6 Hz
0.645 < A; < 30 cm?

where x” = {x,...,x16} is a design vector. w; and w, are the first and
second mode natural frequencies respectively. A; are the cross-sec-
tional areas.
Case IV: Shape and sizing design of a 3D 52 bar dome truss
The truss structure is illustrated in Fig. 4 [1-3,5,6,19]. The struc-
ture has non-structural masses of 50 kg at each free node. The
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Fig. 2. 2D 37 bar truss.

Table 1
Element groups of the 72 bar space truss.

Element groups Element number in groups

1 1-4
2 5-12
3 13-16
4 17-18
5 19-22
6 23-30
7 31-34
8 35-36
9 37-40
10 41-48
11 49-52
12 53-54
13 55-58
14 59-66
15 67-70
16 71-72

design variables include all bar element cross section areas which
were divided into 8 groups according to Table 2 and all free nodes
which can move +2 m in all directions in a symmetrical manner.
Material density and modulus of elasticity are 7800.0 kg/m> and
2.1 x 10'" N/m? respectively. The shape and sizing optimisation
problem is presented to minimise structural mass subject to fre-
quency constraints which can be expressed as follows:

H&in f(x) = structural mass
s.t. w; <15916Hz
w, > 28.648 Hz
1 <A <10 cm?

where X" = {x;,...,x13} is a design vector (eight sizing variables and
five shape variables). (o, and w-, are the first and second mode nat-
ural frequencies respectively. A; are cross-sectional areas.

Case V: Sizing design of a 3D 120 bar dome truss

The truss structure is illustrated in Fig. 5 [3,19]. The structure
has non-structural masses at free nodes as: 3000 kg at node 1,
500 kg at nodes 2-13, and 100 kg at the rest. The design variables
include all bar element cross section areas which were divided into
7 groups as show in Fig. 5a. Material density and modulus of elas-
ticity are 7971.810 kg/m> and 2.1 x 10! N/m? respectively. The
sizing optimisation problem can be expressed as follows:

min f(x) = structural mass
X

st. w; =>9Hz
w; = 11Hz
1 < A < 129.3 cm?

where X"={x1,...,x7} is a design vector. @, and w-, are the first and
second mode natural frequencies respectively. A; are cross-sectional
areas.

Meta-heuristics

A meta-heuristic, often regarded as a probabilistic optimisation
method, is an optimiser developed as an alternative to a classical
gradient-based optimiser. Most of the meta-heuristic algorithms
search for optima by using a group of design solutions traditionally
called a population. The optimisation procedure starts with an ini-
tial population usually created at random. The population of design
solutions are then updated or improved by some specific comput-
ing operations which are usually related to randomisation. The
operators are created and used to achieve intensification and diver-
sification in searching. The population is improved iteratively until
a termination criterion is met. As this type of optimiser does not
employ function derivatives, the procedure is stopped when no
further improvement of a population for several iterations is found
or the maximum number of function evaluations is reached. The
method can be used to solve almost any kind of optimisation



4 N. Pholdee, S. Bureerat/Advances in Engineering Software 75 (2014) 1-13

>,

7
_‘_i‘;:é

4x1.524 m

Fig. 3. 3D 72 bar space truss.

Table 2
Element groups of the 3D 52 bar dome truss.

Element group Element number in group

1-4
5-8
9-16
17-20
21-28
29-36
37-44
45-52

0N WN =

problem. Over the last few decades, there have been a large num-
ber of MHs developed for solving various types of optimisation
problems. The methods can be classified into many groups such
as bio-inspired optimisers, swarm intelligence optimisers, and evo-
lutionary algorithms. MHs are becoming more popular compared
to their derivative-based counterparts since they are flexible to
modify, improve and use. Furthermore, this research field is still
wide open for further investigation and development. For this
comparative performance study, 24 MHs are employed and they
are briefly detailed as:

- DE: Differential evolution [22]. DE is a simple but efficient evo-
lutionary algorithm proposed by Storn and Price (1997). The search
processes start with an initial population. Then, a set of candidate
solutions is generated by two main operators, mutation and cross-
over. The best between a particular candidate and its parent will be
selected for the next generation. DE, since it was proposed, have a
number of optimisation strategies which are usually termed DE/x/

y/z where x is a solution vector to be mutated, y is a number of
solution pairs used for computing vector differentiation in muta-
tion, and z is a crossover scheme.

- ABC: Artificial bee colony algorithm [15]. The search procedure
of ABC imitates bee behaviour in finding food sources. In the ABC
algorithm, after randomly creating a population (viewed as food
source positions for employed bees), the amounts of nectar (objec-
tive function values) are computed. Then, candidate food sources
are created in some manners for employed and onlooker bees. It
is also useful to use some scout bees to explore new food sources
if appropriate. The food source positions are updated iteratively
until the procedure is stopped.

— ACOR: Real-code ant colony optimisation [23]. The very first
version of ant colony optimisation was proposed by Dorigo [24]
for solving combinatorial optimisation. Since then, it has become
one of the most popular optimisers for such optimisation problem
with numerous variants having been proposed. The real-code ant
colony optimisation [22] was later developed by the same author
and it is said to be among the top real-code MHs [25]. Starting with
a randomly generated initial population, offspring are then created
by means of an ant-based solution construction process involving
roulette wheel selection and a Gaussian function [23]. The best
solutions from combining the offspring and the parents are
selected as the next generation. The procedure is repeated until
meeting a termination criterion.

— ChSS: Charged system search [16]. The search process starts
with an initial population regarded as a group of charged particles
while charged memories are generated. Then, the position of each
charged particle will be updated based on the Coulomb law for
electrostatics and the Newton laws of motion. The new charged
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Fig. 4. 3D 52 bar dome truss (initial shape).

particles will be compared with the old ones, and the better ones
will be stored in the charged memories. The procedure is repeated
until the termination criterion is reached.

- LCA: League championship algorithm [17]. LCA imitates a lea-
gue environment in some kind of sport, such as football. Initially
a league schedule is generated for the whole season (one optimisa-
tion run). A member in a population is viewed as an individual
team formation while its objective function is team strength. For
each week (iteration), those teams participate in the competition.
For the next week, a team may change its team formation based
on match analysis and comparing playing strength to other teams.
The formations of all teams are updated weekly until the season
ends.

- SA: Simulated annealing [8]. SA was first proposed by Kirkpa-
trick et. al. [26]. The method is one of the state-of-the-art MHs with
numerous variants being developed and used in various kinds of
applications. For this work, the search procedure of SA starts with

Table 3
Comparative performance for Case I (w;_av = the average natural frequency of the i-th
mode).

MHs Mean STD wi_av (=7) @y av(=15) w3 av (=>20)
DE 528.7879 3.9720  7.0000 16.8193 20.0011
ABC 548.6847 7.5164  7.0008 16.8277 20.0191
ACOR 529.4166 3.1231 7.0001 16.6574 20.0015
ChSS 574.8534 16.7275 7.0281 17.8409 20.5732
LCA 533.4568 2.8652 7.0033 17.1052 20.0596
SA 551.7187 12.1626 7.0005 16.0340 20.0040
TLBO 649.2924 18.6085 7.0164 16.9324 20.6934
BBBC 531.5318 3.3843 7.0019 16.6575 20.0196
BPBIL 561.5219 13.3590 7.0205 17.0942 20.2233
CKS 567.8387 9.7329  7.0158 16.9264 20.2256
CMAES 527.9831 3.0571 7.0000 16.9228 20.0003
CPBIL 536.6292 3.6374  7.0059 17.3533 20.0723
CSS 454.9008 0.0000 4.3780 12.1619 15.9012
ECTS 540.8210 9.4883 7.0016 17.1797 20.0272
EP 4549008 0.0000 4.3780 12.1619 15.9012
ES 454.9008 0.0000 4.3780 12.1619 15.9012
FWA 454.9008 0.0000 4.3780 12.1619 15.9012
GA 4549008 0.0000 4.3780 12.1619 15.9012
GSA 550.1043 19.9290 7.0001 17.3459 20.0103
HS 454.9008 0.0000 4.3780 12.1619 15.9012
PSO 548.4953 14.0746 7.0003 16.2958 20.0246
SGA 581.1268 27.4650 7.0081 16.9898 20.3414
BAT 554.5097 20.8927 7.0000 16.8689 20.0026
FFA 540.4796 6.4824  7.0039 17.2493 20.0550

an initial solution, which will be called a parent. The parent is then
mutated in some manner leading to a set of children or offspring.
The best offspring is said to be a candidate to challenge its parent.
For minimisation, if the candidate has a lower objective value than
that of its parent, the parent is replaced by the candidate. In cases
where the candidate has a higher objective function value than its
parent, it still has a chance to replace the parent if accepted by a
Boltzmann probability. In this version of SA, the best solution will
be kept and used for creating offspring along with the parent as
detailed in [8].

- TLBO: Teaching-learning-based optimisation [18]. Starting with
a randomly created population with objective function values
being evaluated, the best individual (teacher) will be identified.
Then, the population will be updated by two stages including tea-
cher and leaner phases. For the former phase, a solution is moved
towards the best solution while, for the later phase, it is moved
towards a better neighbour. The population is improved iteratively
until meeting a stopping criterion.

- BBBC: Big bang - big crunch algorithm [27]. The method is
based on the Big Bang and Big Crunch theory. The search process
starts with randomly generating an initial population which
is called a big bang phase. Then, the operator called big crunch is
applied to find the mass centre. Thereafter, a big bang operator
is used to create neighbours of the mass centre. The process is
repeated until the stopping condition is met.

- BPBIL: Population-based incremental learning [28]. BPBIL is an
estimation of distribution algorithm based upon a binary searching
space. Rather than using a binary population directly as with a
genetic algorithm, the search process starts with an initial proba-
bility vector which has the length equal to that of a binary design
solution. The binary population according to the probability vector
is then created where the best solution is found. The probability
vector is updated based on the best binary solution while it is also
useful to apply mutation with a given (usually low) probability.
The vector is updated iteratively until the procedure is terminated.

- CKS: Cuckoo search [29]. CKS is created mimicking egg-laying
behaviour of cuckoos. The procedure starts with an initial set of
solutions (host nets). A new solution is created by means of a Levy
flight. If it is better than a randomly chosen host nest, replace the
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old nest with the new one. Some of the worst nests can be dis-
carded with a predefined probability and a new nest is created to
replace them. The best nest is recorded and the procedure is
repeated until a stopping condition is met.

- CMAES: Evolution strategy with covariance matrix adaptation
[30]. CMAES is an extension of ES for real-code optimisation. The
optimiser is said to remove randomisation of strategy parameter
settings which is usually a problem in most MHs. The method
starts with an initial population, a global step size, and a covari-
ance matrix. The solutions are then updated based on the step size
and normally distributed random vectors with such a covariance
matrix. Having evaluated objective functions, the step size and
covariance matrix are updated using an evolution path. This pro-
cess is repeated until a stopping condition is met.

- CPBIL: Continuous population-based incremental learning [31].
The CPBIL algorithm is an extension of BPBIL. A probability vector
is use for creating a binary population in BPBIL but, for the contin-
uous version, a probability matrix is used. Having generated a real-
code population, the probability matrix is updated according to the
best real code solution. Mutation on the probability matrix is

activated with the given mutation probability. The algorithm
updates the probability matrix iteratively until reaching a termina-
tion condition.

- CSS: Continuous scatter search [32]. The continuous version of
scatter search, similarly to its combinatorial version, uses intensi-
fication and diversification to improve design solutions towards
an optimum. The procedure starts with and initial population
obtained by using a diversification generation method. Then an
improvement method or local search is employed to improve the
solutions. The reference set containing some best and diverse solu-
tions is generated where new candidates are created by applying a
solution recombination method on a member in the reference set.
Having applied the local search the reference set is updated. The
process continues until the stopping condition is fulfilled.

- ETCS: Enhanced continuous tabu search [33]. The original ver-
sion of tabu search was developed by Glover [34] for combinatorial
optimisation. In the ETCS algorithm, as an initial population is cre-
ated, the so-called promising list containing some best solutions
and the tabu list containing the rest are generated. A new solution
is generated by mutation and its function evaluation is carried out
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if it is not too close to the members in those lists. The tabu and
promising lists are updated and the process repeats until being ter-
minated. It should be noted that it is also useful and possible to
apply local search to improve the solutions at the end of the search
procedure.

- ES: Evolution strategies [35]. ES was developed in Germany dur-
ing the same time period as evolutionary programming (EP) and
the genetic algorithm (GA). These three optimisers were developed
independently but their concepts are surprisingly similar. The first
version of ES is called 1 + 1 ES where one offspring is created from
mutating a parent. The later version is u+/ ES standing for 1
offspring are iteratively created from u parents. Starting with a
randomly generated population or a set of design vectors, a real-
code recombination is applied to create a set of offspring. The
offspring is then mutated based on normal distribution randomisa-
tion. The best solutions among the union set of offspring and
parents are selected to the next iteration. The process is repeated
until fulfilling the stopping condition. To prevent a premature
convergence, a tournament selection operator is used instead of
choosing best solutions in this paper.

- EP: Evolutionary programming [35]. EP is somewhat similar
to ES since the reproduction process employs normally distrib-
uted randomisation for mutation. However, EP does not use a
recombination operator while the selection operator is also
different.

- FWA: Fireworks algorithm (FA) [36]: FWA is a simple swarm
intelligence optimiser imitating the nature of firework explosion.
An initial population is seen as a group of fireworks where design
solutions are firework locations. The location of sparks is then sim-
ulated, which is a means to reproduce candidate solutions. Having
evaluated function values, the best fireworks locations are then
selected and kept to the next generation.

- GA: Genetic algorithm [37]. A genetic algorithm is probably the
best known meta-heuristic which, since it was first introduced, has
thousands of variants. The method, like its name, can be best
thought of as imitating Darwinian natural selection in that off-
spring are created by mating pairs of their parents. The parents
are selected by means of roulette wheel selection to a mating pool
and a crossover operator is used to create offspring with a given
crossover probability. Then, mutation is allowed to take place with
a predefined mutation rate. The process repeats until meeting a
termination criterion.

- GSA: Gravitational search algorithm [38]. GSA is another swarm
intelligence optimiser which searches for optima based on the law
of gravity and mass interaction. Starting with an initial population,
the gravity and mass will be calculated depending on objective
function values. Total forces, accelerations and velocities of the
design solutions are then calculated and used to update the solu-
tion members in a population. The process is repeated until a stop-
ping criterion is reached.

- HS: Harmony search [39]. HS is an optimisation algorithm
which was developed based on improvisation of music players.
The search process starts with initialised harmony memories (pop-
ulation). Then, the harmony memories will be updated based on
aesthetic estimation which is defined by harmony memory consid-
ering rate and pitch adjusting rate. The harmony memories are
updated iteratively to meet an optimum.

- PSO: Particle swarm optimisation [40]. PSO is probably the first
swarm intelligent algorithm which was developed imitating the
movement of a flock of birds or fishes aiming to find food. Starting
with a group of birds or position vectors of particles, initial particle
velocities are then defined. The position of each particle is then
modified based on its velocity which is influenced by its velocity
from the previous generation, the global best solution, and its best
found position. The particles move iteratively until reaching an
optimum.

- SGA: Stud genetic algorithm [41]. SGA is an evolution of GA.
Rather than creating offspring from crossing over a pair of selected
parents, the best binary design solution is used as a stud. To create
an offspring, the crossover operator will be applied to the stud and
an individual in a population. It is also useful to apply a mutation
operator or another diversity-based operator with a predefined
probability in order to prevent a premature convergence. The pop-
ulation is updated by mating solutions with the stud iteratively
until fulfilling a termination criterion.

- BAT: Bat-inspired algorithm [42]. A swarm intelligence algo-
rithm BAT is a meta-heuristic inspired by the echolocation of mic-
robats. The extended version of BAT is presented in [43] with slight
modification. Bats (design solutions) update their positions using
velocities based on varying frequencies and loudness. A random
walk is applied for diversification. The positions of the bats are
updated repeatedly until the algorithm is stopped.

- FFA: Fireflies algorithm [44]. A firefly algorithm is another
swarm intelligence optimiser. With an initial population of fireflies
(design solutions), their objective functions are evaluated and con-
sequently their light intensity values are computed. Each firefly
will move to other fireflies based on the light intensity while the
degree of attractiveness varies with a distance between a pair of
fireflies. The position of the fireflies and their light intensities are
updated iteratively until meeting a stopping condition. In this
work, the latest version of FFA [45] will be employed.

Comparative study of various meta-heuristic algorithms
Meta-heuristic parameter settings

In this work, twenty-four established MHs were compared
based on solving the five truss optimisation problems. Given that
np is a population size (unless otherwise specified) and n is a num-
ber of design variables, the optimisation parameter settings of
those MHs (details of notations can be found in the corresponding
reference of each method) are detailed as:

DE: DE/best/2/bin strategy is used. A scaling factor, crossover
rate and probability of choosing elements of mutant vectors
are 0.5, 0.7, and 0.8 respectively.

ABC: The number of food sources is set to be np. A trial counter
to discard a food source is 150.

ACOR: The parameter settings are q = 0.5, and ¢ = 0.5. Roulette
wheel selection is used for ant-based solution construction.
ChSS: The number of solutions in the charged memory is
0.2 x np. The charged moving considering rate (CMCR) and the
parameter PAR are set to be 0.75 and 0.5 respectively. Charged
sphere radius is a = 0.10max((xy-x;)). The parameter ¢ for cal-
culating the separation distance between two charged particles
is 0.000001.

LCA: The probability of success (P;) is 0.5 and the decreasing
rate to decrease P. is o = 0.5. The lower and upper limits for a
retreat coefficient are 0 and 2 respectively. The lower and upper
limits for an approach coefficient are 0 and 2 respectively. A
new formation is based on best formations.

SA: Starting and ending temperatures are 10 and 0.001 respec-
tively where the temperature is increased exponentially for
every 10 loops. For each loop, n candidates are created by
mutating on the current best solution while other n candidates
are created from mutating the current parent. The best of those
2n solutions are set as an offspring to be compared with the
parent.

TLBO: The teaching factor is Tr=rand(1 or 2).

BBBC: The current best solution is used as a centre point to cre-
ate a new population. The search space will be restricted to half
after every period of 5 iterations.
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BPBIL: The learning rate, mutation shift, and mutation rate are
set as 0.5, 0.7, and 0.2 respectively.

CKS: Discovery rate of alien eggs (p,) is 0.75. The Levy coeffi-
cient is g =2/3.

CMAES: Parameter settings are not required.

CPBIL: The learning rate, mutation shift, and mutation rate are
set as 0.5, 0.2, and 0.05 respectively. RPBIL3 in [31] is employed
With Tsqre =5 and Topg = 40.

CSS: The BLX-« recombination method is used for reproduction.
The simplex downhill method is used for local search. The num-
ber of high-quality solutions in the reference set is 0.5 x np, and
the number of diverse solutions in the reference set is 0.25 x np.
ETCS: The tabu list size is set to be 2 x np while the promising
list size is 0.5 x np. A linear partitioning on hyper-rectangles is
used for generating neighbour solutions.

EP: For every period of 3 iterations, the number of randomly
selected individuals used for computing a selection function
value is increased by 1 where it is set to be 2 for the first loop.
ES: Use a three-candidate tournament selection operator and a
simple mutation without the effect of a covariance matrix. For
each individual solution, all five ES recombination strategies
are applied with equal probabilities.

FWA: The number of fireworks for each generation is np/4, the limit
of sparks created with algorithm 1 is np, the amount of sparks created
with algorithm 2 is np/4, the floor parameter for rounding the
amount of sparks created with algorithm 1 is 0.004, the ceiling
parameter for rounding the amount of sparks created with algorithm
1is 0.8, and the maximum explosion amplitude is 0.5(xy,;—X;)-

GA: The crossover and mutation rates are 0.7 and 0.3 respec-
tively. Multi-point crossover is used.

GSA: The norm in Eq. (8) in [38] is 1. The power of R;; in Eq. (7)
in [38] is 2. In Eq. (28) in [38], « =20 and Go = 100. In the last
iteration, only 10 percent of agents apply force to the others.
HS: The parameter settings are: harmony memory size = np,
harmony memory considering rate (HMCR) = 0.8, pitch adjust-
ing rate (PAR) [0.4,0.9] increased linearly, and bandwidth (BW)
[0.0001,0.9] decreased exponentially.

PSO: The starting inertia weight, ending inertia weight, cogni-
tive learning factor, and social learning factor are assigned as
0.75, 0.0001, 1.5 and 2.5 respectively. The inertia weight is
decreased linearly.

SGA: The so-far best solution is used as a stud whereas the prob-
ability of shuffling binary bits of a binary design solution is 0.2.
BAT: The loudness and the pulse rate are set to be 0.9 and 0.1,
respectively. The minimum and maximum frequency values
are 0 and 2, respectively. The maximum and minimum values
of 0 are 0.1 and 20, respectively.

FFA: The parameters in Equation (15) in reference [45] are set as
o =0.75, Q=0.000001, and fo = 0.25.

It should be noted that the parameters used for each optimiser
are tuned to have proper values that increase the performance of
the algorithm. The Case I problem is used for such parameter tun-
ing. Each optimiser is used to solve each truss problem for 30 opti-
misation runs. The population size is set to be np = 20 whereas the
number of iterations is 200 for all test problems. For the optimisers
using different population sizes such as simulated annealing, and
firework algorithm, their search processes are terminated with
the total number of functions evaluations equal to 20 x 200. The
penalty function used in this study is the Kaveh-Zolghadr tech-
nique which has some details as:

Hx) =1 +e-v)"

where f, is a penalised function value, ¢; and ¢, are selected consid-
ering the exploration and exploitation rates of the search space.

ng
v= Zv,-
i-1

where ng and v; are the number of frequency constraints and the
constraints violation respectively. At a design solution X, if the ith
constraint is not violated, »; will be taken as zero; otherwise, v; will
be defined as:

;i
Wi all

U,’Z‘]—

where w; and w;y are the ith mode natural frequency and the
allowable ith mode natural frequency respectively.

Results and discussion

After performing 30 optimisation runs of the various optimisers
on solving the truss design problems (Case I- Case V), the compar-
ative results based on objective and constraint function values are
shown in Tables 3-7. In the tables, the mean values (Mean) will be
used to measure the convergence speed while the standard devia-
tion (STD) represents the search consistency of the method. The
method with a lower mean value of the objective function has bet-
ter convergence speed while the method with a lower STD has bet-
ter search consistency. Note that only the methods that can search
for the feasible solutions will be considered for comparison.

For the measure of the search convergence based on the mean
value, it is found that CMAES is the best performer for all test prob-
lems except for the Case I, which the best optimiser is DE. The sec-
ond best for Case I, Case III, Case IV and Case V is DE while the
CMAES was the second best for Case II. For the measure of search
consistency based on the STD, the method that gives the most con-
sistent results for Case I, Case II, Case IV and Case V is CMAES while
ACOR is the most consistent for Case III. Overall, CMAES is the best
performer for the assigned mass minimisation problems of trusses
with frequency constraints in terms of both convergence rate and
search consistency while DE is the second best optimiser.

Tables 8-12 show the comparison between the best results
found so far in the literature and the best results found in this
study for all design cases. It was found that, the best results found

Table 4
Comparative performance for Case II.
MHs Mean STD wy_av wy_av ws3_av
(>20) (>40) (>60)

DE 360.8391 3.0896 20.0124 40.0443 60.0664
ABC 370.1812  2.8677 20.0854 40.5136 61.3069
ACOR  362.4482 1.6613  20.0085 40.0096 60.0254
ChSs 405.1165  8.5197 20.9410 45.8991 72.7114
LCA 369.4645  2.1620 20.4770 40.6377 62.0107
SA 375.9803  5.7973 20.1168 40.0236 60.0537
TLBO 431.2922  9.3983 20.5522 42.6326 68.5651
BBBC 369.1503  6.7555 20.0988 40.2250 60.9658
BPBIL 386.4841 7.5400 20.7166 42.0721 64.4003
CKS 402.6145  7.5730 21.3250 43.3658 66.7712
CMAES 361.6511 2.5302 20.0379 40.1591 60.1419
CPBIL  369.8753  4.0229 20.3062 40.5809 61.4021
CSS 388.6446  8.3675 20.7818 41.3861 61.4275
ECTS 384.0519  9.5861 20.0638 40.1962 63.6046
EP 4439599  0.0000  0.6359 3.6402 48.4653
ES 441.4350 13.8296 1.2814 4.8522 48.8498
FWA 4439599  0.0000  0.6359 3.6402 48.4653
GA 384.4549 12.4004 20.3459 40.6973 61.0602
GSA 422.0086 15.7411 20.5125 44.8561 77.9204
HS 4413328  7.8712  3.4249 8.8369 50.5985
PSO 406.2254 11.4493 20.0329 40.4639 62.9200
SGA 384.1679 11.0051 20.2395 40.7644 60.8835
BAT 402.3112 10.8363 20.1241 40.0063 63.9841
FFA 399.4114 12.0955 20.3494 41.8522 68.6302
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Table 5
Comparative performance for Case III.

Table 7
Comparative performance for Case V.

MHs Mean STD wy_av (=4) w3_av (=6) MHs Mean STD wy_av (=9) wy av (=11)
DE 331.6909 17.0220 4.0000 6.0003 DE 8708.7905 3.4456 9.0000 11.0000
ABC 351.3243 9.9280 4.0053 6.0614 ABC 7681.9709 2863.9555 8.0601 9.8982
ACOR 338.7503 7.4967 4.0000 6.0009 ACOR 8798.7094 89.4076 9.0000 11.0000
ChSS 469.3784 23.0313 4.0247 6.1383 ChSs 9083.1365 143.6739 9.0699 10.9922
LCA 393.1856 13.7117 4.0105 6.0709 LCA 8728.1426 9.4177 9.0032 11.0004
SA 370.2935 11.9415 4.0032 6.1265 SA 8879.1191 144.1959 9.0074 10.9895
TLBO 38.7291 0.0826 0.9976 1.7162 TLBO 501.2728 0.0000 1.9115 2.7051
BBBC 360.1404 29.8948 4.0025 6.0093 BBBC 8846.3515 105.1124 9.0308 11.0039
BPBIL 418.7888 34.8305 4.0197 6.1011 BPBIL 10041.9281 756.9410 9.1773 11.0742
CKS 470.2877 34.3126 4.0213 63116 CKS 9726.8627 1862.2010 8.9422 10.8227
CMAES 331.0710 13.5805 4.0001 6.0005 CMAES 8707.3853 0.2591 9.0000 11.0000
CPBIL 360.4328 13.1719 4.0051 6.0294 CPBIL 8848.0015 156.9981 9.0702 11.0013
(& 441.4551 58.0000 3.9655 5.9895 (& 9330.0753 741.1946 9.0220 11.0143
ECTS 552.0251 64.1452 4.0019 6.0135 ECTS 8783.3294 68.7185 9.0201 10.9938
EP 628.0440 0.0000 3.1041 4.2057 EP 8841.9387 401.6341 9.0174 11.0001
ES 628.0440 0.0000 3.1041 42057 ES 9737.6194 2061.6896 9.0306 11.0016
FWA 621.9087 33.6045 3.1328 4.2697 FWA 9074.1572 245.1233 9.0375 11.0119
GA 406.8943 43.4109 4.0089 6.1551 GA 11081.6603 824.1856 9.2136 11.0952
GSA 590.7577 50.6341 4.0008 6.0778 GSA 9972.4922 1458.3429 9.0934 11.0001
HS 300.2329 234.0953 2.6447 43367 HS 514.4762 1.4450 2.0771 2.8668
PSO 528.0723 83.9778 4.0000 6.0135 PSO 7392.0791 4043.7420 7.3558 9.0628
SGA 399.7163 41.2570 4.0077 6.0947 SGA 10509.5583 862.7513 9.2353 11.1171
BAT 637.4574 71.8137 4.0000 6.0317 BAT 514.7687 5.8228 2.0752 2.8644
FFA 414.1589 39.5042 3.9932 4.0068 FFA 4474.0803 4623.5168 5.0815 63720
Table 6 only if both methods I and J give feasible solutions for all runs. If

Comparative performance for Case IV.

MHs Mean STD wi_av (<£15.916) w,_av (>28.648)
DE 201.4995 14.8806 10.7823 28.6482
ABC 225.1624 14.1478 10.8390 28.6766
ACOR 221.3660 15.5975 10.4578 28.6505
ChSS 215.4694  47.3282 11.9774 26.8727
LCA 253.8265 16.1027 11.0309 28.8632
SA 256.6105 30.3086 10.0801 28.6172
TLBO 164.6637 20.2184 13.2375 20.8339
BBBC 207.5187 14.7296 10.5435 28.6516
BPBIL 284.7816  44.1585 10.7912 28.7775
CKS 352.2353 65.5756 9.5642 28.7686
CMAES 195.8252 0.6102 10.2480 28.6481
CPBIL 215.0622 8.8448 10.9074 28.6500
CSS 308.0847 51.2398 8.9476 28.9553
ECTS 253.1338 86.6098 12.4834 28.6487
EP 361.2610 236.6418 14.4327 28.7918
ES 464.8889 227.0136 15.3636 28.8545
FWA 238.8591 22.0796 8.4459 28.6735
GA 283.0605 53.8587 7.5508 28.8080
GSA 467.8169 85.2877 10.7432 29.0212
HS 176.6073 42.3522 12.9434 24.0800
PSO 402.6086 116.7340 10.9740 28.5770
SGA 263.8774  46.2667 9.4601 28.6874
BAT 303.1053 82.7459 12.3850 28.4278
FFA 255.0253 26.7056 11.3616 28.6727

in this study are better than the best results found in the literature
for all cases except for Case IV.

Furthermore, the ranking of the MH optimisers was made based
upon the statistical Wilcoxon rank sum test. Table 13 shows the
ranking of MHs for the Case I design problem. Since there are
24 MHs implemented, a comparison matrix sized 24 x 24 whose
elements are full of zeros is generated. The null hypothesis for
the Wilcoxon rank sum test is that, for a particular test problem,
the median of 30 objective function values obtained from method
I is not different from the median of 30 objective function values
obtained from using method J at the 5% significance level. If the
null hypothesis is rejected and the median from method J is lower,
the element IJ of the matrix is set to be ‘1’. After summing up all
values in the matrix columns, the best optimiser is the one that
has the highest score. The summation and the ranking are also
given in the table. Note that this comparison will be made if and

such a condition does not hold, between methods I or J, the method
that give more feasible solutions for all runs will be the winner. In
case that both of them fail to find feasible solutions for all runs, one
having lower constraint violation will win; otherwise, both of them
are equal.

Table 14 shows the ranking of the 24 optimisers when solving
all test cases of truss optimisation with frequency constraints
based on the Wilcoxon rank sum test. The results indicated that
CMAES performs the best for all test problems (except for Case I)
while DE is also ranked as the best for all test problems except
for Case I and Case V. For Case I, ACOR is the best performer based
on the statistical test. After summing up the ranking numbers of all
design cases, it was found that CMAES is best optimiser while at
close second best is DE, which is similar to the performance assess-
ment by using average objective values.

It should be noted that, for this study, the optimisers are coded
in MATLAB computing language. Some of them are downloaded
from the developers of those methods while some of them are cre-
ated by the authors of this article based on the concepts presented
in the references. The ways of coding and the optimisation param-
eter setting used significantly affect the performance of those opti-
misers. In addition, population size and a number of generations
used in this study are set following Kaveh and Zolghadr [3]. These
values may not be suitable for some implemented optimisers as
they cannot find feasible solutions. Nevertheless, these compara-
tive results show that some optimisers give as good and compara-
ble results as those presented in the literature.

Comparative study of various penalty function techniques
Penalty function techniques used in this study

In order to handle frequency constraints when using MHs, the
penalty function is a necessary tool which directly affects the per-
formance of the MH search. A good penalty function technique for
MHs should be able to provide information on both feasible and
infeasible sub-regions around the optimum solution while its main
target is to penalise solutions outside the feasible region. In this
work, four penalty function techniques are investigated including:
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Table 8
Best result found in this study compared with the best result found in the literature
for Case L.

Table 10

Best result found in this study compared with the best result found in the literature

for Case III

Size of element No.  Best run found in Best run found in this study

Size of element group Best run found in

Best run found in this

(cm?) literature [3] (CMAES) (cm?) literature [2] study (DE)
1 35.274 35457 1 3.660 3.534
2 15.463 14.867 2 8.102 7.942
3 32.11 35.117 3 0.665 0.646
4 14.065 14.810 4 0.645 0.647
5 0.645 0.645 5 8.577 7.927
6 4.88 4.542 6 8.425 8.051
7 24.046 23.632 7 0.645 0.645
8 2434 23.586 8 0.645 0.645
9 13.343 12.513 9 12.366 12.774
10 13.543 12.134 10 7.773 7.997
Weight (kg) 529.09 524.49 11 0.645 0.645
w; (=7 Hz) 7.000 7.000 12 0.645 0.645
wy (=15Hz) 16.119 16.208 13 16.681 16.973
w3 (=20Hz) 20.075 20.000 14 7.513 7.771
No. of function 4000 4000 15 0.649 0.645
evaluations 16 0.645 0.645
Weight (kg) 32491 324315
w (=4 Hz) 4.00005 4.00000
w3 (=6 Hz) 6.00001 6.00001
FP1: fuzzy set penalty function technique [20]. The penalty No. of function 3000 4000

function can be defined as:

JoX) =£(X) + Kp(1 = ).

where Kp is a penalty parameter, and f, is the objective function
value in fuzzy environment expressed as:

F(X) = (F(X) +c1)/(f(X) + ¢1 +¢2)

where c; is a constant shift used to ensure that f+ ¢ is always posi-
tive, and ¢, is a positive constant. The parameter pc is the total
membership function value of all constraints computed as

0: if x is feasible

L: if g; (x) is infeasible; for alli=1,....M
He(X) =

M

; ' .

W E W; otherwise
i=1

Table 9
Best result found in this study compared with the best result found in the literature
for Case II.

Design variable Shape Best run found in Best run found in this

(m), size (cm?) literature [2] study (CMAES)
Y12, Y20 0.9727 0.8789
Y13, Y19 1.3336 1.2533
Y14, Y1s 1.4918 1.4285
Yis, Y17 1.6275 1.5613
Yis 1.6939 1.6293
Ao, A3z 3.4287 2.8964
Az, Asg 1.0010 1.0124
Az, Aszs 1.0000 1.0026
Aqq, Arg 2.6942 2.6028
A, Asg 1.0033 1.1164
Az, Azz 1.0910 1.2548
A1z, A1z 2.6748 2.8325
A4, As2 1.4141 1.3682
Azs, Azq 1.5121 1.4343
A13, Ate 2.5228 2.5155
Az, Azp 1.2116 1.1958
Az7, Az 1.1869 1.4160
Avg, Ars 2.5606 2.8376
Azg 1.0003 1.0000
Weight (kg) 360.21 359.25
wq (=20Hz) 20.0019 20.0037
@, (=40 Hz) 40.0310 40.0661
w3 (=60 Hz) 60.0359 60.0201

No. of function 3000 4000
evaluations

evaluations

Table 11

Best result found in this study compared with the best result found in the literature

for Case IV.

Design variable shape (m),

Best run found in

Best run found in this

Size (cm?) literature [2] study (DE)
Za 5.6065 6.1004
Xp 2.1030 2.0003
Zg 3.7250 3.9194
Xc 3.8834 3.9999
Zc 2.5000 2.5001
Aq 1.0000 1.0000
Ay 1.2614 1.2908
As 1.3139 1.3038
Ay 1.3542 1.3747
As 1.3864 1.4630
As 1.0000 1.0000
A, 1.6160 1.4703
Ag 1.4034 1.4359
Weight (kg) 19427 195.19
w1 (<£15.916 Hz) 11.516 9.539
, (>28.648 Hz) 28.653 28.648
No. of function 3000 4000

evaluations

Table 12

Best result found in this study compared with the best result found in the literature

for Case V.

Size of element

Best run found in

Best run found in this

group (cm?) literature [39] study (CPBIL)
1 19.607 20.073
2 41.290 39.894
3 11.136 14.087
4 21.025 22.195
5 10.060 11.154
6 12.758 9.745

7 15.414 14.707
Weight (kg) 8890.48 8549.44
w; (=9 Hz) 9.0001 9.134
w3 (=11Hz) 11.0007 11.004
No. of function 6000 4000

evaluations
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Table 13
Comparative objective function values based on Wilcoxon rank sum test for Case I.
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Table 14
Comparative objective function values based on Wilcoxon rank sum test for all design
cases.

MHs Ranking Ranking Ranking Ranking Ranking Sum Ranking

Case | Case Il Caselll CaselV CaseV All
DE 2 1 1 1 2 7 2
ABC 9 4 10 5 4 32 5
ACOR 1 3 3 5 6 18 3
ChSS 15 15 18 21 19 88 21
LCA 5 4 12 9 3 33 6
SA 9 8 4 20 17 58 9
TLBO 18 20 21 21 19 99 24
BBBC 4 4 9 3 7 27 4
BPBIL 14 11 17 13 11 66 15
CKS 15 15 18 21 11 80 20
CMAES 2 1 1 1 1 6 1
CPBIL 6 4 10 4 17 41 7
CSS 19 11 13 16 8 67 16
ECTS 7 11 5 5 19 47 8
EP 19 21 21 11 4 76 18
ES 19 21 21 19 8 88 21
FWA 19 21 21 8 8 77 19
GA 19 9 13 13 16 70 17
GSA 9 19 7 17 13 65 14
HS 19 21 18 21 19 98 23
PSO 9 15 5 17 13 59 10
SGA 15 9 13 11 13 61 11
BAT 9 15 8 13 19 64 13
FFA 7 14 13 10 19 63 12
Table 15
Top two optimisation strategies for FP1-FP4.
Penalty functions Parameter sets Best MHs  Acronyms
FP1 1.{KD, &} = {5, 1x1073} 1.CMAES  1.CMAES-FP11
2.{KD, £} ={7.5,1 x 107} 2.CMAES  2.CMAES-FP12
FP2 1.{e1, &2} =1{4, 4} 1.CMAES  1.CMAES-FP21
2.{e1, &2} =1{3,2} 2.CMAES  2.CMAES-FP22
FP3 1.(cp)=1x 10" 1.DE 1.DE-FP31
2.(cp)=1x 10" 2.CMAES  2.CMAES-FP32
FP4 - 1.CMAES 1.CMAES-FP41
2.DE 2.DE-FP41

where y; is the membership function value of the constraint gi(x)
defined as:

0; if g(x)>d;
Hi(x) = ¢ 1 — 824 f g < gy(x) < d;
1, if gi(x) <&

where d; and ¢; are the parameters to be specified.

FP2: The penalty function used in Kaveh and Zolghadr [3] which
is detailed in section ‘Meta-heuristic parameter settings’.

FP3: Exterior penalty function technique [2]. The penalty func-
tion is defined as:

50 =f®) +63 {max {o, o 1”2

P i.all

where ¢, is a constant parameter.
FP4: The penalty function technique presented in Kim et al.
[21]:

fb(x) _ {gmax(x)§ if gmax(x) >0

arctam(f(x)) — 3; otherwise

Each penalty function technique with several parameter sets is
employed with the top five optimisers (CMAES, DE, ACOR, BBBC,
ABC) in order to obtain the best combination of an optimiser and
a penalty function with effective parameter settings. The Case I test
problem will be used in this investigation. The parameters settings
of each technique were defined based on several setting values,
which can be detailed as:

- FP1: The values of the parameters d, c;, and ¢, are assigned as
0.25, 0 and 1, respectively, while the sets of {KD, ¢} are varied
as: {1 x 103, 2.5}, {1 x 10,5}, {1 x 10°, 7.5}, and {1 x 10'°, 2.5}.

- FP2: The values of the parameters {¢;, &} are assigned as {2, 2},
{2, 3}, {3, 2} and {4, 4}.

- FP3: The parameter ¢, is assigned as {1 x 10,1 x 10°,1 x 10'°}.

— FP4: The technique requires no parameter setting.

As a result, there are 5 x (4 +4 + 3 + 1) = 60 optimisation strat-
egies to be tested. Having run all of them for solving Case I for
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30 trials (each strategy), the top two optimisation strategies for
FP1-FP4 (based on the average objective function) which will be
used for further investigation are shown in Table 15 with the
new acronyms.

Results

After performing 30 optimisation runs of the 8 optimisers
detailed in Table 15, the comparative results are shown in Tables
16-20. The performances of the four penalty function techniques
were measured based on the average objective function and con-
straint violation similarly to the comparative study in section
‘Results and discussion’. From Tables 16-20, the best performer
of all test problems, with the exception of Case V, was CMAES-
FP22 which uses the parameter of FP2 as &; = 3 and ¢, = 2. The sec-
ond best for Case I, Case II, and Case IV was DE-FP31 which uses the
parameter ¢, =1 x 10'%. The second best of Case Il was CMAES-
FP22. For the Case V, the best performer was CMAES-FP11, while
the second best was CMAES-FP22. For Case I-I, all optimisers gave
slightly different results but CMAES-FP22 totally dominates the
rest in Case III. CMAES-FP22 was also the obvious winner in Case
IV. For Case V, they are said to be equally good except for
CMAES-FP12. Overall, the best penalty function technique for han-
dling frequency constraints of truss optimisation was FP2, the
Kaveh-Zolghadr technique.

Table 16

Comparative performance of four penalty function techniques for Case I.
Optimisers Mean objective wy_av wy_av w3_av

function value (=7 (=15) (=20)

CMAES-FP11 529.1552 6.9992 16.9786 20.0010
CMAES-FP12 530.5195 7.0001 17.1779 20.0020
CMAES-FP21 527.7770 7.0000 16.8876 20.0011
CMAES-FP22 526.5098 7.0000 16.6249 20.0004
DE-FP31 527.2439 7.0002 16.4269 20.0013
CMAES-FP32 527.9652 7.0001 16.7574 20.0018
CMAES-FP41 528.7897 7.0002 16.8243 20.0008
DE-FP41 528.3497 7.0004 16.6411 20.0043

Table 17

Comparative performance of four penalty function techniques for Case II.
Optimisers Mean objective wy_av wy_av ws_av

function value (=20) (=40) (=60)

CMAES-FP11 362.8897 19.4273 40.1173 60.2017
CMAES-FP12 361.4871 18.3451 40.1264 60.1949
CMAES-FP21 363.2154 20.0423 40.1000 60.2313
CMAES-FP22 361.4538 20.0338 40.0852 60.1931
DE-FP31 362.9061 20.0357 40.0846 60.1208
CMAES-FP32 363.9191 20.0523 40.1597 60.1321
CMAES-FP41 363.2401 20.0565 40.1135 60.2101
DE-FP41 365.0338 20.0183 40.1145 60.1229

Table 18

Comparative performance of four penalty function techniques for Case III.

Optimisers Mean objective function value  w;_av (=4) ws_av (=6)
CMAES-FP11  890.6069 4.0004 7.6233
CMAES-FP12  906.9221 4.0001 7.4793
CMAES-FP21  423.4423 4.0006 6.0244
CMAES-FP22  330.1653 4.0003 6.0016
DE-FP31 924.4752 4.6154 7.1908
CMAES-FP32  931.7116 4.6155 7.9549
CMAES-FP41 951.1856 4.0007 7.8526
DE-FP41 908.6447 4.0000 7.3944

Table 19

Comparative performance of four penalty function techniques for Case IV.
Optimisers Mean objective wi_av w,_av

function value (<£15.916) (>28.648)

CMAES-FP11 196.9101 11.7740 27.9860
CMAES-FP12 194.5566 10.8719 27.4154
CMAES-FP21 205.1678 10.3230 28.6678
CMAES-FP22 212.4709 10.3939 28.6490
DE-FP31 208.9579 10.8067 28.6592
CMAES-FP32 245.4026 11.0400 28.6767
CMAES-FP41 240.3645 11.5884 28.6692
DE-FP41 215.7695 11.0834 28.6548

Table 20

Comparative performance of four penalty function techniques for Case V.

Optimisers Mean objective function value wq_av (=9) oy av(>11)
CMAES-FP11  8706.8400 8.9990 10.9991
CMAES-FP12  8437.4295 8.7638 10.7235
CMAES-FP21  8708.1012 9.0001 11.0000
CMAES-FP22  8707.4765 9.0000 11.0000
DE-FP31 8710.2675 9.0002 11.0001
CMAES-FP32  8708.1125 9.0000 11.0000
CMAES-FP41  8710.8733 9.0002 11.0001
DE-FP41 8711.5702 9.0004 11.0002

Conclusions and discussion

In this work, the performances of various established MHs were
investigated for truss optimisation with frequency constraints
while an efficient and effective penalty function technique used
to handle the frequency constraints was also examined. After solv-
ing five optimisation problems of truss structures with frequency
constraints, based on the average objective values, CMAES was
the best optimiser for all test problems except Case II and gave
the most consistent results except for Case III. The DE was the best
according to a convergence rate while the ACOR was the most con-
sistent for Case III. Based on the statistical Wilcoxon rank sum test,
the top two optimisers were CMAES and DE with the former being
slightly better. For the comparative study of various penalty func-
tion techniques, the results indicated that the Kaveh-Zolghadr
technique was the most efficient and effective technique.
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ABSTRACT

This paper proposes a new direction for design optimization of a water distribution network (WDN). The
new approach introduces an optimization process to the conceptual design stage of a WDN. The use of
multiobjective evolutionary algorithms (MOEAs) for simultaneous topology and sizing design of piping
networks is presented. The design problem includes both topological and sizing design variables while
the objective functions are network cost and total head loss in pipes. The numerical technique, called a
network repairing technique (NRT), is proposed to overcome difficulties in operating MOEAs for network
topological design. The problem is then solved by using a number of established and newly developed
MOEA:s. Also, two new MOEAs namely multiobjective real code population-based incremental learning
(RPBIL) and a hybrid algorithm of RPBIL with differential evolution (termed RPBIL-DE) are proposed to
tackle the design problems. The optimum results obtained are illustrated and compared. It is shown
that the proposed network repairing technique is an efficient and effective tool for topological design of
WDNSs. Based on the hypervolume indicator, the proposed RPBIL-DE is among the best MOEA performers.

© 2013 Elsevier B.V. All rights reserved.

1. Introduction

A piping or water distribution network is one of the most impor-
tant engineering systems found in daily life. The network normally
consists of pumps, tanks, reservoirs, valves, and other devices inter-
connected by pipes for providing water to the public. It can be
viewed as a graph having pipes as links while nodes represent
sources, consumers, pipe connections, and hydraulic control ele-
ments. Piping network design can be classified into three phases
as conceptual, preliminary and detailed design. These are not com-
pletely separated design phases since we can sometimes perform
several design phases simultaneously. The conceptual design is
usually accomplished in such a way that a network topology (lay-
out) is defined based on the premise that a network with loops
will become more reliable and more expensive whereas one with
branches will be less reliable but cheaper [1,2]. The network topol-
ogy is also dependent on many restrictions such as households,
roads, and other obstructions.

Having obtained a predefined network layout, network param-
eters e.g. pipe diameters, tank and pump sizes, are determined
to meet the optimum design objectives while fulfilling network
constraints. Optimal pipe sizing of WDN has been investigated

* Corresponding author. Tel.: +66 43 202845; fax: +66 43 202849.
E-mail address: sujpbur@kku.ac.th (S. Bureerat).

1568-4946/$ - see front matter © 2013 Elsevier B.V. All rights reserved.
http://dx.doi.org/10.1016/j.asoc.2013.04.005

for many years. The optimization problems for pipe networks can
have either single [1,3-9] or multiple [1,10-13] design objectives.
Atypical single-objective design problem is assigned to find a mini-
mum network cost while nodal heads are constrained ensuring that
the network is sufficiently reliable. Since Walski in 2001 [14] and
other researchers illustrated that minimizing the network cost will
reduce network benefits (reliability) or vice versa, it means there
are multiple design objectives to be optimized for one WDN. This
study leads to a new direction for the preliminary design of WDN.
Network reliability can be defined as the ability of a network system
to provide adequate performance under both normal and abnormal
conditions [15]. Some work has been made towards network reli-
ability models due to mechanical and hydraulic failures [4,16-20].
The network simulation by means of head-driven analysis has been
proposed so as to make up for the shortcomings of the demand-
driven model [15,20,21]. The criteria used to measure network
reliability for use in an optimization process have been defined.
The minimum surplus head index was probably the first reliability
index proposed for an optimization process by Walski and Gessler
in 90s [22]. Later, there have been other indices proposed for mea-
suring the WDN reliability e.g. the total surplus head index [22], the
resilience index [10], and the network resilience [2]. As for the opti-
mizers, gradient-based linear and nonlinear optimization methods
were implemented in the early years [4]. The use of evolutionary
algorithms has later become more popular and attractive due to
their robustness, simplicity and universality [1-3,10-13].
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Some work related to the more practical detailed design
and analysis of WDNs has been made. The network connectiv-
ity/topology analysis [23] as well as the algorithm for an automatic
detection of topological changes in WDN due to abnormal operat-
ing conditions [15] has been developed. As the real network system
uses valves to isolate some segments from the network, the impacts
of valve location and distribution on the network in both normal
and abnormal conditions have been studied [24-27].

From the above-mentioned literature, considerable progress has
been made towards the preliminary and detailed design stages of
WDN but there has been limited work contributing to the use of
optimization techniques to find optimum WDN layouts at the con-
ceptual design stage. However, in other engineering fields, it has
been found that the application of topological optimization at the
conceptual design stage usually leads to better design results e.g.
communication networks [28], internet topology [29], and artificial
neural networks [30]. In practice, a network topology is normally
formed by an experienced design engineer. If implementation of
topology optimization on water distribution networks is possible,
it means even inexperienced designers can perform a design task
whereas practical and high performance network topology can be
expected.

This paper presents a new approach for optimizing WDNs at the
conceptual design stage. Multiobjective evolutionary algorithms
are employed to find initial WDN layouts by means of simulta-
neous topological and sizing optimization. This design approach
is said to combine and carry out the conceptual and preliminary
design stages of WDNs within one simulation run. Design of piping
networks using multiobjective evolutionary algorithms is demon-
strated. The design problem includes both topological and sizing
design variables while the objective functions are network cost
and total head loss in pipes. The numerical technique, called a
network repairing technique, is proposed to overcome difficul-
ties in operating MOEAs for network topology optimization. The
design problem is then solved by using a number of MOEAs, i.e.
version two of strength Pareto evolutionary algorithm (SPEA2)
usingreal codes [31], version two of non-dominated sorting genetic
algorithm (NSGAII) using real codes [32], multiobjective particle
swarm optimization (MPSO) [33], unrestricted population size-
evolutionary multiobjective optimization algorithm (UPS-EMOA)
[34], and multiobjective harmony search (MOHS) [35]. Apart
from those state-of-the-art MOEAs, two new multiobjective meta-
heuristics RPBIL and RPBIL-DE are introduced. The former is based
on real code population-based incremental leaning [36] while the
latter is a hybrid algorithm that integrates the operator of RPBIL and
DE. The Pareto optimal solutions obtained from the various MOEAs
are illustrated and compared. The comparative performance of
MOEAs is investigated. Based on the hypervolume indicator, the
proposed hybrid optimizer RPBIL-DE is among the top performers.
The proposed network repairing technique is an efficient tool for
topological design of water distribution networks.

The rest of the paper is organized as follows. Section 2 briefly
details a simultaneous topology and sizing optimization of pipe
networks. The network repairing technique used to deal with ille-
gitimate design solution is explained in Section 3. Section 4 presents
a new hybrid multiobjective evolutionary algorithm which is the
combination of RPBIL and DE. Design demonstration and perfor-
mance assessment of various MOEAs are setup in Section 5 whereas
the comparative results are given in Section 6. Finally, the conclu-
sions are drawn in Section 7.

2. Design problem

In practice, a pipe network is designed by taking into account
economics, safety, maintenance and public health. The common

Network Topology nk

Fig. 1. Ground network.

design criteria include network cost and reliability, redundancy
[21], total head loss in pipes, water quality, network infrastruc-
ture etc. The optimization process is not only applied to the design
of a new network but also used in the rehabilitation of an exist-
ing network. Network cost is an unavoidable design objective for
many engineering systems. For pipe network design, minimizing
cost always affects network reliability; therefore, practical network
design needs to simultaneously minimize cost and maximize reli-
ability. Several indicators are proposed for measuring pipe network
reliability such as network resilience [2], and total head loss in
pipes.

A multiobjective optimization problem used in this work can be
written as:

mxin AL f2) (1)
subject to

F(HD)=0; i=1,...nn

H; > HMin; i=1,...nn

where x is a design vector determining a network topology and
pipe sizes, fi is the total network cost, f; is the total head loss in the
network, H; is the head at node i, and Hl.rnin is a minimum allowable
nodal head of node i. The hydraulic constraints F;(H,D) are nodal
mass balance, and loop or path energy balance equations, which can
be handled by using the EPANET 2 software. The objective functions
can be computed as:

np

f= ZCOSti(Di» L)
o (2)

fa= zLihi(Di)
o1

where Cost; is the cost of pipe i, L; are pipe lengths, h; are head loss
per unit length, and D; are the discrete pipe sizes.

In order to achieve a simultaneous topological and sizing opti-
mization, the predefined nodes, links, and other network conditions
are assigned. Fig. 1 shows a particular 9-node network having 3 x 3
junctions and one tank. Then, the ground network containing all
possible pipe elements connecting between nodes in the network
is generated as shown in the figure. This ground network has 21
pipes where pipe 21 linking node 9 and the tank is not assigned
to be a design variable. The design variables determine the 20
pipe diameters while the list of available pipe diameters, their
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Table 1
Integer variables, pipe diameters and cost (modified from [2]).

Integer variable Pipe diameters (mm) Cost/length ($)

1 0 0

2 100 11

3 150 16

4 200 23
Network Topology nk

Fig. 2. Legitimate network topology: x;.

corresponding prices, and the encoded integers is given in Table 1.
The diameter of the 21st pipe is fixed as 300 mm.

Figs. 2 and 3 illustrate how the proposed decoding technique
works. In Fig. 2, the vector of integer design variablesis x; ={1,1, 1,
4,2,3,3,1,1,3,1,1,1,2,4,2,1, 1,4, 1} It can be seen that pipe ele-
ments having an integer ‘1’ as a diameter identification number are
removed from the ground network whereas the others represent
the existing pipe elements with various diameters. By using this
concept, a network topology is obtained. A difficulty arises when
most pipe diameters become zeros as shown in Fig. 3 where x, = {3,
2,1,4,2,3,1,1,1,1,1,1,1,1,1,1, 1, 1, 1, 1}T. The obtained net-
work topology has three disconnected pipe groups and one junction
having no links to the others. Such a network is said to be unfeasi-
ble since the network analysis via EPANET cannot be accomplished.
This illegitimate solution needs to be repaired so that it is usable; as

Network Topology nk
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Fig. 3. Illegitimate network topology: x,.
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Fig. 4. List of neighbor elements.

a result, a numerical scheme called a network repairing technique
is proposed.

3. Network repairing technique

According to the design solution in Fig. 3, the network needs
to be repaired to enable a pipe network simulation (demand-
driven analysis). The term network repairing technique is borrowed
from the technique called chromosome repairing technique [37].
Although having a similar name and the same purpose of use, which
is to make an unacceptable design solution become solvable, they
are totally different in details and computational procedures. The
process of repairing a water distribution network consists of two
main stages: the first stage is used to repair nodes that have no
links or isolated nodes while the second stage is used to repair
disconnected pipe groups.

Initially, the ground network is created from the predefined
junctions. The closest neighbor of every junction needs to be iden-
tified, which means its neighbor pipe element is obtained. Fig. 4
shows 9 junctions of the 9-node network from the previous section
and their neighbor pipe elements where E; stands for the neighbor
element of the ith junction. It should be noted that all the junc-
tions must have different neighbor elements. As an isolated node is
detected, its neighbor element (10th element) with 100 mm diame-
ter is added to the network and the input design solution is changed
tobex;={3,2,1,4,2,3,1,1,1,2,1,1,1,1,1,1, 1,1, 1, 1}7. The new
network is shown in Fig. 5, which has 3 disconnected pipe groups.

The second repairing task is to connect all disconnected pipe
groups to become one group. From Fig. 6, at the beginning, the
algorithm to find the total number of pipe groups is activated. The
primary pipe group is the group that contains the element which
links to the tank as shown (Group 1). The secondary pipe group
(Group 2) which is the closest group to the primary group is then
detected and linked together by adding the pipe element that con-
nects the closest nodes of the two groups. In this process, the node 4
of the primary group and node 5 of the secondary group are linked
together by adding to the network the 3rd element with 100 mm
diameter and the updated design solution becomes x4 ={3, 2, 2, 4,
2,3,1,1,1,2,1,1,1,1,1,1,1,1, 1, 1}7. The pipe group obtained from
connecting these two groups is set as a new primary pipe group.
Afterwards, a new secondary pipe group (Group 3) is found and
connected to the primary pipe group by linking node 4 and node
1. The procedure is terminated when there remains only one pipe
group which implies that a legitimate pipe network is obtained. The
network in Fig. 3 after being repaired is shown in Fig. 6. The finally
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Fig. 5. Stage 1 of network repairing: x3.

repaired design solutionisx;={3,2,2,4,2,3,2,1,1,2,1,1,1, 1, 1,
1,1,1,1, 1}

Using this concept, the objective and constraint functions
become many-to-one functions since the solutions x;, X3, ¥4 and
x5 produce the same function values. In the optimization process,
the junctions, ground network as well as neighbor elements of the
junctions are provided initially. It is also useful to construct a matrix
that is used to detect disconnected pipe groups. Function evalua-
tion is carried out in such a way that, if the input design variables
vector is legitimate, the analysis of the pipe network can then be
performed. In cases that the design solution is illegitimate, the NRT
is invoked to enable the network analysis. With the use of NRT, any
design solution is feasible and it is always possible to analyze the
network. It is possible to use evolutionary algorithms with binary,
integer or real codes since we can use a round-off operator to con-
vert design variables to integer numbers. The flowchart for NRT is
given in Fig. 7.

It should be noted that selection of neighbor elements for net-
work nodes is based on designer’s decision. Obviously, with two
different sets of neighbor elements, a particular solution x will
result in different network topologies after repairing. However,
optimum topologies of the design problem according to two dif-
ferent sets of neighbor elements will be the same and a good
optimization method should be able to find it using any set of neigh-
bor elements. In practice, there will also be some field constraints.

Network Topology E’lnk
G 1
: ® roupl
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........ Repair-e@

Repaired
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Fig. 6. Stage 2 of network repairing: xs.

Initialization
nodal positions, ground network, changeable and
unchangeable elements, neighbor elements of junctions,
matrix for detecting disconnected pipe groups , and other
network requirements.

X is legitimate?

no

Isolated nodes
exist?

Add neighbor elements to the
isolated nodes and update x

A

Identify disconnected pipe
groups

A 4
A

There is only
one pipe group?

Identify the primary pipe group and
its closest secondary pipe group

|

Link the primary pipe group and its closest
secondary pipe group and update x

Fig. 7. Network repairing technique.

For example, diagonal pipes in a ground network must be removed
due to some obstructions. Some pipe elements in the ground net-
work are assigned to have certain diameters and thus cannot be
assigned as design variables. Apart from that, nodal positions may
not be aligned due to obstructions. With such constraints, the con-
cept NRT still works as demonstrated in the OPT3 design problem
in Sections 5 and 6. It is recommended to contact the corresponding
author for more details of the NRT algorithm.

4. Hybrid RPBIL-DE

The first ever version of population-based incremental learn-
ing (PBIL) was introduced as a meta-heuristic that search for a
single objective optimum solution based on binary codes [38].
The method was then extended for use with real codes [36]. For
simplicity, RPBIL will be presented as an optimizer for a bound-
constrained problem that minimize a single objective function f{x)
where L; <x; <U; for i=1, ..., n. L; and U; are lower and upper
bounds of x respectively.

A real code population in RPBIL is represented by the so-called
probability matrix P or Py sized nxm where m is a predefine
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Input
Pysize nxm, Ly, Uy,
Population size N

.

Fori=ton |

¢

Compute 6= (U; - L;)/m

l

Setw; = {}

]

Compute Ny = round(P;N)

I

Generate Ny random points v; in the
interval [L; + (j-1)6, L; +jO ]

!

Setu; =u; Uv;

!

- Randomly permutate the positions of the
Next i elements in u; and set u; as the i-th row of Pop
y
Output
Pop = {Xy, X5, ..., Xp}

Fig. 8. Generating a population from a probability tray.

number of subsections of the interval [L;, U;]. The element P;; deter-
mines the probability of which the i-th element of x will be located
in the range [L; +(j — 1)§, L; +j§] where § = (U; — L;)/m. Generating a
real-code population can be carried out in the similar manners as
with binary PBIL where a simple procedure is given in Fig. 8. The
procedure of single objective RPBIL starts with a probability matrix
P where all elements values are assigned as 1/m. A population
according to P is then created with their corresponding objectives
being evaluated while the best individual e is detected. The
probability matrix is then updated based upon X as

Py =(1 —LR)Pi‘]?ld-i-LR (3)
and
Lg = 0.5exp(—(j — r)?) (4)

The element r is determined in such a way that x}’e“ islocated in
the range [L; +(r — 1), L; + r8]. The learning rate Lg in Eq. (4) is set to

prevent premature convergence. In order to preserve the condition
T

ZPU =1, the i-th row of P’ is normalized as:
j=1

/) 1 /
Pf= ——FP; (5)

2
j=1

As a result, the eventually updated Pj; is in Eq. (5). The probabil-
ity matrix and X0 are iteratively improved until the termination
condition is met.

In this paper, RPBIL is further extended to deal with a multiob-
jective design problem. Rather than using one probability matrix,
the multiobjective version of RPBIL uses several probability matri-
ces in order to maintain population diversity. The probability
matrix will be called a probability tray to be more insightful. Given
that multiobjective RPBIL uses nr probability trays for searching,
each tray will be used to produce one sub-population whereas
one real code population is obtained from the combination of all
nr sub-populations. The search procedure starts with nr of ini-
tial probability trays whose elements are full of the value 1/m. An
initial Pareto archive is also created. Then the population is gen-
erated based on the probability trays. The Pareto archive is then
updated by replacing it with the non-dominated solutions sorted
from the union set of the current population and the members in
the previous archive. Afterwards, those non-dominated solutions
are classified into nr groups by means of a clustering technique. The
centroid of each group will be used as x5 for updating a probabil-
ity tray (Egs. (3)—(5)). In cases that the number of non-dominated
solutions is less than nr, Xpes Will be a randomly selected solution
from the archive. The procedure is repeated until a termination
condition is met.

Fig. 9 shows the search procedure of multiobjective RPBIL where
k is an index of probability tray number and A is an external Pareto
archive. The function NonDominatedSort(Pop) gives non-dominated
solutions obtained from sorting all members in Pop.

Multiobjective RPBIL in Fig. 9 is one efficient MOEA. How-
ever, from the performance test conducted by the authors, it
is shown that the proposed multiobjective RPBIL provide good
population diversity but its convergence rate is somewhat lower
than expected. In the literature e.g. [39], it has been shown that
hybridization of strong points of different evolutionary algorithms
can lead to a better optimizer. As a result, differential evolution
operators are introduced to the search procedure to explore new
area of the design space. According to Fig. 9, the obtained real code
population Pop is recombined with the members in the Pareto
archive by using the DE operators (here it is DE/best/2/bin). The
Pareto archive members are used in the recombination process
so as to increase the convergence rate. This hybrid multiobjective
evolutionary algorithm is termed RPBIL-DE and its computational
steps are detailed in Fig. 10.

5. Numerical experiment

The numerical experiment is performed to test the proposed
design strategy and the newly proposed MOEAs. Two networks
with 4 x 4 nodes and 7 x 7 nodes were used for design demonstra-
tion and their ground networks are illustrated in Figs. 11 and 12
respectively. The optimization design problems for the two
networks are termed OPT1 and OPT2 respectively. The third ground
network (Fig. 13) is somewhat more practical than the first two
ground networks as the nodal positions are not aligned, most of
diagonal ground pipe elements are removed (supposedly due to
some obstructions), and some pipe diameters (dashed line) are set
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Initialization
Define m, nr, Py, k= 1/m.
Generate an initial real code population Pop,
and find an initial archive
A = NonDominatedSorf{ Pop)

!

1. Generate real code population from P;;
2. Set Pop = {}

=I Fork=1ton; |

|

1. Generate a sub-population Popy from Pj

next k |<_ (using the flowchart in Figure 8)

2. Let Pop = Pop U Pop

!

Perform function evaluation

v

Find 4 = NonDominateSort(Pop U A)

!

Group the members in A4 into n7 groups
and find their centriods

I

Update all n7 probability trays using Equations
(3) - (5) where X, is the centriods of the ny
groups of non-dominated solutions in the
previous step

Termination condition
is fulfilled ?

Fig. 9. Multiobjective RPBIL.

to be unchangeable. The design problem using this ground network
is termed OPT3. The fourth network is a practical network currently
used in the Chumponburee district, Surin province, Thailand. It is
the network of the main pipes designed by experienced design
engineers. The ground network for the Chumponburee network
is illustrated in Fig. 14 and the corresponding design problem is
named OPT4. All the networks have one tank. The first network has
42 design variables while OPT2, OPT3 and OPT4 have 156, 64, and
20 design variables respectively. It should be noted that ground
networks having diagonal pipes was created merely for design
demonstration. In real world problems as with the Chumponburee
network, using diagonal pipes may be impossible due to infrastruc-
tures of houses and roads. The objective and constraint functions
are evaluated by using a non-commercial software EPANET version
2[40].Since the optimization codes were developed using MATLAB,
an interface between these two programs is required.
The optimizers employed are as follows:

- MOHS using harmony memory considering rate (HMCR), mini-
mum pitch adjustment rate (PAR;;, ), maximum pitch adjustment
rate (PARmqx ), minimum bandwidth rate (BWp,, ), and maximum
bandwidth rate (BWpax) as 0.5, 0.2, 2, 0.45, and 0.9 respectively.

- UPS-EMOA using minimum population size, burst-size, crossover
rate (pc), scaling factor (F), and probability of choosing an

Initialization
Define m, ny, Pz = 1/m, F, Cg, p..
Generate an initial real code population Pop,
and find an initial archive
A = NonDominatedSor{Pop)

!

1. Generate real code population from Py 4
2. Set Popy = {}

#I Fork=1to n; |

!

1. Generate a sub-population Popy from Py

next k |¢; (using the flowchart in Figure 8)

2. Let Popy = Popy U Popy

v

Hybrid with DE/best/2/bin operators

- Best solution is randomly selected from4

- 2 other solutions are randomly selected from
Popy

- Use binary crossover

- The final population is Pop

l

Perform function evaluation

v

Find 4 = NonDominateSor{Pop U A)

)

Group the members in A4 into n7 groups
and find their centriods

!

Update all n7 probability trays using Equations
(3) - (5) where Xy is the centriods of the nr
groups of non-dominated solutions in the
previous step

Termination condition
is fulfilled ?

Fig. 10. Hybrid multiobjective RPBIL and DE.

element from offspring in crossover (Cg) as 10, 25, 0.7, 0.8, and
0.5 respectively.

- MPSO using a starting inertia weight, an ending inertia weight, a
cognitive learning factor, and a social learning factor as 0.5, 0.01,
0.5 and 0.5 respectively.

- SPEA2 using real codes where the real code crossover and muta-
tion operators are detailed in [41]. The crossover and mutation
rates are set to be 1 and 0.1 respectively.

- NSGAII using real codes where the real code crossover and muta-
tion operators are detailed in [41]. The crossover and mutation
rates are set to be 1 and 0.1 respectively.

- RPBIL using the number of subintervals for bound constraints (m),
and number of probability trays (n7) as 30, and N/5 respectively.

- RPBIL-DE using the number of subintervals for bound constraints,
number of probability trays, crossover rate, scaling factor, and
probability of choosing an element from offspring in crossover as
30, N/5, 0.7, 0.8, and 0.5 respectively.



S. Bureerat, K. Sriworamas / Applied Soft Computing 13 (2013) 3693-3702 3699

Network Topology ank

Fig. 11. Ground network of OPT1 with 4 x 4 nodes.

Network Topology nk

Fig. 12. Ground network of OPT2 with 7 x 7 nodes.

Network Topology .nk

.......... Unchangeable
— Changeable

Fig. 13. Ground network of OPT3 with 6 x 6 nodes.

Fig. 14. Ground network of Chumponburee network OPT4 with 15 nodes.

All of the MOEAs employ the non-dominated sorting technique
for constrained optimization presented in [42]. For the OPT1 and
OPT3 design problems, the number of generations is set to be 150
loops (200 for OPT2 and 100 for OPT3) while the population size
and external Pareto archive size are set to be 100 (150 for OPT2 and
80 for OPT3). Each multiobjective optimizer is used to solve the
design problems for 10 runs so as to measure their convergence
rate and consistency. In this work, the so-called hypervolume one
of the mostreliable Pareto front indicators is used for MOEAs search
performance comparison.

6. Design results

Having run all the 7 multiobjective evolutionary optimizers for
tackling four design problems of simultaneous topology and siz-
ing optimization of pipe networks, 7 x 3 x 10 non-dominated fronts
are obtained. The performance comparison of the various MOEAs
is given in Table 2. Based on the hypervolume indicator, the higher
hypervolume means the better non-dominated front. The values of
a hypervolume are normalized to the range of [0,1] (the best front
has the hypervolume of 1 while the worst front has the hypervol-
ume value of 0) so as to ease in comparison. From the results, the
best optimizer for both convergence rate (average hypervolume)
and consistency (standard deviation of hypervolume) for OPT1 is
RPBIL-DE while the second best is SPEA2. For OPT2 which has
higher number of design variables, the best optimizer based on con-
vergence rate is SPEA2 while the second best is RPBIL-DE. Based on
the standard deviation, the most consistent method is RPBIL-DE
while the second best is SPEA2. RPBIL-DE is also the best for OPT3
while NSGAII is the close second best. The most and second most
consistent methods based on the standard deviation of hypervol-
ume are MPSO and UPS-EMOA respectively. For OPT4, the method
that gives best convergence rate is RPBIL-DE while the second best
is MPSO. The most consistent method is MOHS whereas the second
most consistent algorithm is RPBIL-DE.

Overall, the top two performers for this performance test are
RPBIL-DE and SPEA2. The former is more efficient with design
problems having lower number of design variables and sufficiently
high number of generations and population size. The latter is supe-
rior when dealing with a design problem with higher number of
design variables and limited number of generations and popula-
tion size. By adding the DE operators to RPBIL, the performance of
the hybrid algorithm is greatly improved. Other MOEAs are said to
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Table 2
Hypervolume comparison.

Opt MOEAs Average Std Max Min

OPT1 MOHS 0.4905 0.0549 0.5694 0.4068
UPS-EMOA 0.9140 0.0811 1.0000 0.7812
MPSO 0.6973 0.0692 0.8483 0.5914
SPEA2 0.9487 0.0279 0.9847 0.9008
NSGAII 0.2243 0.1666 0.5189 0.0000
RPBIL 0.5687 0.0817 0.6806 0.4111
RPBIL-DE 0.9718 0.0148 0.9920 0.9495

OPT2 MOHS 0.1683 0.0309 0.2345 0.1353
UPS-EMOA 0.8607 0.1424 0.9867 0.5715
MPSO 0.5390 0.0664 0.6648 0.4680
SPEA2 0.9544 0.0231 1.0000 0.9166
NSGAII 0.4441 0.2604 0.8336 0.0000
RPBIL 0.6361 0.0467 0.6871 0.5395
RPBIL-DE 0.9162 0.0195 0.9508 0.8946

OPT3 MOHS 0.2734 0.0832 0.3871 0.1604
UPS-EMOA 0.6700 0.0772 0.7978 0.5615
MPSO 0.5007 0.0728 0.6357 0.3788
SPEA2 0.6032 0.1032 0.7547 0.3735
NSGAII 0.7704 0.1184 1.0000 0.5992
RPBIL 0.1319 0.2005 0.4401 0.0000
RPBIL-DE 0.7783 0.0830 0.8527 0.5666

OPT4 MOHS 0.5851 0.0512 0.6843 0.5259
UPS-EMOA 0.8324 0.0742 0.9534 0.7238
MPSO 0.8528 0.0633 0.9676 0.7561
SPEA2 0.8498 0.1305 1.0000 0.6115
NSGAII 0.7571 0.2744 0.9427 0.0000
RPBIL 0.4801 0.0613 0.5895 0.3961
RPBIL-DE 0.8598 0.0610 0.9511 0.7705

have acceptable performance although they are slightly inferior to
the proposed RPBIL-DE.

Fig. 15 shows the best front of OPT1 obtained from running
RPBIL-DE while the networks of the 12 selected design points
are illustrated in Fig. 16. The non-dominated front has various
network topologies. The best front of OPT2 obtained from using
SPEA2 is shown in Fig. 17 where the corresponding networks
of some selected points are displayed in Fig. 18. The best front
of OPT3 obtained from NSGAII is displayed in Fig. 19 while the
selected network topologies are shown in Fig. 20. The best front of
the Chumponburee network design problem obtained from using
RPBIL-DE is illustrated in Fig. 21 while some selected design points
are shown as the networks in Fig. 22. The star marker in Fig. 22 is the
design solution currently used and obtained from an experienced
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designer. It is shown that the current solution of the Chumponbu-
ree network is dominated by a number of design solutions obtained
from the proposed design process. Moreover, it can be observed
from Figs. 16, 18, 20 and 22 that a network topology with less cost
and higher head loss comprises branches rather than loops while,
in contrast, a network having higher cost, bigger pipe diameters,
and smaller head loss tends to have loops rather than branches.
This result is reasonable and agrees well with common knowledge
in pipe networks since a network consisting of bigger pipes and
more loops will have lower total head loss.

7. Conclusions and discussion

NRT is proposed to cope with difficulties in the topological opti-
mization process. It is an efficient numerical scheme for dealing
with anillegitimate pipe network topology in the conceptual design
of WDNs. NRT helps combine and achieve the conceptual and
preliminary design of a water distribution network within one evo-
lutionary optimization run. From the numerical experiment, it can
be concluded that NRT can be applied for simultaneous topology
and sizing optimization of water distribution networks efficiently
and effectively. It can be implemented for practical networks, for
which designers can define their own ground networks with real-
istic restrictions. The technique results in many-to-one objective
and constraint functions. With the use of NRT, any multiobjective
evolutionary algorithm can be employed to solve pipe network
topological optimization. For the proposed hybrid RPBIL-DE for
solving simultaneous topology and sizing optimization of pipe
networks, it is shown that the algorithm is among the top performer
MOEAs according to the hypervolume indicator. The method gives
the best convergence rate for the cases of design problems with
lower number of design variables. It is also the overall best multi-
objective optimizer for this type of optimization problem whereas
the second best is SPEA2. It should be noted that this comparative
performance study is based on constant optimization parameter
settings. Investigation on adaptive optimization parameters will be
conducted in the future.

With the use of the proposed optimization strategy, a set
of Pareto optimal solutions can be obtained and a designer can
apply decision making techniques to select an appropriate network
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solution. The selected network can then be refined in the detailed
design stage. From this preliminary study, it is open for future stud-
ies to improve this type of design process. The comparison of NRT
with a penalty function technique needs to be examined. The use
of other reliability indices such as the resilience index and the net-
work resilience as an objective function requires investigation. NRT
is said to be complicated, thus a simple numerical scheme that is
as effective as NRT should be invented. It is also challenging if we
can perform the conceptual, preliminary, and detailed design (such
as valve locations and distribution) at the same time, which means
we can have a ready to work network within one optimization run.
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Practical optimum design of structures often involves parameters with uncertainties. There have been several ways to deal with
such optimisation problems, and one of the approaches is an antioptimisation process. The task is to find the optimum solution of
common design variables while simultaneously searching for the worst case scenario of those parameters with uncertainties. This
paper proposed a metaheuristic based on population-based incremental learning (PBIL) for solving antioptimisation of trusses.
The new algorithm is called two-level PBIL which consists of outer and inner loops. Five antioptimisation problems are posed to
test the optimiser performance. The numerical results show that the concept of using PBIL probability vectors for handling the
antioptimisation of truss is powerful and effective. The two-level PBIL can be considered a powerful optimiser for antioptimisation

of trusses.

1. Introduction

A truss structure is one of the most widely used engineering
structures due to its simplicity and low cost for construction
and design. Such a structure can be used in many engineering
applications such as bridges, roofs, and towers. Throughout
its history, a great deal of research work on truss design opti-
misation has been investigated, for example, [1-6]. The design
process can be categorised as topology, shape, and sizing
optimisation. The optimisers used for tackling truss design
problems could be the methods with and without using
function derivatives. Some of the most popular optimisers
are evolutionary algorithms (EAs), which can deal with truss
design having single or multiple objective functions. Using
EAs, although having low convergence rate and lacking of
search consistency, is popular and advantageous since they
are simple to use and robust and can deal with any kind of
design problems particularly truss design with discrete design
variables.

Nevertheless, practical design of trusses and other struc-
tures often has inevitable difficulties when uncertainties
are involved. For example, it is always difficult to define

certain applied loads on structures and material proper-
ties. This implies that the real world design problem of
trusses will include parameters with uncertainties and it
becomes reliability-based optimisation. The simplest way to
handle this is by adding the factor of safety to structural
constraints. Alternatively, multiobjective design problems
which minimise cost and maximise a parameter indicating
structural reliability (e.g., structural compliance and natural
frequency) are posed and solved for a set of the Pareto
optimum structures [6-8]. The more popular approach is
the use of reliability-based optimisation techniques, which
involve probabilistic design constraints. For example, the use
of gradient-based optimisers [9] and evolutionary algorithms
[10] for this design process has been reported.

Apart from the aforementioned approaches, a simple but
effective way to deal with optimisation with uncertainties is
to use the so-called antioptimisation [11]. In the antioptimi-
sation process, there are two sets of design variables, common
design variables and ones with uncertainties predefined in
certain intervals. One optimisation run has two simultaneous
tasks. The first task is to find the solution for the interval
variables giving the worst case scenario for the structure,



Population 1 Population 2 Population 3

0| 0|1 1 111 110|000 1

1r/o0f0)0]O]OJO[O| O] 1]O0]1

Probability vectors

[0.5,0.5,0.5,0.5] | [0.5,0.5,0.5,0.5] | [0.25,0.5,0,0.75]

FIGURE 1: Probability vectors and their corresponding populations.

Initialisation P, = 0.5, k = 0, b ={-}

Main procedure

(1) Generate a binary population B according to P,.

(2) Perform function evaluations f(B) and find the best
solution b from B U b.

(3) Update P, using (5).

(4) Set P, to [0.1,0.9] in cases that it is out of the interval.
(5) If the termination condition is met, stop the procedure;
otherwise, set k = k + 1 and go to (1).

AvrGoriTHM I: Population-based incremental learning.

while the second task is finding the optimum solution for the
common design variables. Optimisers for this propose have
been developed, for example, two-species genetic algorithm
(GA) [12], and hybrid genetic algorithm (HybridGA) [13].
From the literature, it is found that using such evolutionary
algorithms for solving an antioptimisation problem is some-
what time-consuming.

This paper is concerned with developing a metaheuristic
(MH) for tackling antioptimisation of trusses. The work
focuses on the metaheuristic because it can deal with discrete
design variables which are usually employed in real-world
truss design. Population-based incremental learning (PBIL)
is chosen and adapted to deal with truss antioptimisation
leading to five variants of PBIL. The five methods and
HybridGA are then implemented on five antioptimisation
problems of 2D trusses. Optimum results show that PBIL
is a powerful optimiser for truss antioptimisation and it is
superior to HybridGA.

2. Antioptimisation Problem

A typical single-objective truss optimisation is mass minimi-
sation subject to structural design constraints, which can be
expressed as

min fx,

@
subject to g; (x) <0, i=1,...,m,
where x is a vector sized n; x 1 of common design variables,
f is structural mass, and g; are inequality constraints for
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safety requirements. When variables with uncertainties are
included, the problem can be written as

mn  f(xy), .

subject to  g;(x,y) <0, i=1,...,m,

where y € [y;,y,] is a vector sized n, x 1 of variables with
uncertainty having lower and upper bounds as y; and vy,
respectively.

For truss antioptimisation, the problem (2) is separated
into two subproblems as the design problem (1) for searching
for optimum design variables x and the design problem for
finding the worst case y of a structure written as

myaxF(Y)> ye vl (3)

where F is a function indicating the maximum violation of
structural constraints. For simplicity, F can be defined as

F(y) = max (g; (x.y)) (4)

with the design point x being unchanged.

A traditional strategy for solving an antioptimisation
problem is to use a two-level approach. The search process
starts with initial solutions for x and y. In one iteration, the
method searches for the optimum solution of x based on the
problem (1) by fixing the value of y. Then, use the updated
values of x for finding the worst solution of y based on the
problem (3). The process is repeated until the termination
conditions are fulfilled.

3. PBIL for Antioptimisation

Over the years, there have been a significant number of
metaheuristic algorithms developed for a wide variety of real-
world applications, for example, [14-18]. PBIL is chosen for
this work because it is a simple but powerful MH and suits
well with the concept of antioptimisation. PBIL was first
proposed by Baluja in 1994 [19]. The method is based upon a
simple estimation of distribution algorithm and searches for
an optimum using binary strings. Unlike GA which keeps a
set of binary design solutions (better known as a population),
PBIL uses the so-called probability vector to represent a
binary population. Figurel shows some probability row
vectors which will be used to produce binary population
matrices where one row of the matrix represents a binary
design solution. The element P, of the vector determines the
probability of having the string “1” on the ith column of
the binary population. From the figure, it can be seen that
one probability vector can produce various binary popula-
tions. As the optimisation proceeds, the probability vector is
updated iteratively leading to an optimum solution. A typical
computational procedure of PBIL is given in Algorithm 1.
Initially, the probability vector is set as P, = 0.5. Then, the
corresponding population is generated where the best binary
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Main procedure
(1) For k = 1 to N, (outer loop)

B=[B w,].
(3) Perform function evaluations f(B).

(5) Update P, ; with b, using (5).
(6) Set P ; to [0.1,0.9] in cases that it is out of the interval.
(7) For j = 1 to N; (inner loop)

isW=[w, W]
(9) Perform function evaluations f(W)

(11) Update P,; with w,, using (5).

(13) Next j
(14) Next k

Initialisation P,; = 0.5, P,; = 0.5, and find b = {b, b,}and w = {w, w,} from an initial population.
(2) Generate a binary population B, according to P,; and assign w, as the second part of every solution in B,. The population is

(4) Find the new best solution b from B U b based on the objective function in (1).

(8) Generate a binary population W, according to P,,; and assign w, as the first part of every solution in W . The population

(10) Find the new worst solution w from W U w based on the objective function in (3).

(12) Set P,; to [0.1,0.9] in cases that it is out of the interval.

ALGORITHM 2: Population-based incremental learning for antioptimisation.

solution b is found. The probability vector is then updated
based upon the best solution as

P =(1-Lg) PiOld + Lgb;, ®)
where Pfld is the ith element of the probability vector from
the previous iteration, P"*" is the updated ith element of the
probability vector, and b, is the ith element of the best binary
solution. L is called a learning rate which herein is set to be a
uniform random number in the range of [0.4, 0.6] generated
anew when the probability vector update takes place. In this
work, mutation is not used to modify the probability vector,
but the value of P, after being updated will be set to the range
of [0.1,0.9] (if the updated value of P, is lower than 0.1 or
higher than 0.9, it will be set as 0.1 and 0.9, resp.) in order
to prevent a premature convergence.

When dealing with an antioptimisation problem, the
method is modified as shown in Algorithm 2. As it involves
two levels of optimisation search, the developed PBIL will
be named two-level population-based incremental learning.
The algorithm starts with generating an initial binary popu-
lation where each binary solution contains strings for design
variables x and variables with uncertainties y. Then, the best
binary solution b containing two partsas b, forxand b, fory
is found based on the design problem (1). On the other hand,
the worst binary solution w = {w, w,} is obtained based
on the problem (3). The method uses two probability vectors
as P, and P, for representing binary populations of x and y,
respectively. Afterwards, a set of binary design solutions for x
(denoted as B, ) are created based on P,, while each solution
in the population has its second part of a binary string for y
as w,,. The new best solution b is obtained from sorting the
current population and the best solution from the previous
iteration. The probability vector P, is updated using the first
part of the new best solution b,.. This is the first level of the
process which is said to be outer loops.

For inner loops (steps (7)-(13)) which are the search
for the worst case scenario, a set of binary solutions for y
(denoted as W) is generated from the probability vector P,
where each solution has the first part of a binary string for x
as w,, which is the first part of the current worst solution. The
new worst solution w is then obtained based on the problem
(3) by sorting the current population and the previous worst
solution. The probability P, is updated by using w,, the
second part of w. The inner loop procedure is stopped after
Nj loops. Similarly, the outer loop search is terminated after
Ng loops. This implies that if the population size for both
inner and outer loops is Np, the total number of function
evaluations for each simulation run is No(N; + 1)Np. It
should be noted that we use the worst solution for finding
the worst case structures because it is expected to give the
worst objective function values which may help accelerate
PBIL to the worst case. In the case studies, we will examine
the use of best and worst solutions for searching the worst
case scenario.

4. Truss Design Case Studies

Five antioptimisation problems (AOPs) of three truss struc-
tures will be used to test the proposed algorithms. The first
truss is called a 2-bar truss shown in Figure 2. The structure
is subject to a vertical load F with uncertainty at node 3.
The second structure is named a 10-bar truss [20] shown in
Figure 3. The structure consists of 6 nodes and 10 bars where
nodes 1 and 2 are fixed and nodes 4 and 6 are subject to
external forces F, and F,, respectively. The third structure is
called a 25-bar truss as displayed in Figure 3. The truss has
12 nodes and 25 bars where nodes 1 and 12 are fixed. The
structure is applied by loads F,, F,, F;, F,, and F; at nodes
2, 4, 6, 8, and 10, respectively. The design problems can be
detailed as follows.
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FIGURE 3: 10-bar truss.

AOPI: Optimisation of the 2-Bar Truss. The design problem
can be written as:

min f(xy), maxF(xy)

Subject to Gy (X,¥) =0y <0, N/m?,

Pi_PchO’N’ (6)

x; € [0.5,1.5], m,
x,=A,=A4A, ¢€[0.001,0.01], m,
200 < y, = F €600, N,

where A; is the cross-sectional area of the ith bar element.
Omax 1S the maximum stress on truss elements. P; is the
axial load acting on the ith element, while P., is the critical
buckling load for the element. The structures for all 5 test

problems are made up of material with the Young modulus
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E = 200 x 10’ N/m?, yield stress o,, = 235 x 10° N/m?,

and density p = 7800 kg/m’. The common design variables
are shape and sizing variables. The external force F is
set to be variables with uncertainties. The task is to find
the external force that gives the worst case scenario for
the structure while simultaneously trying to perform mass
minimisation.

AOP2: Sizing Optimisation of the 10-Bar Truss. The second
design problem can be written as:

min f(oy), maxF(xy),

subject to 0y, (X,y) — 0y < 0, N/m?,

PP, <0ON,

U, - 0.005 < 0, m,

x; = d; € {0.04,0.05,0.06,0.07,0.08, 0.09,

0.10,0.20}, m,

75,1507 <y = {F,, B,}" < {80,175}7, N,
(7)

where d; is the diameter of the ith bar element. U,,, is the

maximum y-direction displacement of the structure. The
common design variables are set to be discrete so that it is
close to a practical truss design process. The external forces
F, and F, are set to be variables with uncertainties. The task
is to find the external forces that give the worst case scenario
for the structure while, at the same time, trying to perform
mass minimisation with sizing design variables.

AOP3: Sizing Optimisation of the 25-Bar Truss. The design
problem can be written as:

min f(xy), maxF(xy),

subject to 0, (X,y) — 0y < 0, N/m?,
P—P,<0,N,

Upae — 0.005 < 0, m,

x; € {0.06,0.07,0.08,0.09,0.10,0.15,  (8)

0.20,0.25} m; i=1,...,13,

T
{150,150,150,199.00 x 10°}
T
<y={F,F,F, E}

< {300, 300, 300, 201.00 x 109}T.
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TABLE 1: Optimum results of AOPL.
MHs HybridGA PBILb5 PBILw5 PBILw5m PBILwl PBILw10
Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev
X, 0.5048  0.0242  0.5613 0.1011 0.6247 0.1176 0.6333 0.1587 0.6344 0.1558 0.5914 0.1302
X, 0.0029 0.0001  0.0038 0.0003 0.0037 0.0004 0.0038 0.0005 0.0038 0.0004 0.0038 0.0004
i 200.0000 0.0000 399.1398 130.0818 370.3226 142.7784 400.8602 164.3949 405.1613 1574620 424.0860 151.7861
f(x,y) 49.9355 1.6789 672216 4.8174 68.2111 5.5543 70.2185 59409 699382 4.6033  69.4287  5.3346
maxg; -0.0018 0.0024 -0.0050 0.0000  —0.0050  0.0000 —-0.0050 0.0000  —-0.0050  0.0000  -0.0050  0.0000

In this case, there are uncertainties in applied loads and
material property. The sizing design variables are set to have
a symmetric structure. Thus, we have

(i) x, for d,,
(ii) x, for d, and d;,
(iii) x5 for d, and ds,
(iv) x4 for dg and d,
(v) x5 for dg and d,,
(vi) x¢ for d;y and dy;,
(vii) x, ford,, and d3,
(viii) x4 for d,, and d s,
(ix) xo for d,g and d,,,
(x) x,o ford,g and d,,
(xi) x,, for d,, and d,,;,
(xii) x, for d,, and d,5,
(xiii) x,5 for d,, and d,s.
AOP4: Shape and Sizing Optimisation of the 10-Bar Truss.
The fourth design problem is the same problem as AOP2
with additional 4 shape design variables for x. The shape
variables determine the positions of nodes 3 and 5 in both
x and y directions. The design variables are used to modify
the original positions (shown in Figure 3) of nodes 3 and 5.

The bound constraints are set as —0.75m < x; < 0.75m for
i=11,...,14.

AOP5: Shape and Sizing Optimisation of the 25-Bar Truss.
The fifth design problem is the same problem as AOP2 with
additional 3 shape design variables for x. The shape variables
determine the y-direction positions of nodes 3, 5, 7, 9, and

11, where x,, is set for the positions of nodes 3 and 11, x5 is
set for the positions of nodes 5 and 9, and x4 is set for the
positions of node 7. The design variables are used to modify
the original positions (shown in Figure 4) of those nodes. The
bound constraints are set as —3.00m < x; < 3.00m for
i=14,...,16.

By defining a few set of design parameter settings, various
versions of PBIL can be obtained as follows.

(i) PBILDS5: this optimiser uses b, from the best solution
b instead of w, from the worst solution w in step (8)
of Algorithm 2. N; is set to be 5.

(ii) PBILwS5: this is PBIL detailed in Algorithm 2, where
N is set to be 5.

(iii) PBILw5m: this is PBILw5 with GA mutation. Having
generated binary populations in steps (2) and (8), The
GA mutation is applied to the populations, where
each solution has the probability of being mutated as
0.25.

(iv) PBILwl: this is PBIL detailed in Algorithm 2, where
Nj is set to be 1.

(v) PBILwI0: this is PBIL detailed in Algorithm 2, where
N is set to be 10.

For AOP], the population size is set to be 40, whereas the
total number of function evaluations for stopping the search
procedure is 2,400. For other design problems, the population
size is set to be 100, whereas the total number of function
evaluations for stopping the search procedure is 15,000. PBIL
with various N, values is set to examine the effect of the inner
and outer loops on the search performance. The GA mutation
is employed under the assumption that it may help improving
PBIL convergence rate. Each optimiser is used to solve
the antioptimisation problems 30 runs. Since PBIL cannot
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TABLE 2: Optimum results of AOP2.

MHs HybridGA PBILb5 PBILw5 PBILw5m PBILwl PBILw10

Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev
b 0.0453 0.0073 0.0500 0.0000 0.0500 0.0000 0.0500 0.0000 0.0500  0.0000 0.0503 0.0018
X, 0.0463 0.0096 0.0493 0.0025 0.0500 0.0026 0.0497 0.0032 0.0477 0.0043 0.0543 0.0063
X3 0.0800 0.0000 0.0800 0.0000 0.0800 0.0000 0.0800 0.0000  0.0800  0.0000 0.0807 0.0025
Xy 0.0610 0.0040 0.0603 0.0018 0.0600 0.0000 0.0603 0.0018 0.0600  0.0000 0.0650 0.0068
X 0.0500 0.0087 0.0493 0.0025 0.0500 0.0026 0.0500 0.0000 0.0477 0.0043 0.0520 0.0041
X 0.0607 0.0025 0.0613 0.0051 0.0610 0.0040  0.0607  0.0025  0.0600  0.0000  0.0627 0.0064
x; 0.0810 0.0031 0.0800  0.0000  0.0800  0.0000  0.0800  0.0000  0.0800  0.0000  0.0803 0.0018
Xg 0.0517 0.0099 0.0503 0.0018 0.0500 0.0000 0.0500 0.0000  0.0500  0.0000 0.0517 0.0038
Xy 0.0427 0.0052 0.0493 0.0025 0.0500 0.0000 0.0500 0.0000 0.0483 0.0038 0.0493 0.0025
X10 0.0800 0.0000 0.0800  0.0000 0.0800 0.0000 0.0800 0.0000  0.0800  0.0000 0.0803 0.0018
7 74.7849 1.1783 77.5938 1.1768 80.0000  0.0000  80.0000 0.0000 80.0000 0.0000 80.0000  0.0000
Vs 1715082 13.5158  165.3552 75152 175.0000 0.0000 175.0000 0.0000 174.9984 0.0089 175.0000  0.0000
f(x,y) 5587238 30.9474 567.8900 9.9080 5687844  7.3917 5682535 6.2552 559.2016 ~ 71018  594.2857 20.6724
maxg; -0.0050  0.0000 -0.0050 0.0000 -0.0050  0.0000 -0.0050 0.0000 -0.0050 0.0000 -0.0050  0.0000

a9 257
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FIGURE 5: Optimum of AOP1.

deal with design constraints directly, the penalty function
technique based on the fuzzy set theory [21] is employed.
It should be noted that we have tested using several penalty
function techniques earlier, and the fuzzy set theory gives the
best results. The metaheuristics employed do not have reliable
termination criterion, therefore, their search will be stopped
based on the maximum number of function evaluations.
Furthermore, in order to verify the performance of the
proposed algorithms, an existing evolutionary algorithm for
antioptimisation called a hybrid genetic algorithm [13] will
be employed to solve the test problems and compared with
the various PBILs. For this performance test, HybridGA uses
real codes for design variables. The method of Hooke and
Jeeves is used for searching the worst case. The number of

good solutions taken for mutation is set to be 10. The roulette
wheel selection method is used to select design solutions for
crossover operation. The optimiser is terminated when the
maximum number of function evaluations set for PBILs in
the previous paragraph is reached.

5. Optimum Results

The optimum results of AOPI are given in Table 1. Figure 5
displays the contour of the objective function and the bound-
aries of buckling constraints with F = 200N, 400N, and
600 N. It should be noted that the stress constraints do not
affect the feasible region for this design case. From the figure,
it is seen that the buckling constraint where F = 600N
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TABLE 4: Optimum results of AOP4.
MHs HybridGA PBILb5 PBILw5 PBILw5m PBILwl PBILw10
Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev Avrg Stdev
b 0.0467 0.0084 0.0517 0.0053 0.0520 0.0041 0.0513 0.0043 0.0490 0.0031 0.0533 0.0084
X, 0.0477 0.0107 0.0510 0.0040 0.0503 0.0018 0.0513 0.0035 0.0507 0.0045 0.0543 0.0082
X3 0.0833 0.0048 0.0867 0.0055 0.0863 0.0067 0.0867 0.0048 0.0860 0.0050 0.0873 0.0069
Xy 0.0603 0.0049 0.0577 0.0082 0.0607 0.0098 0.0577 0.0068 0.0563 0.0076 0.0610 0.0099
Xs5 0.0570 0.0070 0.0543 0.0068 0.0590 0.0092 0.0533 0.0071 0.0553 0.0078 0.0583 0.0105
X 0.0613 0.0043 0.0603 0.0072 0.0617 0.0079 0.0603 0.0093 0.0577  0.0043 0.0653 0.0107
x; 0.0720 0.0130 0.0783 0.0046 0.0773 0.0058 0.0797 0.0056 0.0760 0.0081 0.0793 0.0087
Xg 0.0457 0.0082 0.0507 0.0037 0.0500 0.0037 0.0507 0.0037 0.0490 0.0031 0.0523 0.0082
Xy 0.0440 0.0056 0.0510 0.0031 0.0507 0.0025 0.0497 0.0032 0.0483 0.0038 0.0507 0.0045
X10 0.0787 0.0035 0.0787 0.0051 0.0797 0.0041 0.0770 0.0047 0.0780 0.0048 0.0810 0.0055
Xy 0.0518 0.1773 0.3132 0.2705 0.1478 0.3773 0.3319 0.3448 0.2337 0.3527 0.2345 0.4409
X1, 0.5991 0.1766 0.5610 0.1850 0.6211 0.1079 0.5072 0.2017 0.6345 0.1444 0.5174 0.1896
X3 -0.6919  0.1381  -0.5828  0.1442 -0.5369 0.2001 -0.4271 0.2176  -0.6712 0.1039 -0.4691  0.2160
X4 0.6804 0.1490 0.5697 0.1723 0.5550 0.1935 0.5924 0.1489 0.6494 0.1410 0.5549 0.1754
N 75.3793 1.2182 78.1703 1.5065  80.0000  0.0000  80.0000  0.0000  80.0000 0.0000 80.0000  0.0000
Vs 170.9637 72167  166.1746 74693  175.0000 0.0000 175.0000  0.0000 175.0000 0.0000 175.0000 0.0000
f(x,y) 479.4000 34.7275 529.8728 21.6285 535.8320 21.6881 534.5283 22.3252 501.9159 117035 574.2029  37.1328
maxg; -0.0047  0.0009 -0.0050 0.0000 -0.0050 0.0000 -0.0050  0.0000 -0.0050 0.0000 —0.0050 0.0000

gives the most narrow feasible region and therefore leads
to the worst case results. The optimum for the worst case
scenario is x = {0.5,0.0041}" and y = 600 N. According to
the results obtained from the various optimisers, HybridGA
cannot capture the worst case for all runs, while PBILs can
find the worst case for some optimisation runs. The best
solutions obtained by using five versions of PBIL are the same,
that is, x = {0.5, 0.0042}T and y = 600N, which can be
classified as a near optimum of the design problem. Based on
the worst cases being explored, PBILw10 gives the best results,
while the second best is PBILwl1.

The optimum results of AOP2 obtained from the various
optimisers are given in Table 2. For this design problem, it
is obvious that the worst possible case for the 10-bar truss
is when {FI,FZ}T = {80, 175}T N. From the results, it can
be seen that HybridGA and PBILbS5 fail to explore the worst
case, while other optimiser which are based on using w, in
step (8) of Algorithm 2 can find the worst case for almost
every optimisation run. According to the mean value of
objective function from 30 runs, PBILw1 gives the best results.
However, it is found that PBILwl cannot find the worst case
for all 30 runs, although the values are not significant. This
is due to the lower number of inner loops used to explore the
worst case. In contrast, PBILw10 gives the worst results among
PBILw variants because it spends less time in searching
for the optimum mass. By comparing between PBILw5 and
PBILw5m, the GA mutation gives insignificant improvement
for PBIL.

The optimum results of AOP3 obtained from the various
PBILs are given in Table 3. The worst case is {F,, F,, F;, E) =

{1000, 1000, 1000, 199.0 x 109}T. Similar conclusions as with
the AOP2 case can be drawn except that PBILw5 is slightly

better than PBILw5m. Table 4 shows the results of AOP4.
Similar to the first two cases, HybridGA and PBILb5 fail to
explore the worst case scenario, while, for this case, all the
versions of PBILw can capture the worst case for all runs.
PBILw1 gives the best results, while the worst among PBILw
versions is PBILwl0. For the fifth design case as shown in
Table 5, PBILw optimisers can capture the worst case scenario
for almost 30 runs, while PBILb5 and HybridGA fail to find
out the worst case solutions. The best optimiser is PBILwl
whereas PBILw5m is slightly better than PBILw5.

Based on the standard deviation, the variants of PBILw
are rather consistent. From the constraint violation values in
Tables 1-5, it can be said that the fuzzy set theory is efficient
and effective for constrained truss design. Table 6 shows the
total number of worst cases captured by the optimisers having
solved the design problems for 30 runs. It can be seen that
PBILw is effective for exploring the worst case scenarios for
AOP2-5. PBILw10 fails to capture the worst case once for
AOP3 and AOP5, although it spends more time to search
for the worst case scenario. This can possibly be due to a
premature convergence of the algorithm. For the first design
problem, all the optimisers have more difficulty to search for
the worst case.

The best structures obtained from running PBILw5,
PBILw5m, PBILwl, and PBILw10 for AOP2, AOP3, AOP4,
and AOP5 are illustrated in Figures 6, 7, 8, and 9, respectively.
The structures obtained from the 4 optimisers for each design
case are rather similar in size and shape to each other. In
cases of the design problems AOP2-5, with 15,000 function
evaluations and population size of 100, PBILwl has a number
of outer loops as N, = 75 loops, while PBILw5 and PBILw10
have only 25 and 14 loops, respectively. In the test problems,
the number of inner loops N; = 1 is adequate to search
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FIGURE 6: Optimum structures of AOP2 from various optimisers.
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FIGURE 7: Optimum structures of AOP3 from various optimisers.

for the worst cases for all design cases; thus, PBILwl which
spends more time to search for the optimum solution of x
gives the best results for all design cases. In order to use
the proposed PBIL for antioptimisation of other engineering
systems, predefining the proper value of N} is important since

it can affect the search performance. This relies on several
factors such as the size of variables x and y. The hybrid genetic
algorithm, on the other hand, is not efficient for the truss
design problems. However, optimisation parameter settings
can affect its search performance.



Journal of Applied Mathematics

1

PBILw5 PBILw5m
2 2
1+ 1t
0 0
0 1 2 3 4 0 1 2 3 4
f =500.9923, max(g;) = —0.0049975 f =497.5437, max(g;) = —0.0049978
(a) (b)
PBILwl PBILwl10
2 2
1r 1r
0 0
0 1 2 3 4 0 1 2 3 4

f = 478.7229, max(g;) = —0.0049971
(c)

f =525.555, max(g;) = —0.0049981
(d)

FIGURE 8: Optimum structures of AOP4 from various optimisers.
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FIGURE 9: Optimum structures of AOP5 from various optimisers.

6. Conclusions and Discussion

A metaheuristic based on PBIL for antioptimisation of trusses
is developed, and it is termed two-level PBIL. The method
consists of two levels for two searching tasks. The first level
is an outer loop used to explore the optimum of common
design variables, while the inner loop is used to find the

worst case scenario of the variables with uncertainties. It is
shown that when searching for the worst case, the function
evaluation based on the current worst solution gives better
search results than using the current best solution. The GA
mutation applied to a binary population of PBIL does not
have significantly impact on PBILw search performance. The
results show that the proposed PBILw is an efficient optimiser
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TABLE 6: Number of worst cases found by the optimisers.

MHs AOP1 AOP2 AOP3 AOP4 AOP5
HybridGA 0 0 0 0 0
PBILb5 1 0 0 0 0
PBILw5 5 30 29 30 30
PBILw5m 8 30 27 30 30
PBILwl 8 29 24 30 30
PBILw10 9 30 29 30 29

for tackling a truss antioptimisation problem. Moreover, it
is superior to the hybridGA. The performance of PBILw,
to a great extent, relies on the predefined number of inner
loops for searching the worst case. It can be concluded
that the concept of using probability vectors to represent
binary populations in PBIL is powerful for dealing with
antioptimisation. For future work, the hybrid approach of
PBIL will be studied. Also, the applications of the two-
level PBIL will be employed to tackle other antioptimisation
problems.
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This paper proposes a novel integrated design strategy to accomplish simultaneous topology shape and sizing optimisation of a two-
dimensional (2D) truss. An optimisation problem is posed to find a structural topology, shape, and element sizes of the truss such
that two objective functions, mass and compliance, are minimised. Design constraints include stress, buckling, and compliance. The
procedure for an adaptive ground elements approach is proposed and its encoding/decoding process is detailed. Two sets of design
variables defining truss layout, shape, and element sizes at the same time are applied. A number of multiobjective evolutionary
algorithms (MOEAs) are implemented to solve the design problem. Comparative performance based on a hypervolume indicator
shows that multiobjective population-based incremental learning (PBIL) is the best performer. Optimising three design variable

types simultaneously is more efficient and effective.

1. Introduction

Nowadays, the use of artificial intelligence techniques in a
wide variety of engineering applications has become com-
monplace as a means of responding to needs to deal with
complicated systems which classical mathematical methods
cannot solve [1, 2]. Such techniques include, for example,
neural networks, fuzzy sets, and evolutionary computation
[1]. Applications of evolutionary algorithms (EAs) for tack-
ling engineering design problems have become increasingly
popular due to certain advantages. The methods are simple
to use, robust, and capable of dealing with almost any kind of
design problem, for example, structural design [3-8], supply
chain management [9], quay management [10], sensor place-
ment [11], and manufacturing tasks [12, 13]. Design variables
can be discrete, continuous, and combinatorial. They can
search for global optima effectively. More attractively, the
multiobjective versions of evolutionary algorithms can be
used to explore a Pareto front within one optimisation run.
Nevertheless, EAs have some unavoidable drawbacks as they

have a low convergence rate and a lack of consistency due to
randomisation being used in a search process. As a result,
there are always needs to improve EAs performance. The
hybridisation of existing methods with local search tech-
niques [14] or other EA concepts is a means to achieve such
a goal [12, 15]. Also, the use of surrogate models for design
problems with expensive function evaluations is an effective
way to enhance EAs [16]. When using EAs to solve a new type
of design problem, it is always useful to compare the search
performance of a number of EAs for such a problem. This
is because one particular EA may be efficient for one design
problem but it is unlikely to be the best performer for other
types of problems [17].

A truss structure is one of the most used structures in
engineering applications. Using such a structure is said to
be advantageous, since they are simple and inexpensive to
construct. It can be employed for many engineering purposes,
for example, a billboard structure, a factory roof structure, a
bridge structure, and a wind turbine tower. In the past, the
design of such a structure was usually carried out in such



away that an initial structural configuration was formed by an
experienced engineering designer for conceptual design. The
classical civil engineering design approach is then applied in
the preliminary and detailed design stages. In recent years,
considerable research work towards design/optimisation of
trusses and frames has been conducted. Thousands of
research papers have been published (e.g., [18-28]). For truss
optimisation, design variables can be classified as topological
[23, 29-33], shape, and sizing variables [5, 7, 34-38]. In the
past, a designer traditionally performs topology optimisation
in the first design phase to obtain an initial structural layout.
Shape and sizing optimisation are then conducted to further
improve the structure. This can be called a multilevel or
multistage optimisation process. Nevertheless, it has been
investigated that the better design process is to perform
topology, shape, and sizing optimisation simultaneously [28].
Combined topology and sizing [21, 24], shape and sizing [34-
38], topology and shape [18, 20, 22], and all three variable
types [19, 26, 28, 39-41] have been recently investigated.

One of the most effective design strategies for truss topol-
ogy optimisation is the use of a ground element approach. The
topological design process based upon ground elements can
be tackled by both gradient-based [21, 31, 42] and population-
based optimisers [28, 29, 33]. The gradient-based methods
have advantages in that they have high convergence rate and
search consistency (obtaining the same design solution when
solving the same problem several times). They are powerful
for a large-scale topology design problem. Nevertheless, the
population-based or evolutionary approaches have other
advantages, since they are more robust and do not require
function derivatives for searching. Moreover, for multiob-
jective design cases, evolutionary algorithms have a special
feature: to explore a nondominated front within one optimi-
sation run. This, together with the capability of solving all
kinds of design problems, makes the evolutionary algorithms
popular among researchers and designers.

This paper presents a novel design strategy to achieve
simultaneous topology shape and sizing design of a planar
truss structure. A multiobjective design problem with two
different sets of design variables is assigned in this work. The
problem is minimising structural mass and compliance sub-
ject to stress, buckling, and compliance constraints. The first
set of design variables is used to design structural topology
and truss element sizing while structural shape variables
are added to the second set of design variables. These two
design variable sets in combination with the adaptive ground
element concept result in two multiobjective design prob-
lems. MOEAs employed to tackle the problems are second
version of strength Pareto evolutionary algorithm (SPEA)
[43], population-based incremental learning [44], archived
multiobjective simulated annealing (AMOSA) [45], multiob-
jective particle swarm optimisation (MPSO) [46], and unre-
stricted population size evolutionary multiobjective optimi-
sation algorithm (UPS-EMOA) [47]. The results obtained
from using the various optimisers are compared and dis-
cussed. It is shown that the second design variables set which
includes all types of design variables is superior to the first set.

The rest of the paper is organised as follows. Section 2
briefly details MOEAs. A multiobjective design problem is
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expressed in Section 3. Section 4 details the decoding/encod-
ing procedures for simultaneous topology, shape, and sizing
design variables with adaptive ground elements. Design
results and comparative performance are shown in Section 5
while conclusions are drawn in Section 6.

2. Multiobjective Evolutionary Algorithms

The field of multiobjective evolutionary optimisation is one
of the hottest issues in evolutionary computation. The most
outstanding ability of MOEAs is that they can explore a Pareto
front within one simulation run. This in combination with
their simplicity, robustness, and capability of dealing with all
kind of variables makes this kind of optimiser more popular
and attractive. MOEAs search mechanisms are based on a
population of design solutions, which work in such a way that
a population is evolved iteration by iteration. A matrix called
an external Pareto archive is used to collect nondominated
solutions iteratively. The Pareto archive is updated until a
termination criterion is fulfilled. The MOEAs used for a com-
parative performance test in this paper are given below.

2.1. Strength Pareto Evolutionary Algorithm. SPEA was pro-
posed by Zitzler and Thiele [48], and later its improved ver-
sion SPEA2 [43]. The search procedure starts with an initial
population and an external Pareto set. Fitness values are
assigned to the population based upon the levels of domi-
nation and crowding. A set of solutions are then selected to
a mating pool by means of a binary tournament selection
operator. A new population is produced using crossover and
mutation on those selected individuals. The updated external
Pareto solutions are the nondominated solutions of the
union set of the previous external Pareto set and the new
population. In cases that the Pareto archive is full, the nearest
neighbourhood technique is invoked to remove some design
solutions from the archive. The Pareto archive is updated
repeatedly until the termination criterion is met.

2.2. Population-Based Incremental Learning. The algorithm
of multiobjective PBIL [44] starts with an external Pareto
archive and initial probability matrix having all elements set
to be 0.5. A set of binary design solutions are then created
corresponding to the probability matrix while their function
values are evaluated. The Pareto archive is updated with the
nondominated solutions of the new population and the mem-
bers of the previous Pareto archive. In cases that the number
of nondominated solutions exceeds the predefined archive
size, the normal line method is activated to remove some
members from the archive. The probability matrix and the
Pareto archive are iteratively updated until the termination
criteria are fulfilled.

2.3. Archived Multiobjective Simulated Annealing. Simulated
Annealing (SA) is one of the most popular random-directed
optimisers. It has long been used in a wide variety of design
applications [49, 50]. The method is based upon mimicking
the random behaviour of molecules during the annealing
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process, which involves slow cooling from a high tempera-
ture. For AMOSA [45], the method starts with initial temper-
ature, a population, and a Pareto archive. A simple downbhill
technique is then applied to improve the population and
update the archive for a few iterations. Then, a parent design
solution is randomly chosen from the archive and it is used
to generate a child or candidate solution by means of muta-
tion. The parent is replaced by its offspring if the offspring
dominates it. In cases that the parent is nondominated by the
offspring, the parent still has a probability of being replaced.
Such a probability is based on Boltzmann probability and the
amount of domination between them. As the children are
created, the Pareto archive is updated while the annealing
temperature is reduced iteratively until a termination condi-
tion is met. An archiving technique for this algorithm is called
a clustering technique.

2.4. Multiobjective Particle Swarm Optimisation. The particle
swarm optimisation method uses real codes and searches
for an optimum by mimicking the movement of a flock of
birds, which aim to find food [46]. The search procedure
herein is based on the particle swarm concepts combined
with the use of an external Pareto archiving scheme. Starting
with an initial set of design solutions (viewed as particles) as
well as their initial velocities and objective function values,
an initial Pareto archive is filled with the nondominated
solutions obtained from sorting the initial population. A new
population is then created by using the particle swarm
updating strategy where the global best solution is randomly
selected from the external Pareto archive. Afterwards, the
external archive is updated by the nondominated solutions
of the union set of the new population and the previous
nondominated solutions. In cases that the number of non-
dominated solutions is too large, the adaptive grid algorithm
[51] is employed to properly remove some solutions from
the archive. The Pareto archive is repeatedly improved until
tulfilling the termination criteria.

2.5. Unrestricted Population Size Evolutionary Multiobjective
Optimisation Algorithm. The unrestricted population-size
EMO algorithm was proposed by Aittokoski and Miettinen
[47]. Similarly to the nondominated sorting genetic algo-
rithm (NSGAII) [52], this optimiser uses a population to
contain nondominated solutions, but its population size is
unlimited. Some solutions from an initial population are
randomly selected to produce some offspring by using a
differential evolution operator. A new population contains
nondominated solutions sorted from the combination of
the offspring and the current population. The method has
an unrestricted population size, therefore this somewhat
provides population diversity. The optimiser is usually termi-
nated with the maximum number of function evaluations.

3. Topological Design

Structural topology optimisation of trusses using the ground
element approach can be performed in such a way that

ground finite elements, all possible combinations of prede-
fined nodes in the given design domain, are created in the ini-
tial stage. Topological design variables determine elements’
cross-sectional areas. After an optimisation run, elements
with very small sizes will be removed from the structure while
other elements are retained as truss members. With such a
concept, an initial structural configuration is achieved. In
this work, the biobjective design problem for a 2D truss with
simultaneous topology shape and sizing design variables can
be expressed as follows:

min {mass,c},

subject t0 Oy < T w
A<,
c<¢y (2)
x € (),

where mass is structural mass, c is structural compliance, ¢,
is allowable compliance, and o,,,, is the maximum stress on
truss elements. 0, = 0,,/Ng is an allowable stress, A; is
a buckling factor for each element (defined as the ratio of
applied load to critical load), o, is yield strength, Np is the
factor for safety, x is a vector of design variables, and Q is a
design domain of x.

The first design objective, structural mass, is set to
minimise cost while minimising the second objective, which
is equivalent to structural stiffness maximisation. The stress
and buckling constraints are assigned for safety requirements
while the compliance constraint is imposed so as to obtain
reasonable structural layouts. For one evaluation, with the
input design variables, a finite element (FE) model of a truss is
obtained and the FE analysis is performed. Having obtained
nodal displacement and axial stresses of truss elements, the
local buckling factor for each element can then be computed.

4. Adaptive Ground Elements

Two design variables sets are assigned in this paper. The first
set is created for simultaneous topology and sizing optimisa-
tion. Figure 1shows a rectangular design domain sized W x H
for a 2D truss structure used in this study. The structure is
subjected to point load F = 500N at the top right-hand
corner of the domain [33]. The width was set to be constant at
2 meters while the domain height could be varied in the range
of [H,in> Hinax) = [0.25, 1] meter. Fixed boundary conditions
were assigned at the left edge of the domain as shown.

Given that an array of predefined nodes is defined, ground
elements as the combinations between the nodes are formed
as shown in Figure 2. With the parameters n, and n,, being
the numbers of equispaced nodes in the x and y directions,
respectively, n, x n, nodal positions were then generated
where, in this study, n, € {3,4,5} and n, € {2,3,4}. The
parameters n, and »,, are the numbers of rows and columns of
an input node array, respectively. The total number of ground
elements as N, = (n, — l)ny + 3(n, — 1)(ny — 1) node
combinations could be obtained as shown in Figure 2.
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The design variables include the parameters H, n,, and n
and the diameters of the ground elements. Given that n, ...
andn,, ., are the maximum values for n, and n, respectively,
the possible maximum number of design variables is set as
Ne,max + 3 where Ne,max = (nx,max - 1)ny,max + 3(nx,max - 1)
(), max — 1). The computational steps for design variables
decoding were as follows.

Input. x, sized (N, ..« +3) x 1; x; € [0,1].

,max

(D) SetH = H;,, + x,(Hpp — Hipin)» 1, = round(n, g, +
% (Memax = Mymin))> and n, = round(n, ., +
x3(ny,max - ny,min))'

(2) Compute N, = (n, — Dn,, + 3(n, - 1)(n, - 1).

(3) Generate n, x n, structural nodes, and N, ground
elements.

(4) Assign element diameters. Set y; = 4x; fori =4,...,
N, +3and j=1,...,N,, which means y; € [0,4].

(5) For j=1toN,

(5.1) If round (yj) =0, set dj =0.000001 m
(5.2) If round (yj) =1, set dj =0.0lm

(5.3) If round (yj) =2, set dj =0.02m
(5.4) If round (yj) =3, set dj =0.03m
(5.5) If round (yj) =4, set dj =0.04m

End

(6) Assign fixed boundary conditions for all nodes at x =
0.

(7) Apply the y-direction point load at the last node
number.

Output. Nodal positions, ground element connections, boun-
dary conditions, force vector, and elements’ diameters.

The function round (x) gives the nearest integer to x.
Although the design vector is sized (N, . +3) X1, only N, +3
elements were used for each evaluation. The design variables
are said to be mixed integer/continuous, which are simpler to
deal with by using MOEAs. After having the nondominated
solutions, elements with 0.000001 m diameter (or the case of
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FIGURE 2: Adaptive ground elements.

round (y;) = 0) were deleted from the ground structure to
form a structural layout. A small element diameter is assigned
in order to prevent singularity in a global stiffness matrix of a
finite element model.

The second design variables set is an extension of the first
set where parameters for nodal positions are added. For
this study, initial positions of the truss joint are set as an
array as the first design variables set shown in Figure 2.
Additional shape design parameters determine the position
changes of those nodes in x- and y-directions. All truss nodal
positions except the fixed joints and the top row nodes are
assigned to be varied in both x- and y-directions during an
optimisation process. The top row nodal positions are allowed
to be changed in the x direction in order to keep all top row
nodes at the same level. As a result, the number of additional
shape variables is Ny, = (n, — 1)(2ny — 1). Therefore, the
possible maximum number of design variables for this case is
Ne,max + Nsh,max +3 where Nsh,max = (nx,max - 1)(2”y,max - 1)
The computational steps for design vector encoding can be
given as follows.

Input. x, sized (N, . + Ny +3)x 1;x; € [0,1].

h,max

(1) SetH = H,;, +x, (Hpax — Hinin)> 1, = round(n
X (M max — Mymin))> and n, = round(n
x3(ny,max - ny,min))'

(2) Compute N, = (n, — 1)ny +3(n, - 1)(ny -1).

(3) Compute N, , = n,(n,—1)and Ny, , = (n,—1) (n,—

+
+

x,min

y,min

1).

(4) Compute the move limit for x-direction nodal posi-
tion as Ax;, = ~(W/2/n, . —0.01), and Ax,,, =
W/2/n, nax — 0.01 meter.

(5) Compute the move limit for y-direction nodal posi-
tionas Ay, = —(Hpyin/2/My max —0.01), and Ay, =
H,in/2/1y 1ax — 0.01] meter.

(6) Generate n, x n, initial structural nodes X, Y,
and N, ground elements where X and Y are nodal
coordinates in x- and y-directions, respectively.

(7) Assign element diameters. Set y; = 4x; for i =
4,...,N,+3and j=1,...,N,.

(8) For j=1to N,
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(8.1) If round (yj) =0, set dj =0.000001 m
(8.2) If round (yj) =1 set dj =0.0lm
(8.3) If round (yj) =2, set dj =0.02m
(8.4) If round (y;) =3, set dj =0.03m
(8.5) If round (yj) =4, set dj =0.04m
End

(9) Set Ax; = Axpyiy + (Axpax = AXpin)x; fori = (N, +
4),...,(N,+ Ny, +3)and j = 1,..., N, .. Update x-
direction nodal positions X; = X; + Ax; for all node
positions allowed to be changed.

(10) Set Ay; = Aymin + (AYmax = DYmin)x; for i =
(Ne + Ny +4),...,(N, + N, o + Ng, ), + 3) and
j =1...,Ng,,. Update y-direction nodal positions
Y; = Y; + Ay; for all node positions allowed to be
changed.

(11) Assign fixed boundary condition for all nodes at x =
0.

(12) Apply the y-direction point load at the last node
number.

Output. Nodal positions, ground element connections, boun-
dary conditions, force vector, and elements’ diameters.

The design vector is sized (N, o + Nepmax + 3) X 15
however, only N, + N, + 3 elements were used for each
finite element model. The design problem (1) using the first
set of design variables is termed OPT1 whereas the problem
using the second set of design variables is named OPT2.
The structure is made up of a material with Young modulus,
yield strength, and density of 214 x 10° Pa, 360 x 10° Pa, and
7850 kg/m’, respectively. The factor for safety was set to be
1.5 while the parameter ¢,; was set to be 0.04 N-m. Seven
multiobjective evolutionary strategies are employed in this
study where the optimisation settings are detailed as follows.

SPEAL: version two of SPEA using real codes with
crossover and mutation rates of 1.0 and 0.05, respec-
tively.

SPEA2: version two of SPEA using real codes with
crossover and mutation rates of 1.0 and 0.5, respec-
tively.

SPEA3: version two of SPEA using real codes with
crossover and mutation rates of 1.0 and 0.75, respec-
tively.

PBIL using binary codes with 0.05 mutation rate: and
0.2 mutation shift.

AMOSA: performs a simple downhill operator for
the first 3 generations before entering the main
procedure. In this paper, the method uses real codes
where a candidate is obtained by means of mutation.

MPSO: using real codes with a starting inertia weight,
an ending inertia weight, a cognitive learning factor,
and a social learning factor of 0.75, 0.1, 0.75, and 0.75,
respectively.

5
TABLE 1: Hypervolume comparison of OPT1 and OPT2.
Optimiser OPTI OPT2
Mean Std Mean Std

SPEA1 0.7098 0.0998 0.8619 0.0267
SPEA2 0.8161 0.0343 0.9274 0.0184
SPEA3 0.8400 0.0564 0.9236 0.0219
PBIL 0.9330 0.0647 0.9519 0.0527
AMOSA 0.6619 0.1143 0.7997 0.0277
MPSO 0.3043 0.1371 0.6699 0.0582
UPSEMOA 0.4334 0.2808 0.6136 0.3885

UPSEMOA: using crossover probability, scaling fac-
tor, probability of choosing element from offspring in
crossover, minimum population size, and burst size of
0.7,0.8, 0.5, 10, and 25, respectively.

SPEA and PBIL are the best optimisers in the previous
studies [28] while AMOSA is selected instead of the usual
NSGAIL MPSO is an optimiser with a different concept from
the aforementioned MOEAs while UPSEMOA is used as
it is a newly developed algorithm. For OPTI, the number
of generations of MOEAs is set to be 250 while both the
population and archive size are set as 150. For the second test
problem, the number of generations of MOEAs is set to be
300 while both the population and archive size are set as 200.
Each optimiser is applied to solve each design problem for 10
optimisation runs starting with the same initial population.
The last updated Pareto archive is considered a Pareto optimal
set. The nondominated sorting scheme presented in [53] is
used to cope with design constraints.

5. Design Results

Having performed each multiobjective evolutionary strategy
solving each design problem for ten simulation runs, the
performance comparison of the various MOEAs is investi-
gated based on a hypervolume indicator. The hypervolume
indicator is one of the most reliable performance indicators
used to examine the quality of approximate Pareto fronts
obtained from using MOEAs. The parameter determines the
area for biobjective or volume for more than two objectives
covered by a particular nondominated front with respect to
a given reference point. Since there are ten fronts for each
method and for each design problem, the average of ten
hypervolume values is employed to measure the convergence
rate of the optimiser whereas the standard deviation is used
to indicate search consistency.

The comparative hypervolumes of the various MOEAs
for solving OPT1 and OPT?2 are given in Table 1. Note that
the hypervolumes in the table are normalised for ease in
comparing. It is shown that PBIL is the best optimiser for both
design cases based upon the convergence rate while SPEA2
is the most consistent method. However, as the standard
deviation of SPEA2 does not approach to zero, the conver-
gence rate is the most important indicator for this study.
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FIGURE 4: Some structures from the best front of PBIL in Figure 3.

Among the SPEA versions, it can be said that SPEA with
higher mutation rate is superior to the low mutation rate
version. SPEA3 is the second best optimiser for OPT1 while
the worst performer for this problem is MPSO. For OPT?2, the
second best is SPEA2 closely followed by SPEA3 as the third
best. The worst for this design case is UPSEMOA.

For the OPT1 design problem, the best fronts obtained
from the best run of each multiobjective optimiser are plotted
in Figure 3. It can be seen that the fronts are close together
although the PBIL front has slightly more advancement and
extension. This implies that MOEAs are efficient for this
design problem. Some trusses selected from the PBIL front
are displayed in Figure 4. The structures have a variety of
structural layouts and elements’ sizes; however, there are only
two sets of node number, thatis,2 x 1 and 4 x 2.
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FIGURE 6: Some structures from the best front of PBIL in Figure 5.

Figure 5 shows Pareto fronts obtained from the best runs
of the various optimisers for the OPT2 case. Similarly to the
first design case, all seven fronts are somewhat close together
with the front obtained from using PBIL having slightly more
advancement and extension. Some selected solutions from
the PBIL front are displayed in Figure 6. The structures for
this case have various topologies, and element dimensions,
but tend to have fairly similar shapes. Changing nodal
position has significant impact on the resulting structures.
There is only one set of nodes array for the ground elements,
which is 4 x 2. The best fronts obtained from solving OPTI
and OPT?2 are plotted together for comparison in Figure 7.
It is shown that the best front of OPT?2 totally dominates that
of OPTL. This implies that the second set of design variables
is more efficient and effective.
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6. Conclusions and Discussion

The design results show that the proposed design strategies
are efficient and effective as a variety of reasonable structural
configurations could be obtained within one optimisation
run. The obtained structures are said to be ready to use as
they satisfy all the constraints for safety requirements. The
multiobjective topological, shape, and sizing design with an
adaptive ground element approach proposed herein can be
tackled by an efficient multiobjective evolutionary algorithm.
Among the MOEAs employed in this paper, PBIL is the most
powerful method for solving both design problems based
on the hypervolume indicator. For SPEA as the second best
optimiser, using a higher mutation rate is more efficient. The
second set of design variables which combines all types of
design variables at the same time is superior to the first set
which uses only topology and sizing variables. The proposed
design approach can be a powerful engineering design tool in
the future since, with one optimisation run, various feasible
truss structures are obtained for decision making.

Future work could be the application of this design
concept to a large-scale truss design problem. Alternative
adaptive ground element formations can be created. The
application to three-dimensional practical trusses and frames
is challenging. Also, performance enhancement of multiob-
jective optimisers for solving this design problem is to be
conducted.
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1. Introduction

The truss has been one of the most used designs throughout structural engineering history. Using such a design is advan-
tageous in that it is simple and inexpensive to construct, modify, and maintain, especially in difficult-to-access areas. In the
literature, the design optimisation of trusses has seen a resurgence of interest recently. These design problems have usually
involved minimising structural weight or cost while maintaining safety. These problems may have one or more design objec-
tives such as dynamic stiffness (or natural frequency), compliance, frequency response function, force transmissibility, and
buckling factor [29].

The optimisers used in truss design problems can be categorised as gradient-based methods (or local search), and meta-
heuristics (MHs), more commonly known as evolutionary algorithms (EAs). Previous studies using gradient-based optimisers
such as sequential linear programming [16,18], feasible direction method [42], and sequential quadratic programming
[32,41], for truss design have been conducted. Some well-known EAs including genetic algorithms, have been implemented
to solve structural optimisation problems [17,21,22,29,34,44,45]. Gradient-based methods have faster convergence rates and
are more consistent in finding a local optimum, however, they require continuous design variables, and accurate derivative
calculations of design functions. This makes them difficult to use for most cases of structural optimisation, as inaccurate
estimation of function derivatives may lead their search procedures to improper solutions. The EAs, on the other hand, have
emerged as strong candidates for this design task in the last few decades [10]. Compared to their gradient-based counter-
parts, they are easier to use, more robust, and capable of dealing with all kinds of design variables since they do not require
function derivatives for searching. Moreover, their most outstanding feature is that the multiobjective versions of EAs can
search for Pareto optimal sets within one optimisation run [10,15,49,55]. Nevertheless, they inevitably have slower
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convergence rates and a lack of search consistency due to the use of randomisation in their search procedure. There have
been a number of EAs developed aiming for search performance enhancement [55]. Ideas to improve EA performance include
new meta-heuristic concepts [2,8,12,21,26-28,51], the hybridisation of existing optimisation operators [13,19,20,30,46-
48,50] and incorporating local search into the EA’s main procedure [6,14,31,52].

Differential evolution (DE) operators are some of the most successful meta-heuristics used to improve EA performance.
There has been some recent success of hybridising DE with several optimisers and evolutionary operators
[4,9,24,30,33,38,43,52]. In addition, a number of real world problems have been posed [39] and DE was used to solve some
of them e.g. in [27] and [51]. However, to our best knowledge, using such a concept for the application of multiobjective con-
strained optimisation particularly in truss design is rare. This paper proposes a new hybrid EA for multiobjective optimisa-
tion of trusses. The real-code PBIL for multiobjective optimisation is initially introduced, then, the incorporation of
differential evolution operators into multiobjective RPBIL to improve its search performance is detailed. The hybrid optimis-
er is then implemented to solve several multiobjective test problems as well as multiobjective truss design problems. Com-
parative performance based on a hypervolume indicator shows that the proposed hybrid multiobjective evolutionary
algorithm outperforms some established multiobjective evolutionary algorithms when dealing with truss design.

The rest of the paper is organised as follows. Section 2 details the basic concepts of real-code PBIL for single objective
optimisation. The hybrid algorithm of RPBIL and DE is discussed in Section 3, while a search performance test is conducted
in Section 4. Section 5 gives details of truss design problems. Performance comparison of the various multiobjective evolu-
tionary optimisers on truss design is illustrated in Section 6, while Section 7 gives conclusions and some discussion about
this study.

2. Real-code population-based incremental learning

The real-code version of PBIL in this paper is based on the work presented in Bureerat [7], in which a method was pro-
posed for solving a box-constrained minimisation problem

mxinf(x); L<x<U

where X is a vector of design variables sized n x 1, n is the number of design variables, fis an objective function, and L and U
are lower and upper limits of X respectively. RPBIL search is based on the concept that a real population (a set of design solu-
tions) on each generation is generated from a current probability matrix [6,7]. This implies that a population in the RPBIL
procedure is represented by the so-called probability matrix rather than carrying a matrix containing numerous design vec-
tors throughout the search process. Let a probability matrix have size n x n; where n; is a predefined number of matrix col-
umns. The parameter n; determines the number of subintervals of the bound constraints of the problem. For simplicity,
consider a 2-dimensional box-constrained problem

min  f(X) = x2 + 2x1X; + 3x3
X
subjectto -5<x<5; i=12

The probability matrix for this design problem is set to have a size of 2 x 4 which means that the bound constraints are
divided into four subintervals being [-5, —2.5), [-2.5, 0), [0, 2.5), and [2.5, 5]. A sample of a probability matrix, Py, is given in
Table 1 where its rows correspond to the elements of design variables, and the columns are associated with these
subintervals.

The element P; determines the probability of having x; in the subinterval j. To generate a real-code population, given that
the population size (the number of design solutions in a population) is Np = 8, the number of elements x; randomly generated
in the subinterval j is approximately round(Np.P;) where round(.) is a round-off operator. In this case, the number of x; in the
first subinterval is 1, and so on. Table 2 shows real-code design variables created on the subintervals based on P; in Table 1.
For better population diversity, the positions of the variables are randomly permutated as shown in the second part of the
table. The population matrix, R, containing real-code design solutions can finally be expressed as:

R=(x x}7{70.75} {4.00} {1.25} {0.20 }{3.25} {72.15} {4.00 }{0.05}
ST 050 [71-2.750712.75 71 -4.00 71 2.15 71450 [’ -1.75)"11.00

Table 1

A sample probability matrix.
Subinterval —-5<x<-25 -25<x;<0 0<x;<25 25<x<5
X 1/8 2/8 3/8 2/8

X 2/8 1/8 3/8 2/8
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Table 2

Generate a real-code population randomly.
Subinterval —5<x<=-25 —-25<x;<0 0<x;<25 25<x<5
X1 -3.00 -2.15, -0.75 0.20, 0.05, 1.25 3.25, 4.00
X2 -4.00, -2.75 -1.75 1.00, 0.50, 2.15 2.75, 4.50
Randomly permutate the positions in each row
X1 —-0.75, —-3.00, 1.25, 0.20, 3.25, —2.15, 4.00, 0.05
X2 0.50, —2.75, 2.75, —4.00, 2.15, 4.50, —1.75, 1.00

Fig. 1. Distribution of design solutions in a population.

The plot of those eight design points is illustrated in Fig. 1 where the contour plot of the objective function is shown. Based
on the fitness objective function, the best solution for this population is x;; thus, the probability matrix will be updated to-
wards this design solution. As the 1st element of X, is in the 2nd subinterval, the value of P,, will be increased. Similarly,
since the 2nd element of X, is located in the 3rd subinterval, the value of P,3 will be increased. The updating scheme is given
in Egs. (1) and (2) where the index r is 2 when updating P;,, and 3 when updating Pss.

Pj; = (1 Le()P§* + Lr(j) (1)
Lr(j) = Lro €xp(—(j — 1)*) ()

where Lgg is an initial learning rate to be specified.
The updated probability matrix P; is then modified as

n
PP, / 37 3)
=

in order to preserve the condition

n
ZP;; =1 (4)
j=1

where Pj; is the final update of Py.

The search procedure of RPBIL for single objective optimisation is shown in Algorithm 1. Starting with an initial proba-
bility matrix P; = 1/n;, a real code population is then created. The best solution among the members of the population is
found and the probability matrix is updated in such a way that, in the next generation, design solutions related to the posi-
tion of the current best design vector will have more chance of being generated. The process is repeated until a termination
condition is met (normally when the maximum number of generations, Ng, is reached). More details of RPBIL for single
objective problems can be found in [6,7].
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Algorithm 1. RPBIL for single objective optimisation

Input: Ng,n;, objective function name (fun)

Output: xPest, fbest

Initialisation: P; = 1/n;x"*t = {}

1: Fori=1 to Ng

2: Generate a real code population X from P; (See Table 2) and find f = fun(X)
3:  Find new x"*' from X and x"*! from the previous generation

4: Update P; based on the new x"** (Egs. (1)-(3))

5: End

3. Hybrid PBIL and DE for multiobjective design

Extension of RPBIL for multiobjective optimisation can be made in the same way as with multiobjective PBIL using binary
codes [5]. In the binary version, a binary population is represented by a probability vector for single objective problems.
When dealing with multiobjective problems, more probability vectors are employed to achieve population diversity. Simi-
larly to the binary-code PBIL, the multiobjective version of RPBIL will use several probability matrices to represent a real-
code population. For physical insight, we will call each probability matrix one tray. A set of probability trays is actually a
three-dimensional matrix size n x n; x Ny where Ny is the number of trays. With such a concept, each tray will be used to
generate a real-code subpopulation which has approximately Np/Nr design solutions as its members.

The search procedure of multiobjective RPBIL is given in Algorithm 2. Starting with initial probability trays, an initial pop-
ulation is then created, and an initial Pareto archive is obtained. Non-dominated solutions are then selected to update the
probability trays. A clustering technique detailed in [3] is activated to group the non-dominated solutions into Ny groups.
Then, the centroid of each non-dominated solution group (rg) is used to update a probability tray in the sequence that rg
of the group that has the lowest value of the first objective function will be used for updating the first tray, and so on.
The updating process for each tray can be carried out similarly to the updating process (1)-(3) by replacing x"¢t with r.
Afterwards, a population according to the updated trays is created. The Pareto archive is updated by replacing its members
with non-dominated solutions sorted from the combination of the current population and the members in the previous ar-
chive. In cases where the number of archive members exceeds the predefined archive size, the clustering technique is acti-
vated to remove some non-dominated solutions from the archive. These steps are repeated until a stopping condition is
fulfilled. Note that the clustering technique is preferred in this paper because it is a technique which does not require pre-
defined parameters. Once the algorithm is coded, it can be used for any size of objective and solution vectors.

Algorithm 2. RPBIL for multiobjective optimisation

Input: Ng, n;, Ny, objective function name (fun), Pareto archive size (N,)

Output: xPest, foest

Initialisation: P; = 1/n, for each tray, a Pareto archive A = {}

1: Fori=1 to Ng

2: Generate a real code population X from the probability trays and find f = fun(X)

3: Find non-dominated solutions from X U A and replace the members in A with these solutions

4: Group the non-dominated solutions into Nt groups using a clustering technique, and find the centroid r; of each
group

5: Update each tray P; based on r¢

6: If the number of archive members is larger than N4, remove some of the members using a clustering technique

7: End

From the predecessor [6,7], it has been found that RPBIL has very good convergence rate compared to some established
EAs. Nevertheless, one weak point of the method is that, as the probability matrix relies on a current best solution, it could
produce a population whose members are only the neighbours of the best solution. That means a premature convergence can
possibly take place. In order to alleviate this problem, mutation and crossover of DE [9] will be incorporated into the proce-
dure of the multiobjective RPBIL and this hybrid algorithm is defined as RPBIL-DE. The hybridisation is carried out in such a
way that, for every generation, a newly generated population from the probability trays will be recombined with members in
the Pareto archive by means of DE operators before performing function evaluation. More details of the procedure are given
in Algorithm 3 where F is a scaling factor, p. is a DE crossover probability, and CR is the probability of choosing an element of
an offspring c. The concept of RPBIL is a simple type of estimation of distribution algorithms (EDA). The rationale for



140 N. Pholdee, S. Bureerat/ Information Sciences 223 (2013) 136-152

integrating DE operators into the procedure of RPBIL is because it has been reported that a hybrid of EDA and DE successfully
improved evolutionary search performance for single objective optimisation. For example, the mixed distribution based uni-
variate estimation of distribution algorithm (MUEDA) was employed in combination with DE in [43]. On the other hand, it
has been shown that the use of a Gaussian model with diagonal covariance matrix (GM/DCM) for EDA combined with DE
[38]. It has been shown that the hybrid versions were superior to their original EAs.

Algorithm 3. Hybrid RPBIL-DE for multiobjective optimisation

Input: Ng, Np, n;, N1, objective function name (fun), Pareto archive size (N,)

Mpu_t: Xbest' fbest
Initialisation: P; = 1/n; for each tray
: Generate a real code population X from the probability trays and find f = fun(X)
: Find a Pareto archive A
1: Fori=1 to Ng
2: Group the non-dominated solutions into Nt groups using a clustering technique, and find the centroid r¢ of each
group

3: Update each tray P; based on r¢
4: Generate a real code population X from the probability trays
5. Forj=1 to Np recombine X and A using DE operators
5.1: Select p from A randomly
5.2: Select q and r from X randomly, q # r
5.3: Calculate c=p+Fq —r)
5.4: Set ¢; into the interval L; < ¢; < U; if it is outside the bounds
5.5: If rand < p., perform crossover
55.1:Fork=1ton
5.5.2: If rand < CR, yi = ¢
5.5.3: Otherwise, yjx = p«
5.5.4: End
6: End
7: New real-code population is Y ={yy, ..., ¥, ..., ¥np} and find f = fun(Y)
8: Find non-dominated solutions from Y U A and replace the members in A with these solutions
9: If the number of archive members is larger than N4, remove some of the members using a clustering technique
10: End

4. Performance test

In order to examine the search performance of the proposed algorithms, five multiobjective unconstrained test problems
and seven multiobjective constrained test problems were used to illustrate the search efficiency of the proposed algorithms.
The ZDT test problems presented in [56] including ZDT1, ZDT2, ZDT3, ZDT4, and ZDT6 are employed as multiobjective
unconstrained test problems. Also, the multiobjective constrained test problems CF1-CF7 presented in [53] are used as mul-
tiobjective constrained test problems. It should be noted that there have recently been numerous test functions proposed for
comparative studies of many types of design problems (for example, see [25,40,53]). The test functions used in this paper are
some of them.

Ten multiobjective evolutionary optimisers, namely binary population-based incremental learning (BPBIL) [5], unre-
stricted population size evolutionary multiobjective optimisation algorithm (UPS-EMOA) [1], strength Pareto evolutionary
algorithm (SPEA2) [57], multiobjective particle swarm optimisation (MPSO) [35], non-dominated sorting genetic algorithm
(NSGA-II) [11], multiobjective RPBIL (Algorithm 2), dynamic multiobjective evolutionary algorithm (DMOEA) [23], differen-
tial evolution for multiobjective optimisation (DEMO) [36], multiobjective evolutionary algorithm based on decomposition
(MOEA/D) [54], and RPBIL-DE (Algorithm 3) were employed to solve the test problems. BPBIL and SPEA2 have been shown to
be top performers in a previous study [29]. NSGA-II has usually been regarded as the standard MOEA for testing a new meth-
od while UPS-EMOA is a newly developed evolutionary algorithm based upon DE concepts. The optimisation settings for the
optimisers are:

- BPBIL using binary codes with mutation probability and mutation shift being 0.05 and 0.2 respectively.

- UPS-EMOA using crossover probability, scaling factor, probability of choosing element from offspring in crossover,
minimum population size, and burst size being 0.7, 0.8, 0.5, 10, and 25 respectively.

- SPEA2 using real codes [37] with crossover and mutation rates of 1.0 and 0.1 respectively.
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- MPSO using the starting inertia weight, ending inertia weight, cognitive learning factor, and social learning factor
being 0.5, 0.01, 0.5 and 0.5 respectively. The best solution for computing a velocity vector is randomly selected from
a Pareto archive. The adaptive grid algorithm is used as an archiving technique.

- NSGA-II using real codes with crossover mutation probabilities as 1.0 and 0.1 respectively.

- RPBIL using real codes with N;=40 where each probability tray produces five design solutions.

- RPBIL-DE using real codes with N; = 40 where each probability tray produces five design solutions. Crossover proba-
bility, scaling factor and probability of choosing an element from an offspring in crossover for DE operators are set as
0.7, 0.8, and 0.5 respectively.

- DMOEA using real codes with temperature and mutation rate of 1000 and 1 respectively.

- DEMO using real codes with crossover probability, scaling factor and probability of choosing an element from an off-
spring in crossover for DE operators being 0.7, 0.8, and 0.5 respectively.

- MOEA/D using real codes with number of neighbouring weight vectors, crossover and mutation probabilities being 6,
1.0, and 0.1 respectively.

All MOEAs except UPS-EMOA use the population size of 100, and 250 generations for multiobjective unconstrained test
problems. In addition, the population size and number of generations are 100 and 300 for multiobjective constrained test
problems. UPS-EMOA uses different population size and iteration number as defined previously; however, their search pro-
cedures are terminated at the same total number of function evaluations. The Pareto archive of all MOEAs is set to be 500
except for NSGA-II and DEMO which contain Pareto solutions in a population. The optimisation parameter settings detailed
above are obtained from using several settings for each optimiser and selecting the one that gives the best results.

The ten multiobjective evolutionary optimisers are employed to solve each problem over 30 runs starting with the same
initial population. The comparative results based on the hypervolume indicator are shown in Tables 3 and 4. The ZDT test
problems are shown in Table 3 and the constrained test problems are shown in Table 4. Note that those hypervolume values
are normalised for ease in comparison. The higher hypervolume value the better the Pareto front. With 30 runs, the mean
value of the front hypervolumes is used to measure the algorithm’s convergence rate while the standard deviation represents
the search consistency of the method. This means that a method with lower hypervolume standard deviation (STD) has bet-
ter search consistency.

From Table 3, the best performer (among compared MOEAs) according to the convergence rate (average hypervolume) for
ZDT1, ZDT2, ZDT3, and ZDT6 is MOEA/D while NSGA-II is the best for ZDT4. The second best of ZDT1 and ZDT2 is BPBIL while
RPBIL-DE is the second best of ZDT3 and ZDT6. For the ZDT4, the second best is MOEA/D. The worst method based on the
convergence rate for ZDT1, ZDT2, and ZDT3 is MPSO while the worst of ZDT4 and ZDT6 is RPBIL. For a search consistency
measure which is based on the hypervolume standard deviation, the most consistent method for ZDT1, ZDT2, ZDT3 and

Table 3
Normalised hypervolumes of all MOEAs for all ZDT test problems.

Test problems MOEAs
BPBIL UPS-EMOA SPEA2  MPSO NSGA-II  RPBIL RPBIL-DE  DMOEA DEMO MOEA/D Friedman test (p-value)

ZDT1

Mean 0.9969 0.9872 0.9867 0.3911 0.9679  0.9481 0.9868 0.8727  0.9778 0.9999 833 x 107!
STD 0.0013  0.0037 0.0017 0.1597 0.0123 0.0022 0.0010 0.0191 0.0063 0.0001

Max. 0.9989 0.9953 0.9899 0.6368 0.9818 09516 0.9890 09178  0.9874 1.0000

Min. 0.9939 0.9795 0.9828 0.0000 0.9350 0.9433 0.9845 0.8418  0.9597 0.9995

ZDT2

Mean 0.9977 0.9421 0.9876 0.4463 0.9782 09239 0.9857 0.8559  0.9839 0.9992 1.41 x 10746
STD 0.0012  0.0987 0.0013 0.1759 0.0072 0.0051 0.0015 0.0175  0.0044 0.0002

Max. 1.0000 0.9975 0.9913 0.6999 0.9858  0.9353 0.9898 0.8828  0.9915 0.9995

Min. 0.9942  0.6981 0.9853 0.0000 0.9545 09134 0.9828 0.8246  0.9717 0.9987

ZDT3

Mean 0.9726  0.9751 0.9861 0.2876 0.9648  0.9639 0.9890 0.8272  0.9704 0.9996 5.19 x 107
STD 0.0184 0.0247 0.0018 0.1074 0.0257 0.0034 0.0012 0.0200 0.0111 0.0004

Max. 0.9909 0.9950 0.9900 0.4660 0.9876  0.9689 0.9921 0.8632  0.9887 1.0000

Min. 0.9013 0.8869 0.9831 0.0000 0.8653 0.9541 0.9867 0.7902  0.9488 0.9981

ZDT4

Mean 0.8801 0.5485 0.9828 0.7630 0.9941 0.4026 0.6743 0.5138  0.8463 0.9820 9.80 x 10749
STD 0.0453 0.1896 0.0127 0.0734 0.0038  0.1299 0.0772 0.0802  0.0550 0.0078

Max. 0.9445 0.9053 09992 09310 1.0000 0.6253 0.7987 0.6600  0.9582 0.9957

Min. 0.8070 0.0000 0.9564 0.6110 0.9851 0.1462 0.4743 0.3418  0.7565 0.9685

ZDT6

Mean 0.9977 0.9973 0.9951 0.9531 0.9919 0.1803 0.9988 0.2209  0.9893 0.9990 7.73 x 10742
STD 0.0001 0.0011 0.0045 0.1250 0.0041 0.0215 0.0010 0.1970  0.0060 0.0007

Max. 0.9978 0.9986 0.9995 1.0000 0.9974 0.2370 0.9998 0.7714  0.9961 0.9996

Min. 0.9976 0.9927 0.9784 0.4910 0.9800 0.1396 0.9958 0.0000 0.9688 0.9962
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Table 4
Normalised hypervolumes of all MOEAs for all constrained test problems.

Problems  MOEAs
BPBIL UPS-EMOA  SPEA2  MPSO NSGA-II  RPBIL RPBIL-DE  DMOEA DEMO MOEA/D Friedman test (p-value)

CF1

Mean 0.8915 0.4171 0.9629 0.8978 0.8639 0.4655 0.9200 0.6463 0.3745 0.8251 5.36 x 10742
STD 0.0279  0.2001 0.0091 0.0825 0.1878 0.1159 0.0234 0.0241 0.0849  0.0756

Max. 0.9364 0.9315 0.9777 1.0000 0.9744 0.7123  0.9563 0.7240 0.5545 0.9137

Min. 0.8125  0.0000 09387 0.7124  0.0489 0.2330 0.8572 0.5989 0.2631  0.5911

CF2

Mean 0.9785 0.8765 0.9930 0.8032 0.5303 0.3676  0.9980 0.7930 0.8572  0.9677 2.29 x 1073
STD 0.0197 0.1240 0.0030 0.0907 0.2644 0.2866  0.0013 0.0250 0.1492  0.0260

Max. 0.9938  0.9998 0.9990 0.9362 0.9466 0.8980  1.0000 0.8350 0.9978  0.9911

Min. 0.9017  0.5245 0.9884 0.6257 0.0216 0.0000 0.9955 0.7320 0.6228 0.9182

CF3

Mean 0.6000 0.7740 0.9053 0.2238  0.9262 0.4082  0.7909 0.5361 0.8811  0.7582 1.45 x 10742
STD 0.0878  0.1355 0.0727 0.1210 0.0507 0.1630  0.0659 0.0366 0.0322  0.1033

Max. 0.7579  0.9262 1.0000 0.5370 1.0000 0.6822  0.9190 0.6301 0.9324 09169

Min. 0.4441 03729 0.7336  0.0000 0.7555 0.0939 0.6425 0.4750 0.8078  0.5397

CF4

Mean 0.9156  0.9008 0.9790 0.7737 0.9332 0.5008 0.9750 0.9288 0.9813  0.9187 735 x 1073
STD 0.0574  0.0737 0.0387 0.1167 0.0421 0.2968  0.0497 0.0260 0.0167  0.0597

Max. 0.9902  0.9958 0.9994 0.9208 0.9889 0.8721  0.9982 0.9698 1.0000 0.9803

Min. 0.8175  0.7098 0.8262 0.5072  0.8023 0.0000  0.8206 0.8524 0.9411  0.7927

CF5

Mean 0.5315 0.4708 0.7172  0.1020 0.7296 0.7603  0.7638 0.6296 0.7503  0.5691 2.79 x 1073
STD 0.1639  0.2329 0.1186 0.1215 0.1470 0.0007  0.0004 0.1397 0.0181 0.1792

Max. 0.7744 0.8214 0.9140 0.3376  1.0000 0.7618  0.7644 0.7565 0.7646  0.8578

Min. 0.0647  0.0000 0.4149 0.0000 0.4042 0.7592  0.7628 0.3652 0.6572  0.2209

CF6

Mean 0.8670  0.6565 0.9033 0.8216 0.7367 0.5429 0.8595 0.7780 0.5848  0.9056 9.26 x 1073
STD 0.0356  0.1646 0.0164 0.0378 0.1698 0.0465 0.1003 0.0382 0.1554  0.0636

Max. 0.9479  0.8924 0.9403 0.8852 0.8870 0.7041  0.9685 0.8522 0.8651  1.0000

Min. 0.7900 0.3661 0.8650 0.7429  0.0000 04776  0.6421 0.7105 0.2672  0.6192

CF7

Mean 0.7959  0.7173 0.9106 0.3208 0.8769 0.6569  0.8800 0.8180 0.9433  0.8402 1.58 x 10731
STD 0.0709 0.1746 0.0493 0.1631 0.0661 0.1788  0.0708 0.0397 0.0467  0.0777

Max. 0.8829 0.9532 0.9832 0.7640 0.9768 0.8974 0.9786 0.8722 1.0000 0.9668

Min. 0.6181 0.2648 0.7817  0.0000 0.7395 0.2056  0.7212 0.7378 0.8128  0.6437

ZDT6 is MOEA/D while NSGA-II gives the best consistency for ZDT4. Moreover, p values for Friedman test are included in the
last column of the table. The null hypothesis of the Friedman test is that the front hypervolumes obtained from the various
optimisers are not different. Such a null hypothesis is rejected if p is sufficiently small (less than 0.01). From the statistical
test, the hypervolumes of the 10 optimisers are different for all test problems.

For the results of multiobjective constrained test problems in Table 4, the best method according to average hypervolume
for CF1 and CF5 is RPBIL-DE, while the best method for CF4 and CF7 is DEMO. For the test problems CF1, CF3, and CF6, the
best methods are SPEA2, NSGA-II and MOEA/D respectively. The second best optimisers for CF1 and CF5 are RPBIL-DE and
DEMO respectively, while the second best for the rest is SPEA2. The worst method for CF2, CF4, and CF6 is RPBIL, while MPSO
is the worst in the cases of CF3, CF5 and CF7. For the test problem CF1, the algorithm that gives the worst results is DEMO.
When considering search consistency, the most consistent method for CF2 and CF5 is RPBIL-DE, similar to the convergence
rate ranking. For the test problem CF1 and CF6, the best search consistency is SPEA2 while the best for the CF3 and CF4 prob-
lems is DEMO. The Friedman test results reveal that the hypervolume values of the 10 MOEAs are different.

Further comparative studies are carried out based on the Wilcoxon rank sum test in order to make the ranking of MOEAs.
The null hypothesis is that, for a particular test problem, the 30 hypervolume values obtained from method I have the same
median as those obtained from method J at the 5% significant level. Table 5 shows the ranking of MOEAs for the ZTD1 prob-
lem. Firstly, the matrix sized 10 x 10, whose elements are full of zeros is constructed. If method I has significantly higher
hypervolume median than method ] based on the Wilcoxson rank sum test, element IJ of the matrix is set to be ‘1’. Having
compared all the methods, the best optimiser is one that gives the highest score (summed up on each column). The ranking is
also given in the table. The overall rankings for both unconstrained and constrained test problems are given in Table 6.
MOEA/D is the best for the unconstrained problems while the second best is BPBIL. The third best methods are SPEA2
and RPBIL-DE. For the constrained problems, the best method is SPEA2 with RPBIL-DE and NSGAII being the second and third
best methods respectively.
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Table 5
Ranking of MOEAs for ZTD1 based on Wilcoxson rank sum test.

BPBIL (1) UPSEMOA (2) SPEA2 (3) MPSO (4) NSGA-II(5) RPBIL(6) RPBIL-DE(7) DMOEA (8) DEMO (9) MOEA/D (10)
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Table 6
Ranking of MOEAs for all test problems based on Wilcoxson rank sum test.

BPBIL (1) UPSEMOA (2) SPEA2(3) MPSO (4) NSGA-II(5) RPBIL(6) RPBIL-DE(7) DMOEA (8) DEMO (9) MOEA/D (10)

ZDT1 2 3 3 10 7 8 3 9 6 1
ZDT2 2 6 3 10 6 8 4 9 5 1
ZDT3 4 4 3 10 4 8 2 9 4 1
ZDT4 4 8 2 6 1 10 7 8 5 2
ZDT6 3 5 6 3 7 9 1 9 7 1
> 15 26 17 39 25 43 17 44 27 6
Rank 2 5 3 7 4 8 3 9 6 1
CF1 5 8 1 2 2 8 2 7 10 6
CF2 3 5 2 7 9 10 1 8 5 3
CF3 7 4 1 10 1 9 4 8 3 4
CF4 4 8 1 9 4 10 1 4 1 4
CF5 8 8 3 10 1 3 1 6 5 6
CF6 3 8 1 5 6 10 3 6 9 1
CF7 7 8 2 10 4 8 2 6 1 5
) 37 49 11 53 27 58 14 45 34 29
Rank 6 8 1 9 3 10 2 7 5 4

In summary, RPBIL fails to solve some multiobjective unconstrained test problems and multiobjective constrained test
problems, which is similar to MPSO. However, when incorporating DE crossover and mutation into the main search proce-
dure of RPBIL, the performance is greatly improved for both unconstrained and constrained cases. It can be said that RPBIL-
DE is among the top performers based on the test problems.

5. Truss design problems

Although, many benchmark functions have been presented to verify the performance of MOEAs in the literature
[25,39,40,53,56], there is no guarantee that the comparative performance results from those studies can be applied to other
design problems, particularly real world applications. Therefore, when new design problems for MOEAs are introduced, com-
parative performance of EAs always needs to be investigated. As this work is aimed at developing a MOEA for truss design,
five multiobjective design cases of 2D and 3D truss structures were proposed and used as test problems. The design problems
were set to minimise structural mass and compliance, subject to stress constraints, and are as follows:

Case I: A 2D simple supported 37 bar truss

The truss structure is illustrated in Fig. 2 [17]. The structure is subject to a vertical load —10 kN at nodes 2, ..., 10 and
design variables include all bar element cross-sectional areas and positions in the x and y directions of nodes 2, 3, 4, 5, 7,

BooE o4 b A8 A7 a8 g9
1.00m
#] 2 £, alal 11
| S
1.00m

Fig. 2. A 2D simple supported 37 bar truss.
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8,9, 10, 12, 13, 14, 15, 17, 18, 19, 20. The vertical positions of nodes 6 and 16 are also set as design variables. The
design variables are treated as symmetric with respect to the y axis. Material density and modulus of elasticity are
7971.810 kg/m> and 210 GPa respectively. The allowable stress is set to be 400 MPa. The constrained multiobjective
optimisation problem is proposed to find structural shape and element sizes while minimising mass and compliance,
whereas constraints are set to avoid structural failure due to applied stresses.

Min: [fi(X),f2(x)]
Subject to  |omax| < 0y
1.77 < A; £ 113.09 cm?
-045<X;<045m
-045<Y;<045m

where X = {x4, ..., 37} is a design vector, f;(X) is the structural mass, fo(X) is the structural compliance, ¢ may is the maximum
stress on the structure, and A; are the cross-sectional areas of all bar elements. X; are the x-direction positions of all nodes
except for node 1 and node 11 (changes in X; are symmetric about the y axis). Y; are the y-direction positions of all nodes
except for node 1 and node 11 (changes in Y; are symmetric about the y axis).

Case II: Sizing design of a 2D 200 bar truss

The truss structure for Case Il is illustrated in Fig. 3 [45]. The structure is subject to a vertical load of —45 kN at nodes
1,...,6,8,10, 12, 14, ..., 20, 22, 24, ..., 75, and a horizontal load of 4.5 kN at nodes 1, 6, 15, 20, 29, 34, 43, 48, 57, 62,
and 71. Design variables include cross-sectional areas of all bar elements. The design variables are treated as being symmet-
ric about the y axis. Material density and modulus of elasticity are 7833 kg/m> and 206.9 GPa respectively, while the
allowable stress is 65.95 MPa. The constrained multiobjective optimisation problem is proposed so to find element sizes
while minimising mass and compliance, subject to stress constraints, which can be expressed as:

Min: [fi(x),f2(x)]
Subject to  |Oma| < 0y
0.636 < A; < 132.73 cm?

where X = {1, ..., g4} is a design vector, fi(X) is a function of mass, f5(x) is a function of compliance, ¢may is the maximum
stress on the structure, and A; are elements’ cross-sectional areas.

Case IlI: Shape and sizing design of a 2D 200 bar truss
The truss in Case II is further designed with shape and sizing design variables. Apart from the cross-sectional areas of all

bar elements in Case II, the positions in the y-direction of all truss levels are set as design variables. The constrained
multiobjective optimisation problem can be expressed as:

6.00m.
1 ke ] 2 .|
Fog A 423 (1
E B r 4 =] 19
R S
G ——03
3.50m.
24 [~ T 7 RO 0 4N 4 2
R .
s U7
48400 SRR B4R 0
foks ge b1
wl 3 4 £ 7 (] 70
a5
9.00m.
6

Fig. 3. A 2D 200 bar truss.
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0

Fig. 4a. Top view of a 3D Dome 120 bar truss.

Min:  [fi(x),f2(x)]
Subject to  |Oma| < 0y
0.636 < A; < 132.73 cm?
-15<Y;<15 mfori>1
-7<Y;<15 mfori=1

where X = {x1, ..., Xo4)" is a design vector. Y; is the value used to modify the height of level i from its original height as in Case
IL.

Case IV: Sizing design of a 3D Dome 120 bar truss

The truss structure is illustrated in Fig. 4 [19-21]. The structure is subject to a vertical load —10 kN at nodes 13, ..., 36,
—30KkN at nodes 37, ..., 49, and —60 kN at node 49. The design variables include the cross-sectional areas of all elements.
Material density and modulus of elasticity are set to be 7971.810 kg/m> and 210 GPa respectively whereas the stress limit
is 400 MPa. The constrained multiobjective optimisation problem can be expressed as:

Min: [fi(x),f2(x)]
Subject to  |oma| < 0y
1.77 < A; < 132.73 cm?
where x = {x1, ..., X120}7 is a design vector.

In practice, the sizes of the elements are set to be symmetric; nevertheless, structural symmetry is not considered in this
work since we need a design problem with a large number of design variables for MOEA performance test.

7.00m.
6.00m.
3.00m.
0.00m.
N
|, 7.00m. |
12.50 m.
16.00m. !

1

Fig. 4b. Side view of a 3D Dome 120 bar truss.
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Table 7
Summary of design parameters for all truss design problems.
Parameters No. of design variables Population size No. of generations Archive size
CASE 1 37 30 30 500
CASE 1I 84 50 50 500
CASE 111 94 50 50 500
CASE IV 120 50 60 500
CASE V 123 50 60 500

Case V: Shape and sizing design of a 3D Dome 120 bar truss

This test problem is similar to Case IV with the addition of nodal positions in the z-direction as shape design variables.
Additional variables determine the heights of the dome levels except for the ground level with nodes 1, ..., 12. The con-
strained multiobjective optimisation problem can be expressed as:

Min: [fi(x),f2(x)]
Subject to  |omax| < 0y
1.77 < A; < 132.73 cm?
-15<Z; <15m

where X ={x,, ..., X123}" is a design vector. Z; is used to adjust the height of level i from its original position as shown in
Fig. 4b.

Each optimisation method is used to solve each design problem over 30 optimisation runs. The Pareto archive of each
algorithm is set to be 500 except for NSGA-Il and DEMO where non-dominated solutions are stored in a population matrix.
All MOEAs except UPS-EMOA use a population size of 30 and 30 iterations for Case I, population size of 50 and 50 iterations
for Cases Il and IlI, and population size of 50 and 60 iterations for Cases IV and V. The UPS-EMOA methods use different pop-
ulation sizes and numbers of iterations but their search procedures are terminated at the same total number of function eval-
uations for all design problems. Table 7 gives the summary of the design parameters for all truss design problems. For all
design cases, all design variables are encoded in a DE vector.

Table 8
Normalised hypervolumes of all MOEAs for all truss design problems.

Test problems  MOEAs
BPBIL UPS-EMOA  SPEA2 MPSO NSGA-II  RPBIL RPBIL-DE  DMOEA DEMO MOEA/D  Friedman (p-value)

Case I

Mean 0.6074 0.8654 0.5069 0.2552 0.4891 0.9831 0.9882 0.4163 0.9193 0.4188 431 x 1074
STD 0.0904 0.0742 0.1047 0.1124 0.1127 0.0009 0.0010 0.1085 0.0655 0.1348

Max. 0.7739  0.9913 0.7174 04566 0.7017 0.9854  0.9900 0.6423 1.0000 0.6369

Min. 0.4278 0.6618 0.3092 0.0000 0.2863 0.9815 0.9865 0.1859 0.7654  0.1279

Case 11

Mean 0.3484 0.5846 0.3156 0.1251 0.3805 0.4253  0.9627 0.2132 0.6256  0.2185 7.14 x 10748
STD 0.0777  0.0986 0.0839 0.0820 0.0658 0.0735 0.0208 0.0713 0.0699 0.0677

Max. 0.5449 0.8015 0.5826 0.2790 0.4940 0.6582  1.0000 0.3522 0.7447 0.3535

Min. 0.1925 0.4244 0.1118 0.0000 0.2098 0.3256 0.9148 0.0011 0.4810 0.0990

Case 111

Mean 0.3818 0.5608 0.2531 0.1133  0.3311 0.4012 0.9663 0.2183 0.5840 0.1641 3.67 x 10747
STD 0.0684 0.0900 0.0784 0.0700 0.0709 0.0834 0.0178 0.0794 0.0723  0.0688

Max. 0.5026 0.7374 0.4436 0.3254 0.4648 0.6471  1.0000 0.3487 0.7891 0.2872

Min. 0.2177 03394 0.1030 0.0000 0.2309 0.2972 0.9232 0.0958 0.4681 0.0014

Case IV

Mean 0.1499 0.3808 0.1635 0.0414 0.2204 0.9381 0.9807 0.1113 0.3118 0.1325 4.90 x 10747
STD 0.0492  0.0532 0.0559 0.0292 0.0548 0.0026  0.0044 0.0308 0.1022  0.0527

Max. 0.2577  0.5062 0.2898 0.0975 0.3578 0.9444 1.0000 0.1828 0.5866 0.2388

Min. 0.0721 0.2783 0.0617 0.0000 0.1220 0.9332 0.9742 0.0508 0.1599 0.0143

Case V

Mean 0.5617 0.6781 0.5083 0.4256 0.5532 0.5091 0.7558 0.4785 0.4771 0.4158 3.82x107%
STD 0.0360 0.0436 0.0249 0.0359 0.0231 0.1364 0.0805 0.0285 0.0676  0.1039

Max. 0.6199 0.7438 0.5755 0.4903 0.5949 0.7857  1.0000 0.5430 0.5828 0.5316

Min. 0.4939 0.5846 0.4749 03639 0.4843 0.3180 0.5971 0.4174 0.3191 0.0000
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Ranking of MOEAs for all truss design problem based on Wilcoxson rank sum test.
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BPBIL (1) UPSEMOA (2) SPEA2(3) MPSO (4) NSGA-II(5) RPBIL(6) RPBIL-DE(7) DMOEA (8) DEMO (9) MOEA/D (10)
CASEI 5 4 6 10 6 2 1 8 3 8
CASEIl 5 2 7 10 5 4 1 8 2 8
CASEIII 4 2 7 10 6 4 1 7 2 9
CASEIV 6 3 6 10 5 2 1 9 4 8
CASEV 3 2 6 9 3 5 1 7 7 9
p) 23 13 32 49 25 17 5 39 18 42
Rank 5 2 7 10 6 3 1 8 4 9
Pareto front of Case | (900 evaluations)
3500
1
3000
2
2500 3
g 4
& 2000%
E. @ s
o 1500 Q%
g
6
N
1000 %
7
500 [ ] 8
% 9 10
0 , , %Om 'Y , , ®
0 500 1000 1500 2000 2500 3000 3500
f1=mass (kg)
Fig. 5. Pareto front of design Case I using RPBIL-DE.
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Fig. 6. Truss structures according to the front in Fig. 5.

6. Comparative results

After having performed each optimiser to solve each test problem for 30 optimisation runs, with 900 function evaluations
for Case I, 2500 function evaluations for Cases II and III, and 3000 function evaluations for Cases IV and V, the comparative
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Fig. 8. Truss structures according to the front in Fig. 7.

results based on the hypervolume indicator are shown in Table 8. Similarly to the performance test in Section 4, the hyper-
volume values are normalised for ease in comparison. The mean value of the front hypervolumes has been used to measure
the algorithm’s convergence rate, while the standard deviation represents the search consistency of the methods.

For all design problems, the comparative results give similar conclusions in cases of convergence rate measurement. The
clear cut best performer is RPBIL-DE whereas the worst performer is MPSO, except in design Case V, where the worst per-
former is MOEA/D. The second best method for the design Cases I and IV is RPBIL, while the second best for design Cases II
and III is DEMO. For design Case V, UPS-EMOA has the second best convergence. For the measure of search consistency,
RPBIL-DE is the most consistent method for design Cases II and Il while RPBIL is the most consistent method for design Cases
I and IV. For design Case V, the best consistent method is NSGA-II. The best non-dominated front for design Case I is produced
by DEMO, while RPBIL-DE produces the best fronts for the other design problems. The Friedman test results confirm that the
hypervolumes obtained from the various optimisers are different for all truss design problems. The ranking of MOEAs based
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Fig. 9. Pareto front of a design Case III using RPBIL-DE.

on the Wilcoxon rank sum test is given in Table 9. The absolute best for multiobjective truss design is the proposed hybrid
algorithm RPBIL-DE while the second and third best methods are UPS-EMOA and RPBIL respectively. RPBIL is said to be more
efficient than the other MOEAs for some truss design problems. However, after integrating DE operators into the RPBIL pro-
cedure, performance was even better for all design problems.

Fig. 5 shows the best Pareto front of Case I obtained from using RPBIL-DE. Some solution points are selected and the cor-
responding truss structures are displayed in Fig. 6. The obtained structures have various shapes and element sizes. For Cases
Il and 111, the best Pareto fronts obtained from using RPBIL-DE are shown Figs. 7 and 9 respectively. Some solution points in
the non-dominated fronts are selected and their corresponding truss structures are illustrated in Figs. 8 and 10. In Figs. 11
and 13, Pareto fronts of Cases IV and V obtained from using RPBIL-DE are displayed. Some solutions are selected and the cor-
responding truss structures are illustrated in Figs. 12 and 14 respectively. The obtained structures are not symmetric with
respect to the z axis as all bar element cross-sectional areas are assigned as design variables. However, in practice, structural
symmetry has to be taken into consideration.
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Fig. 10. Truss structures according to the front in Fig. 9.
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Pareto front of Case IV (3000 evaluations)
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Fig. 11. Pareto front of design Case IV using RPBIL-DE.

Fig. 12. Truss structures according to the front in Fig. 11.
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Fig. 13. Pareto front of design Case V using RPBIL-DE.
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Fig. 14. Truss structures according to the front in Fig. 13.

7. Conclusions and discussion

We have proposed a new multiobjective evolutionary algorithm, whereby Real-code population-based incremental learn-
ing was extended to solve multiobjective design problems. Differential evolution operators were integrated into the main
procedure of RPBIL leading to a hybrid algorithm. The performance test was conducted on multiobjective unconstrained
and constrained test functions, and truss optimisation design problems. The results have shown that the RPBIL is inefficient
for solving some multiobjective unconstrained and constrained test problems.. However, after incorporating DE crossover
and mutation into the main search procedure of RPBIL, the performance was greatly improved for both types of test prob-
lems. The hybrid RPBIL-DE was among the best MOEAs employed in this paper. For truss design test cases, RPBIL is said to be
more efficient than the other MOEAs for some truss design problems. However, after integrating DE operators into RPBIL pro-
cedure, performance was greatly improved for all design problems. The proposed hybrid RPBIL-DE outperformed the other
MOEAs in all design test cases. It can be said that the proposed hybrid RPBIL-DE is a powerful tool for multiobjective con-
strained optimisation and especially for truss optimisation design. It should be noted that the comparative studies in this
work rely on optimised parameter settings. The use of self-adaptive control parameters for MOEAs may improve their per-
formance. Our future work will be to investigate the use of RPBIL-DE in other real-world engineering design problems.
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This paper proposes hybridisation of evolutionary algorithms (EAs) and an efficient search strategy for
truss optimisation. During an optimisation process, function gradients are approximated using already
explored design solutions. The approximate gradient is then employed as a local search direction. The
approximate gradient operator is integrated into the main search procedure of three multiobjective evo-
lutionary algorithms (MOEAs) leading to three hybrid optimisers. The proposed hybrid strategies along
with their original MOEAs are implemented on multiobjective design of truss structures. From the com-
parative results, it is found that the approximate gradient operator can greatly improve the search per-
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1. Introduction

Trusses are one of the most widely used engineering structures
when requiring a lightweight and strong structure such as for
bridges, buildings, domes, radio and television towers, high-volt-
age towers and space-based constructions. Design/optimisation
of a truss structure is usually posed to find the best solutions of de-
sign variables that lead to optimised design objectives while fulfill-
ing structural constraints. In the literature, much work on applying
an optimisation method for truss structural design has been made
[1-9]. Truss optimisation can be classified into three categories
being shape, sizing and topology optimisation while an optimisa-
tion problem can have single and multiple design objectives. The
successful development and improvement for all three design cat-
egories has been reported worldwide. In the previous studies, most
optimisation problems have a single objective such as mass mini-
misation [2-10]. There have also been some studies related to mul-
tiobjective design cases e.g. in [1,11-13].

Recently, there have been numerous optimisation methods
developed and successfully used in truss design [1-10,14]. The opti-
misation methods can be classified as optimisers with and without
using function derivatives. The most popular and efficient strategies
without using function derivatives are evolutionary algorithms. In
comparison of EAs with optimisation methods using derivative (or
gradient-based methods), the later are far superior in terms of con-
vergence rate and consistency. Nevertheless, using EAs is advanta-
geous in that: they are simple to use, robust, and capable of
tackling global optimisation. The methods can deal with a wide vari-
ety of design variable types as they operate using randomisation and
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need no function derivatives in searching. The multiobjective ver-
sions of EAs usually called multiobjective evolutionary algorithms
[15-18] have recently gained more popularity and are attractive
due to their outstanding ability to explore a non-dominated (Pareto)
front within one optimisation run. However, their lack of search con-
sistency and low convergence rate are inevitable particularly for the
cases of large-scale design problems [5,6,14]. To enhance the search
performance of MOEAs, many researchers have combined MOEAs
with surrogate models [17,19-23]. This hybridisation approach is
said to be well-established and successfully implemented on various
real world applications that have expensive function evaluation.
On the other hand, since the weak and strong points of MOEAs
operators have been thoroughly investigated, their proper
combinations can also improve MOEAs performance [6,10,24].

This paper proposes a hybrid of evolutionary algorithms and
some efficient local search strategies for constrained multiobjec-
tive optimisation of trusses. The design problem is assigned to
optimise mass and compliance subject to stress constraints. The
multiobjective evolutionary algorithms used in this study include
unrestricted population-size EMO algorithm (UPS-EMOA) [24],
strength Pareto evolutionary algorithm (SPEA2) [25] and multiob-
jective particle swarm optimisation (MPSO) [26]. The approximate
gradient operator is presented and integrated into the MOEAs pro-
cedures leading to three hybrid optimisers. The proposed hybrid
strategies along with their original MOEAs are implemented on
shape and sizing design of 2D and 3D truss structures. The search
performance of the developed hybrid algorithms for constrained
multiobjective optimisation is compared with their original strat-
egy based upon the hypervolume indicator.

The paper is organised as follows. Section 2 gives the details of
MOEAs, approximate gradient operators and the hybrid algorithm.
Section 3 shows the numerical experiment and details the design
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test problems. Section 4 shows the result and discussions, and the
conclusion of this study is given in Section 5.

2. Integrating an approximate gradient into a MOEA procedure

For simplicity, a bi-objective design problem with inequality
and bound constraints is considered in this paper which can be ex-
pressed as:

mn {0,
Subject to gj(x)<Oforj=1,...,m
X <xgx!

where X is a design vector sized n x 1, f; and f, are design objec-
tives, g are inequality constraints, and x' and x* are lower and upper
bounds of x respectively.

MOEAs are said to be a well-established design technology. A
great number of MOEAs have been developed and proposed
[15-18,24-26] while practical engineering design problems have
been solved by those optimisers. These derivative-free algorithms
are popular due to some appealing advantages e.g. capability of
exploring a non-dominated front within one run.

Evolutionary algorithms or population-based methods are the
optimisation methods that search for optima based upon evolu-
tionary mechanisms and randomisation. The method starts with
a group of initial design solutions called a population and the pop-
ulation is then evolved, in some manner, generation to generation
until reaching the optimum. The use of a population-based method
for multiobjective optimisation can be achieved by combining it
with the non-dominated solution technique. The procedure starts
with an initial population and a bin for collecting non-dominated
solutions during the search process (it is named a Pareto archive).
The children are then created from performing evolutionary oper-
ations on the current population or parents. The non-dominated
solutions obtained from sorting the union set of the parents, chil-
dren and the non-dominated solution from the previous genera-
tion are then saved to the current Pareto archive. In case that the
archive is full (which is common for multiobjective evolutionary
search), some kind of Pareto archiving technique is activated to re-
move some unwanted non-dominated solutions. The procedure is
repeated until the maximum number of iterations is reached. The
general MOEA computational steps are shown as follows:

Algorithm 1 MOEA procedure.

Input: Population size, archive size, optimisation settings
Output: Non-dominated front (members in a Pareto
archive)

1: Initialise a population and Pareto archive.

2: Generate offspring from the parent points using evolu-
tionary operators.

3: Evaluate objective functions and constraints values.

4: Sort for non-dominated solutions of the combination of
parent points, offspring, and the members in the Pareto
archive.

5: Replace the members in the archive by non-dominated
solutions in step 4.

6: If the archive is full (except for the case of UPS-EMOA,
which has unrestricted archive size), an archiving tech-
nique is activated to remove some unwanted non-domi-
nated solutions from the Pareto archive.

7: Update the parents for the next generation (if required).
8: If a termination condition is not met, go to step 2. Other-
wise, stop the algorithm.

2.1. Approximate gradient

An approximate gradient is estimated from the members of a
population and their corresponding objective values [27,28]. The
approximate gradient is calculated exploiting the relation of a
directional derivative [29]. The directional derivative of a function
fin the direction of s at a point x in R" space, denoted by df/ds, can
be approximated as:

ng(x+s) _f(x) (1)
ds s

where u; is a unit vector of s. Having the current population size Np,
P = {Xy,...,Xy,}, their corresponding objective values {fi,...,fy,},
the current best solution x"*, and its objective fb*, the approxi-
mate gradient of f at the point x"* can be computed based on def-
inition (1) as [28]:

uVf =

(xbest -x )T

(frest — fi)"
Vf =AVf = : =b (2)

(fbest _ fR)T

R individuals as the closest neighbours to x*' are chosen to
approximate the gradient. The value R is set to be greater than n
in order to prevent matrix singularity. Since the matrix A is not a
square matrix, Eq. (2) can be solved using the pseudo-inverse oper-
ation; thus, the approximate gradient is termed a pseudo-gradient
in [27]. Note that, in this paper, the system of linear Eq. (2) is
solved by means of the least squares technique (operator “\” in
MATLAB).For a single-objective unconstrained optimisation case,
the design variables can be updated based upon the steepest des-
cent method where the search direction is set to be s = —Vf.

A solution extending from x®®t along the search direction is
found as follows:

Xew — Xbest +A-s (3)

(xbest _ XR)T

where / is a scalar parameter which can be found by performing a
line search or a one-dimensional optimiser.

Fig. 1a) shows the contour plot of a particular 2D objective func-
tion with five design points located randomly. The vectors shown
in Fig. 1b) are the descent directions from using the actual gradient
(the shortest vector) and approximate gradients. The approximate
gradients at the point x* are computed using different sets of its
neighbours as {X;,X>}, {X1,X2,X3}, and {X;,X5,X3,X4}. It can be seen
that all the approximate gradients are acceptably accurate com-
pared to the actual vector.

In cases of constrained optimisation, the evaluation of a step
length /4 is more complicated as there are constraint boundaries
in the design problem. From the predecessor, it has been found
that in most cases the optimum of the constrained optimisation
of trusses is usually located at some constraint boundaries. There-
fore, in this study, we will use the approximate gradient as a des-
cent direction and the step length should lead to a new solution to
be located at a constraint boundary. For a particular constraint
function g, by using Taylor’s series expansion, the function value
of the new design solution X" = x*** + /s can be approximated as:

g + ) ~ g(X*) + 28T Vgl ypex

Since it is expected that the solution will land at the boundary, we
can have the relation

gX"™) 4 15T Vg]ypex = 0

As a result, the step length value to approximately lead the new
solution to the boundary can be computed as:

-g (xbest )

T STvg|xbest (4)
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Fig. 2 displays how the solution updating process in Eq. (4) works,
which is the case of feasible design solutions. In the figure, the con-
tour of an objective function and a constraint boundary are illus-
trated. The approximate gradient is computed from using three
neighbours of x?*t as x', x?> and x°. x""! is an updated solution
using the step length determination in (4) and the actual gradient
while x™"? is a solution updated by using the approximate gradi-
ent. It can be seen that the updated solutions are located close to
but not exactly on the constraint boundary. In cases that there are
more design constraints which means many step lengths are ob-
tained, the shortest step length is chosen for updating.

In cases of infeasible design solutions, the gradient of the objec-
tive function alone may not lead an updated solution to the feasi-
ble region; as a result, the objective function fis modified using an
exterior penalty function technique such as:

F/%) = fx) + €3 max(0.g2(x)) (5)

i=1

where C is a penalty parameter to be specified.In an EA search pro-
cedure, the above updating strategy is applied to only a few best
solutions in a population. For MOEA search, the best solutions are
selected from the Pareto archive while the clustering technique pre-
sented in [30] is employed if there are too many members in the ar-
chive. In order to achieve more accurate gradient approximation,
neighbour solutions for use in Eq. (2) should be spread throughout
the design space ensuring that x"®t will always have adjacent
neighbours. For this requirement, a Latin hypercube sampling
(LHS) technique is herein used to generate sampling points
throughout the space at the initialisation stage while those design
points will be used for gradient estimation for every search gener-
ation. Apart from that, the search direction also needs to be modi-
fied using the weighted sum technique. For example, in cases of
bi-objective optimisation, the search direction can be obtained as

s =—-(wVf] + W, Vfj) (6)

where w; and w, are two randomly generated numbers preserving
the condition w; + w, = 1, and f; is the penalised function value of f;.
The computational steps for producing some offspring from an
approximate gradient are detailed in Algorithm 2 where
N ={xq,...,Xy} is @ matrix containing the neighbour solutions for
estimating gradients and A = {X;, ..., Xy, } is the Pareto archive ma-
1 trix. N, is the number of solutions in the archive, and NB <« NP is the
number of selected non-dominated solutions for producing off-
spring C = {x",...,x}&"} using an approximate gradient operator
while NP is a population size.

Fig. 1b. Search directions from an actual gradient and approximate gradients.

6.5
e ¢ Selected point Algorithm 2. Approximate gradient operator.
6 ————___ —«47;;i;::" H  Neighbours
T ~=-----__] @ Using Approximate-gradient Input: neighbour solutions N = {X;, ..., Xy}, current Pareto
S T N -— -] ¥ _ Using Actual-gradient archive A = {Xi,...,Xy,}, and a parameter N
Output: offspring C = {X]*", ... x}3"
1: Apply the clustering technique to select Ny best solu-
tions from A, B = {x&est .. xbesty

2:Fori=1to N

3: Find the closest R > n neighbours of X2t from the set N.
4: Approximate Vf, Vfj, and Vg; for Xf"’“

5: Randomly generate w; and w, and find a search direc-
tion s using (6).

6: Find /; from g, Vgj, and s using Eq. (4). Then use the
minimum step length 4=min(}) to find X following
Eq. (3).

7: If X" violates bound constraints, modify it to be inside
the bounds.

! 8: End For

Fig. 2. Step length determination for constrained optimisation.
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2.2. Hybrid MOEAs

The hybrid optimiser is achieved by integrating Algorithm 2
into Algorithm 1. The computational procedure for hybridisation
of the approximate gradient operator and the original MOEA algo-
rithm is detailed in Algorithm 3. The process starts with an initiali-
sation step of the original MOEA with an initial population, Pareto
archive, and neighbour matrix for computing an approximate gra-
dient. Initially, the neighbour design solutions and their function
values for computing an approximate gradient are created by using
LHS. Offspring are then created by using evolutionary operators.
The approximate gradient operator is then activated after having
non-dominated solutions. Afterwards, the new individuals pro-
duced from the evolutionary and approximate gradient operators,
and the non-dominated solutions from the previous generation
are put together and sorted for the non-dominated solutions. The
new non-dominated solutions are used to replace the members
in the archive from the previous generation. In cases that the num-
ber of non-dominated solutions exceeds the predefined archive
size, an archiving technique is used to remove some solutions from
the archive. The computational steps are repeated until the maxi-
mum number of function evaluations is reached.

Algorithm 3. Hybrid MOEA.

Input: Population size (Np), archive size (N4), neighbouring
matrix size (N), parameter Ng, optimisation settings
Output: Non-dominated front (Members in a Pareto
archive)

1: Create a neighbouring matrix N = {Xy, ..., Xy} using LHS
throughout the space x < x <X

2: Initialise a population P(t) and a Pareto archive A(t). Set
a generation counter t = 0.

3: Generate offspring, Xoffspring: from the parent points,
P(t), using evolutionary operators.

4: Evaluate objective functions and constraints values.

5: Given that Nr is the number of current non-dominated
solutions

5.1: If NF < NB

5.1.1: Generate Nf offspring using Algorithm 2.

5.2: Else

5.2.1: Select Ny non-dominated solutions using the clus-
tering technique.

5.2.2: Generate Np offspring using Algorithm 2.

6: Sort for non-dominated solutions of the combination of
offspring from 3 and 5, and the members in the Pareto
archive.

7: Replace the members in the archive by non-dominated
solutions in step 6.

8: If the archive is full (except for the case of UPS-EMOA,
which has unrestricted archive size), an archiving tech-
nique is activated to remove some unwanted non-domi-
nated solutions from the Pareto archive.

9: Set t =t + 1 update P(t) the parents for the next genera-
tion (if required).

10: If a termination condition is not met, go to step 3.
Otherwise, stop the algorithm.

3. Numerical experiment

In order to examine the search performance of the proposed hy-
brid algorithms, multiobjective optimisation problems of 2D and
3D truss structures with various design variables sizes are posed.

The test problems are set to minimise structural mass and compli-
ance subject to stress constraints, which are detailed as follows.

3.1. Case I: A 2D simple supported 37 bar truss

The truss structure is illustrated in Fig. 3 [3]. The structure is
subject to a vertical load —10kN at nodes 2,...,10 where design
variables include all bar element cross-sectional areas and positions
in x and y directions of nodes 2, 3,4, 5,7, 8,9, 10,12, 13, 14, 15, 17,
18,19, 20. The design variables are treated to be symmetric with re-
spect to the x axis. Material density and modulus of elasticity are
7971.810 kg/m> and 210 GPa respectively. The allowable stress is
set to be 400 MPa. The constrained multiobjective optimisation
problem is posed to find structural shape and element sizes such
that minimising mass and compliance whereas constraints are set
to avoid structural failure due to applied stresses

mxin {i(x). (%)}

Subject to
|Omax| < Ty
1.77 < A; < 113.09 cm?
—045<X;<045m
—~045<Y;<045m

where x = {x1,... ,x37}T is a design vector, f;(x) is structural mass,
f2(x) is structural compliance, 0. is the maximum stress on the
structure, and A; are cross-sectional areas of all bar elements. X;
are the x-direction positions of all nodes except for node 1 and node
11 (changes in X; are symmetric about the y axis). Y; are the y-direc-
tion positions of all nodes except for node 1 and node 11 (changes
in Y; are symmetric about the y axis).

3.2. Case II: a 2D 200 bar truss

The truss structure is illustrated in Fig. 4 [4,14]. The structure is
subject to a vertical load —45kN at nodes 1,...,6, 8, 10, 12,
14,...,20, 22, 24,...,75, and a horizontal load 4.5 kN at nodes 1,
6, 15, 20, 29, 34, 43, 48, 57, 62, and 71. Design variables include
cross-sectional areas of all bar elements, and position in y-direc-
tion of all nodes except for nodes 76 and 77. The design variables
are treated to be symmetric about the y axis. Material density
and modulus of elasticity are 7833 kg/m> and 206.9 GPa respec-
tively while the allowable stress is 65.95 MPa. The constrained
multiobjective optimisation problem is posed to find structural
shape and size minimising mass and compliance subject to stress
constraints, which can be expressed as:

min  {f,(x),/2(X)}

Subject to
|Omax| < 0y
0.636 < A; < 132.73 cm?
—-15<Y;<15mfori<71
-7<Y;<15mfor71<i<75

where X = {x;,...,%4}" is a design vector, f;(x) is a function of
mass, f>(X) is a function of compliance, om.x iS maximum stress
on a structure, A; are elements’ cross-sectional areas, and Y; are
the positions in y direction of node i. Positions of nodes on the same
level are assigned to one design variable.

3.3. Case III: a 3D dome 120 bar truss

The truss structure is illustrated in Figs. 5a and 5b [7,9,14]. The
structure is subject to a vertical load —10 kN at nodes 13,...,36,
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Fig. 4. A 2D 200 bar truss.

—30 kN at nodes 37,...,49, and —60kN at node 49. The design vari-
ables includes the cross-sectional areas of all elements, and the
z-direction positions of all nodes except for nodes 1,...,12. Material
density and modulus of elasticity are set to be 7971.810 kg/m> and
210 GPa respectively whereas the stress limit is 400 MPa. The con-
strained multiobjective optimisation problem can be expressed as:

min  {f,(x),/2(x)}
Subject to

|Tmax| < Ty

1.77 < A; < 132.73 cm?
-15<Z<15m

where X = {x4,... ,xm}T is a vector of design variables, fi(x) is a
function of mass, f>(x) is a function of compliance, 6,y is maximum
stress on the structure, A; are element cross-sectional areas, and Z;
are positions in the z direction of the selected nodes. Positions of
the nodes on the same level (Fig. 4b) are assigned to one design var-
iable. In practice, the sizes of the elements are set to be symmetric;
nevertheless, structural symmetry is not considered in this work
since we need a design problem with a large number of design vari-
ables as a MOEA performance test. The first design test problem is

Fig. 5a. Top view of a 3D dome 120 bar truss.
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Fig. 5b. Side view of a 3D dome 120 bar truss.

said to be a small-scale problem as there are only 37 design vari-
ables while the others are considered as large-scale problems.

Three multiobjective evolutionary optimisers namely UPS-
EMOA, SPEA2, and MPSO along with their hybrid counterparts
(defines as Hybrid_UPS, Hybrid_SPEA2, and Hybrid_MPSO respec-
tively) are employed to tackle the test problems. The optimisation
settings for six optimisers are detailed as:

- UPS-EMOA using crossover probability, scaling factor, proba-
bility of choosing elements from offspring in crossover, min-
imum population size, and burst size as 0.7, 0.8, 0.5, 10, and
25 respectively.

- SPEA2 using real codes [17] with crossover and mutation
rates of 1.0 and 0.1 respectively.

- MPSO using the starting inertia weight, ending inertia
weight, cognitive learning factor, and social learning factor
as 0.5, 0.01, 0.5 and 0.5 respectively.

- Hybrid_UPS using UPS-EMOA parameters, and Ng=>5. The
burst size for Case Il and Case Il is set to be 45 so as to reduce
the number of generations and consequently decrease com-
puting time.
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Table 1
Total number of function evaluations used by original and hybrid
MOEAs for all design problems.
Design Problem Original MOEAs Hybrid versions
Case | 2250 1950
Case Il 4750 4450
Case III 5500 4950
Table 2

Hypervolume comparison of all MOEAs for all test problems.

MOEAs Original version Hybrid version
UPS- SPEA2 MPSO  UPS- SPEA2  MPSO
EMOA EMOA
Casel Mean 0.8990 05711 0.2917 0.9435 0.8565 0.8049
STD 0.0514 0.1169 0.1337 0.0250 0.1154 0.1603
Max  1.0000 0.7827 0.5818 0.9845 0.9793 0.9279
Min 0.8042 0.3512 0.0000 0.8808 0.4228 0.2063
Casell Mean 0.9068 0.5067 0.2621 0.9730 0.8284 0.7193
STD 0.0325 0.1160 0.1304 0.0136 0.0898 0.1406
Max  0.9680 0.6932 0.5218 1.0000 0.9705 0.9345
Min 0.8243 0.2299 0.0000 0.9467 0.5889 0.4203
Case Mean 0.4913 03334 0.1377 0.5726 03633 0.1855
m  STD 0.0972 0.0818 0.0714 0.2380 0.0815 0.1150
Max  0.6959 0.5120 0.2615 1.0000 0.5967 0.4345
Min 0.2941 0.1810 0.0000 0.2218 02475 0.0233
Table 3

Average computing time of all MOEAs for all test problems.

MOEAs Case I (s) Case Il (s) Case III (s)
UPS-EMOA 7.8720 171.4055 83.5322
SPEA2 7.8746 154.6294 59.3258
MPSO 8.9534 161.6332 72.2322
Hybrid_UPS 9.0340 151.4845 59.2062
Hybrid_SPEA2 8.5570 152.2235 58.1426
Hybrid_MPSO 8.6232 154.6392 60.7828

- Hybrid_SPEA2 using SPEA2 parameters, and Np = 5.
- Hybrid_MPSO using MPSO parameters, and N = 5.

The allowable Pareto archive size of SPEA2, MPSO, and their
hybrid versions are set to be 500. For all hybrid algorithms, the ini-
tial neighbouring matrix size is set to be 500 for Case I, 1000 for
Case II, and 1500 for Case III. Each optimisation method is used to
solve each design problem over 30 optimisation runs. SPEA2 and
MPSO use: population size of 30 and 75 iterations for Case I, popu-
lation size of 50 and 95 iterations for Case I, and population size of
50 and 110 iterations for Case IIl. UPS-EMOA uses different popula-
tion size and number of iterations but their search procedures are
terminated at the same maximum number of function evaluations
as SPEA2 and MPSO. The penalty parameter C in Eq. (5) is set to be
100. The hybrid versions are set to use lower total numbers of func-
tion evaluations as shown in Table 1 in order that all the optimisers
will take approximately equal running time for all design cases. The
total numbers of function evaluations for the three test problems
are limited so that we can see significant differences between
MOEAs with and without using the approximate gradients.

4. Results and discussion
Having performed each optimiser to solve each test problem for

30 optimisation runs for all design cases, the comparative results
based on the hypervolume indicator are shown in Table 2. Note

Hypervolume

Hypervolume

Hypervolume
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Fig. 9. Pareto front of a 2D 37 bar truss structure using Hybrid_UPS.

that those hypervolume values are normalised to ease comparison.
The higher hypervolume value the better the Pareto front. With 30
runs, the mean value of the front hypervolumes will be used to
measure the algorithms convergence rate while the standard devi-
ation represents the search consistency of the methods. This means
a method with lower hypervolume standard deviation (STD) has
better search consistency.

The comparative results show that all hybrid optimisers outper-
form their original versions for all design cases. Based on the

statistical t-test at 90% confident level, all the hybrid optimisers
are significantly superior to their original versions for all design
cases with the exception of SPEA2 for Case III in which the hybrid
SPEA2 is slightly better. The best original MOEA is UPS-EMOA
while the worst is MPSO. Similar conclusions can be made for
the hybrid versions using approximate gradients. For the measure
of search consistency based on the standard deviation of the front
hypervolume, it is somewhat inconclusive to indicate the most
consistent method although the hybrid UPS-EMOA has the lowest
hypervolume STD for the first two design problems. For Case I, the
best non-dominated front is produced by the original UPS-EMOA
while the hybrid UPS-EMOA produces the best fronts for the other
design problems. The worst fronts for all design test problems are
obtained from using the original MPSO.

It can be said that adding the approximate gradient operator
(Algorithm 3) to the main search procedures of the original MOEAs
help enhance the search performance of the original versions. The
hybrid UPS-EMOA is overall the best optimiser for all design test
problems. Among the original MOEAs, UPS-EMOA is the most pow-
erful method in dealing with this type of design problem as the re-
sults obtained from this method are far superior to the other
original MOEAs and it is only second to its hybrid counterpart.
The worst MOEA is MPSO; however, after integrating the approxi-
mate gradient operator to the algorithm, its search performance is
greatly improved for all design test problems.

The average computing time (every optimisation run is per-
formed using the same computer) of each method when solving
each design problem is given in Table 3. Note that the CPU time
of all hybrid methods includes the time of performing LHS. The
average computing times of the various optimisers are said to be
slightly different except for the computing time of UPS-EMOA for
Cases Il and III. This is because the method has unrestricted Pareto
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(3) 4)
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Fig. 10. Truss structures according to the front in Fig. 9.
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Fig. 11. Pareto front of a 2D 200 bar truss structure using Hybrid_UPS.

archive size which takes more memory and time when the archive
size is exceedingly large.

Fig. 6 displays the search history of the best run of the six algo-
rithms for Case I. The plots of hypervolumes of non-dominated
solutions against numbers of function evaluations are illustrated.
Fig. 7 shows the search history of the best run of the six algorithms
for Case II. Fig. 8 shows the search history of the best run of the six
algorithms for Case IIl. From the figures, it can be seen that the hy-
brid versions of all MOEAs converge to the Pareto fronts from the
early iterations. For the design Case I and Case II, the search pro-
cesses of the hybrid MOEAs show better convergence rate than
all original MOEAs from the beginning of the optimisation run.
As the searching process continues, the UPS-EMOA is the only
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Fig. 13. Pareto front of 3D 120 bar truss structures using Hybrid_UPS.

original MOEA that still has non-dominated front improvement
similarly to the hybrid MOEAs. For the design Case III, the original
MOEAs and their hybrid versions speedily converge to the Pareto
fronts while the hybrid versions have better convergence rate. As
the procedure goes on for a while, the hybrid UPS-EMOA greatly
improves its non-dominated front and it is better than the origi-
nals. The hybrid UPS-EMOA gives the best results for all design
cases.

Fig. 9 shows the best Pareto front of Case I obtained from using
Hybrid_UPS. Some solution points are selected and the correspond-
ing truss structures are displayed in Fig. 10. The obtained struc-
tures have various shapes and element sizes. Fig. 11 shows the
best Pareto front of Case Il obtained from using Hybrid_UPS. Some
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Fig. 12. Truss structures according to the front in Fig. 11.
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Fig. 14. Truss structures according to the front in Fig. 13.

solution points are selected and their corresponding truss struc-
tures are illustrated in Fig. 12. Similarly to the first case, the struc-
tures have various shapes and sizes. The best Pareto front of Case
Il obtained from using Hybrid_UPS is plotted in Fig. 13. Some solu-
tion points are selected and the corresponding truss structures are
displayed in Fig. 14. The obtained structures are not symmetric
with respect to the z axis as all bar element cross-sectional areas
are assigned as design variables. However, in practice, structural
symmetry has to be taken into consideration.

5. Conclusions

A study of enhancing search performance of MOEAs was carried
out. During the search process of MOEAs, gradient vectors can be
estimated from already explored individuals without requiring di-
rect function derivative evaluations. The so-called approximate
gradient operator which exploits the search direction concept of
gradient-based optimisers is integrated into the main procedure
of the three MOEAs. The comparative results show that hybrid
MOEAs with the use of the approximate gradient operator outper-
form their original algorithms. UPS-EMOA is the best method
among the original MOEAs whereas MPSO is the worst performer.
However, when incorporating the approximate gradient into the
search procedures, its search performance can be compared to
the other methods. For the hybrid versions, the Hybrid of UPS-
EMOA is overall the best optimiser. The concept of approximate
gradients can not only be applied to multiobjective evolutionary
optimisers but it can also be implemented with single objective
evolutionary algorithms. The implementation of this concept on
other real world optimisation problems will be studied as future
work.
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1. Introduction

Trusses and frames are some of the most commonly used struc-
tures in daily life. Using such structures is said to be advantageous
since they are simple and inexpensive to construct. It can be
employed in many engineering purposes e.g. transmission towers,
wind turbine towers, communication towers, civil engineering
structures, and mechanical parts. Moreover, this type of structures
can be built in difficult-to-access areas. Design/optimisation of
trusses has been studied and researched worldwide. Throughout
its history, over thousand research and technical papers have been
published. For recent development, there have been efforts to
employ evolutionary algorithms (EAs) and meta-heuristics (MHs)
for truss optimisation problems. The most popular method is
genetic algorithm and its variants [1-4]. Other methods include
simulated annealing [5,6], particle swarm optimisation [7],
charged system search [8], ant colony algorithm [9], and bee
colony algorithm [10], etc. Mostly, the design problem is set for
mass minimisation with safety constraints under static loads.
Nevertheless, it has been recognised that practical design of trusses
requires multiple design objectives with static and dynamic design
criteria while only a handful of researchers focus on implementing
multiobjective evolutionary algorithms (MOEAs) for truss and
frame optimisation, e.g. [11,12]. If a multiobjective design problem
of trusses can be posed and tackled, it would be more beneficial to
this engineering research field.

* Corresponding author.
E-mail address: sujbur@kku.ac.th (S. Bureerat).

0045-7949/$ - see front matter © 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.compstruc.2011.08.010

In structural optimisation, design variables can be categorised
into three groups as topology, shape and sizing variables. Topologi-
cal design variables determine an initial structural layout whereas
shape and sizing parameters give the shape and dimensions of struc-
tures respectively. Traditionally, a designer performs topological
optimisation at the first design phase to obtain an initial structural
configuration. The optimum shape and sizes of the structure are
then found in the later design stage. This is often called multi-stage
optimisation. Nevertheless, it has been found that the better design
process is to perform topology, shape, and sizing optimisation
simultaneously. This is easier said than done. The combination of
shape and sizing design may be easily carried out; however, when
combining topological variables to the design problem it is more dif-
ficult and complicated. However, such an integrated design ap-
proach can be attained and applied to both continuum [13] and
skeletal structures [12].

The applications of such integrated design concept for skeleton
structures (trusses and frames) have been studied for many years
with the use of both gradient-based and population-based optimis-
ers [4,14-17]. In the literature, design problems were mostly
limited to single objective. Objective functions usually include
structural weight, static and dynamic stiffness. Recent investiga-
tion [12] shows that the use of multiobjective evolutionary
algorithms for this type of design problem is possible and effective.
The work in [12] shows that multiobjective design of simple frames
with combined topology, shape, and sizing design variables is
achievable. The two best optimisers are real-code strength Pareto
evolutionary algorithm and binary-code population-based incre-
mental learning. However, the performance of these two methods
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in dealing with large-scale practical design has not been studied
yet.

This work presents an approach to achieve simultaneous topol-
ogy, shape and sizing optimisation of a three-dimensional truss
structure. An optimisation problem is set to find structural layout,
shape, and bar diameters simultaneously such that optimising
multiple objective functions including mass, compliance, natural
frequencies, frequency response function, and force transmissibil-
ity. The Pareto optimal solutions are explored by using the two
best performer MOEAs from [12] i.e. SPEA2 and PBIL. Also, an effi-
cient archived multiobjective simulated annealing is employed to
solve the problem as the method has not been tested in the previ-
ous work. The results obtained from using the three optimisers are
illustrated and compared.

2. Encoding/decoding design variables

One of the main contributions of this work is the strategy for
encoding/decoding design variables. The design variables can be
encoded as binary or real parameters as we can eventually trans-
form them to be real numbers. Design variables in this paper are
said to be mixed integer/continuous. The tower height is set to
be H=50-m with a square cross-sectional area. The tower is al-
lowed to have 10-20 tower levels. Fig. 1 displays 7 parameters
{s1,...,57} (with the value of s; being fixed) that control the shape
of the tower. Having 7 input parameters, the tower can be shaped
by using an interpolation technique. The height of each tower level
can also be varied in which four parameters ty, t;, t3, and t4 are used
to compute the heights of the tower levels.

A tower topology can be obtained by using an adaptive ground
element approach. Fig. 2 shows the ground finite elements of a par-
ticular tower level. On each level, there are 8 nodal points, and 16
ground elements. Six design parameters are assigned as the cross-
sectional areas of those elements to maintain structural symmetry
as given in Table 1. The design variables for element cross-sections
will be rounded off to their nearest integers {1,2,3,4,5} and
decoded to be corresponding finite element properties as given
in Table 2 [15]. With the ground finite element approach, elements
having too small cross-sectional areas (a design variable rounded
off to be 1) are deleted from the structure. Although those
elements are removed from the structure, they are included in
the finite element model with small cross sectional area and Young
modulus value in order to prevent matrix singularity in structural

wind turbine — i
tower shape
50m
-«
!
X S1 |
<— . v

Fig. 1. Parameters for defining a tower shape.

Fig. 2. Ground elements for each tower level.

Table 1
Element connectivity and cross-sectional variables.

Elements as node Cross-sectional areas

number connections

1-2 Y1
3-4
2-3
4-1
1-5 Y2
2-6
3-7
4-8
1-6 ¥3
3-8
2-5 Ya
4-7
1-8 Ys
3-6
4-5 Ye
2-7

finite element analysis. This is a means to define truss topology
and, at the same time, to define the elements’ cross-sectional areas.

In the decoding process, there are four groups of design variable
i.e. the first group determines the number of tower levels, the sec-
ond group gives the variables to control tower shape as displayed
in Fig. 1, the third group determines height distribution of tower
levels, and the last group represents ground elements’ cross-
sectional areas. In the last design variable group, on each tower
level, 6 design variables are assigned as the cross-sectional areas
of 16 ground elements.

The pseudo-code for design variables decoding is displayed in
Algorithm 1. The functions and parameters are defined as:

round(X) rounds a real number X to the nearest integer.

P = Splinelnterp(X,Y) gives a piecewise polynomial form P by
means of cubic spline interpolation where X and Y are sets of
independent and dependent variables respectively.

Y = SplineEval(P,X) predicts the values of dependent variables Y
based on the input piecewise polynomial form P, and indepen-
dent variables X.

Njever = the number of tower levels.

h; = the height of level i.
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Table 2
Parameters for cross-sections of truss elements.

Integer Gross area (m?) Net area (m?) Radius of gyration (m) Young modulus (N/m?)
1 1x10°8 1x10°8 1x10°8 214 x 10°
2 0.000581 0.000426 0.0118 214 x 10°
3 0.00108 0.000837 0.0157 214 x 10°
4 0.00232 0.001894 0.0236 214 x 10°
5 0.01108 0.009448 0.0695 214 x 10°

W; = the half width of level i.

Step 1 is used to assign the values of the parameters determin-
ing the number of tower levels, tower shape, and level height.
Steps 2-5 are used to compute the heights of the tower levels. Step
5 is activated to ensure that hi.; > h;. Steps 6-8 are used for com-
puting the widths of the tower levels. Step 9 creates 4(neye; + 1) no-
dal points from h; and w;. The nye loops of Steps 10-11 define
element connectivity of 16 ground elements for each level, and as-
sign the element properties based on Tables 1 and 2. Steps 12-14
determine element connectivity and properties of the 4 remaining
elements on the top of the tower.

As the maximum number of tower levels is set to be 20, the
maximum number of design variables x is 6(20)+ 12 =132. In
the optimisation process, if the decoded number of tower levels
is less than 20, only the first 61, + 12 values of x are used for cre-
ating a finite element model of the tower. The output of Algorithm
1 is the required data for a finite element model.

Algorithm 1. Design variables decoding procedure

Input: Xy33.1
Output: Nodal points. Truss elements, elements properties
1. Set Njeye = round(xy), {s1,...,56} = {x2,...,X7}, S7=2,
{t1,....ta} ={xs,.. .. x11}
2. Assign values: {Z1,25,Z5,Z4} = {0,H/3,2H/3,H}
3. Compute spline interpolation coefficients
P, = Splinelnterp({Z,. . .,Z4},{t1, - ., ta})
4. Determine {ay,...,0never} = SplineEval(Py,{H/Neyer
2H/nl€V€’v o .H})
5. Compute h; = HY"}_;a;/5/*""a; the heights of the tower
levels
6. Assign values: {Z1,25,23,24,2Z5,Z6,Z7} = {0,H|6,2H|6,3H/
6,4H/6,5H/6,H}
7. Compute spline interpolation coefficients
P, = Splinelnterp({Z,, . . .,Z7},{51, - -,57})
8. Determine {wy,. .., Wyever} = SplineEval(P, {0, H/Njever,
2H|Nevep - - ., H}) the half size of the tower levels
9. Determine 4(nye + 1) nodal points from {0, hy,. ..
and {WOv o ~-Wnlevel}
10. Fori=1 to Nyeye
10.1. Assign element connectivity of 16 ground elements of
level i
10.2. Set {¥gi_s,. . ., Ysi} = round({X11+6is, - . ., X11+6i})
10.3. Assign elements properties based on Table 2
11. End For
12. Assign elements’ connectivity for the four element cross-
sections on the top of the tower
13. Set the integer for four element cross-sections on the top
Yenlevel+1 = round(xﬂﬂsnlevelﬂ) where Yenlevel+1 € {2-3-4'5}
14. Assign the elements properties according to Table 2

’ hnlevel}

3. Design testing problems

A 3D truss tower is used for this study. Four testing problems
are posed to find the optimum tower shape, bar sizes, and topology
such that minimising two objective functions while satisfying de-
sign constraints. The integrated topology, shape, and sizing optimi-
sation problem can be expressed as:

min  [fi.f2, (11)
subject to0 Omax < G,

i<,

10 < round(x;) < 20,

4m<x;<6m; fori=2,...,7,

0<x<1; fori=8,...,11,
round(x;) € 1,2,3,4,5; fori=12,...,(11+ 6round(x,)),
round(x;) € 2,3,4,5; fori=(12+ 6round(x;))

where fi, f, are objective functions:
Omax 1S the maximum stress on truss elements.
o, is an allowable stress to be defined.
J; is a buckling factor of each element (defined as the ratio of
applied load to critical load) and x is a vector of simultaneous
topology, shape, and sizing design variables.

The tower is subject to three static load cases where, for each
case, four point loads are applied at the top four nodes. For the first
load case, each point load has the magnitude of 1 x 10% N acting in
the x direction. The point loads of the second and third cases have
the magnitudes of 1 x 10N, and 2 x 10* N acting in the y and z
directions, respectively. Elements’ weights are also included for
each load case. Tower elements are made up of material with
Young modulus E =214 x 10° N/m?, density p = 7850 kg/m>, and
yield strength &, = 360 x 10° N/m?. The factor of safety for calcu-
lating the allowable stress is set to be 1.5. In the assembly process
of a structural global stiffness matrix, Young modulus of elements
with the integer design variable ‘1’ is set to be E =214 x 10° N/m?
as given in Table 2. This implies that elements that will be removed
from the ground elements have an insignificant effect on a struc-
tural stiffness matrix.

The four bi-objective design problems have the same con-
straints as shown in Eq. (11). The objective functions of each design
problems are given as follows:

— OPT1: f; = structural mass, f> =F; 78, + F, T8, + F3 195.

— OPT2: f; = structural mass, f, = w1 + W, +ws.

— OPT3: fi=structural mass, f,=FRFCrest(cw,)+ FRFCrest(w,)+
FRFCrest(ws).

— OPT4: f = structural
FTCrest(ws).

mass, f, =FTCrest(cwq)+ FICrest(w;) +
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All of the design problems have the structural weight as the first
design objective. The second objective of OPT1 is the total struc-
tural compliance due to the three load cases (Fy, F», and F3) where
§; are the vector of structural displacements due to load case i. The
second objective of OPT2 is the summation of the first three natu-
ral frequencies of the structure.

The OPT3 and OPT4 problems deal with harmonic response
analysis. Fig. 3 displays the measure of harmonic response at the
rth degree of freedom due to the input harmonic excitation at
the sth degree of freedom of a particular structure. Harmonic re-
sponse analyses in this paper include frequency response function
and force transmissibility. All details of static and dynamic finite
element analyses as well as FRF and FT computation are given in
[12]. The function FRFCrest(w;) in OPT3 determines a FRF crest
parameter with respect to the natural frequency w;. The so-called
FRF crest parameter is shown in Fig. 4. In the figure, the frequency
interval is [w; — Aw,w, + Aw] where w is the first structural nat-
ural frequency. Such a parameter determines the shaded area of
this small frequency interval, which implies that a design process
attempts to reduce the peak amplitude of the first mode natural
frequency on the FRF graph. The function FTCrest(cw;) for a FT crest
parameter used in OPT4 is defined in a similar manner.

The frequency response function herein is the point receptance
measured at one of the top nodes in the x direction. For FT, the har-
monic reaction at the bottom node in the z direction due to the
harmonic excitation at the top node in the x direction is measured.
This FT crest parameter is proposed to measure the force transmis-
sibility from the tower top in the horizontal direction to the tower
base in the vertical direction. Note that this is set for design dem-
onstration. In practice, the positions and directions of the excita-
tion force and response can be defined by a designer.

th :
r” d.o.f. displacement ,
response

A

PAMAANAMMARR RN

s™ d.o.f. excitation

Fig. 3. Measurement of FRF.
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Fig. 4. FRF crest parameter.

For the multiobjective optimisers employed to tackle the prob-
lems, as SPEA [18] using real code, and PBIL [19,20] are the best
performers in [12], the two optimisers are chosen for this compar-
ative performance study. Also, AMOSA [21] one of the recently
developed efficient MOEAs is implemented in this test. AMOSA
search mechanism is based on a mutation operator. This means
that we use three kinds of MOEAs for solving the problems: the
crossover-based method (SPEA), mutation-based method (AMOSA)
and the estimation of distribution algorithm (PBIL). They are
implemented to solve the optimisation problems for ten runs for
each design problem with the population size of 200, and number
of generation as 300. The external Pareto archive size is set to be
200. The performance assessment is carried out by using the
hypervolume and generational distance indicators [22]. The non-
dominated sorting scheme proposed in [23] is used to deal with
constraints. The optimisation settings are as follows:

— SPEA: The real-code crossover and mutation operators are
detailed in [24]. The crossover and mutation probabilities are
set as 1.0 and 0.5 respectively.

— PBIL uses the mutation shift of 0.2 where the mutation proba-
bility is set to be 0.1. Each design variable is represented by
4 binary bits. The probability matrix contains 40 probability
vectors, which means one vector is used to produce 5 binary
design solutions. The archive technique is the normal line
method.

— AMOSA performs a simple downhill operator for the first 3 gen-
erations before entering the main procedure. In this paper, the
method uses real codes where a candidate is obtained by means
of mutation. The algorithm is terminated when the total num-
ber of function evaluations is equal to 200 x 300. The clustering
archive technique is activated to reduce the members in the
external archive size to be 200 if the number of members in
the archive exceeds 400.

4. Results

In comparing non-dominated fronts obtained from MOEAs,
based on the indicator definitions, the higher value of a hypervo-
lume indicates the better Pareto front whereas the lower value of
a generational distance means the more advanced front. In order
to have a reference front for computing the generational distance
for each design problem, all of design solutions from 3 x 10 runs
of the optimisers are put together. The non-dominated solutions
of them are set as the reference front of the design problem. The
hypervolumes and generational distance comparison is given in
Table 3. Note that those values are normalised to ease in compar-
ing. For each design problem, the average and standard deviation
of 10 hypervolumes and generational distances of each optimiser

Table 3
Hypervolume and generational distance comparison.

Hypervolume Generational distance

AVG STD AVG STD
OPT1 SPEA 0.8176 0.2008 0.0426 0.1348
PBIL 0.9393 0.0300 0.0014 0.0045
AMOSA 0.6020 0.2013 0.2944 0.4481
OPT2 SPEA 0.6453 0.1817 0.0083 0.0147
PBIL 0.8055 0.0696 0.0245 0.0260
AMOSA 0.4548 0.1985 0.3157 0.3007
OPT3 SPEA 0.9486 0.0235 0.0480 0.0378
PBIL 0.8840 0.0524 0.3425 0.3676
AMOSA 0.6632 0.1537 0.3012 0.2041
OPT4 SPEA 0.9767 0.0176 0.0295 0.0302
PBIL 0.7672 0.1189 0.3203 0.2628
AMOSA 0.8501 0.0743 0.3384 0.1609




Table 4

Average running time (min).
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OPT1 OPT2 OPT3 OPT4
SPEA 60.89 141.67 178.00 358.88
PBIL 66.10 117.00 168.50 188.78
AMOSA 34.89 101.75 103.86 154.50
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Fig. 5. The best front of OPT1 (SPEA).
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are computed. The mean value is used to somewhat measure a
convergence rate whereas the standard deviation suggests search
consistency.

From the table, it can be seen that the best method for the first
design problem OPT1 is PBIL since the average value of front
hypervolumes produced by PBIL is the highest. It is also the most
consistent optimiser based on the HV standard deviation. Based
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Fig. 10. Selected towers of the front in Fig. 9.

on the GD, the best method is still PBIL. For the OPT2 design prob-
lem, the best performer considering both HV average and standard
deviation is PBIL while the best optimiser when considering GD is
SPEA. This implies that, on average, PBIL produces better front

FT crest parameter
w

1.4 1.6 1.8 2 22 2.4 2.6
Mass, kg x 10*

Fig. 11. The best front of OPT4 (SPEA).

Fig. 12. Selected towers of the front in Fig. 11.

extension whereas SPEA produces more advanced fronts [25]. For
the OPT3 and OPT4 design problems, SPEA is the best performer.
Table 4 shows the average computing time of each MOEA for
solving the design problems using a computer with 2 Qaud CPU
at 2.40 GHz and 2.99 GB of RAM. It can be seen that AMOSA spent
less computing time than the others. However, the computational
time will not be used for performance assessment since this is an
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Fig. 13. FRF of the first towers from Figs. 6, 8, 10 and 12.
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Fig. 14. FT of the first towers from Figs. 6, 8, 10 and 12.

offline optimisation process, which means the method that gives
the best results will be more important.

Overall, the best optimiser is SPEA using real codes while the
second best is PBIL. The optimiser that gives the worst perfor-
mance is AMOSA. Nevertheless, it should be noted that this com-
parative results are based on optimisation parameter settings for
each MOEA. It can be said that PBIL is better for an optimisation
problem with a static design criterion but when dealing with dy-
namic design criteria, SPEA is superior.

The best front (from the best run) of OPT1 obtained from using
SPEA is displayed in Fig. 5 where some selected design solutions
are highlighted. The truss towers corresponding to the selected de-
sign solutions in Fig. 5 are shown in Fig. 6. For OPT2, the best front
obtained from running PBIL is shown in Fig. 7 while the corre-
sponding selected structures are illustrated in Fig. 8. The best front
of OPT3 from SPEA is shown in Fig. 9 with 6 selected solutions
while the corresponding structures are illustrated in Fig. 10. For
the fourth testing problem OPT4, the best front obtained from
using SPEA is depicted in Fig. 11 whereas the associated structures
are illustrated in Fig. 12.

Figs. 13 and 14, respectively show the FRF and FT of solutions
number 1 in Figs. 6, 8, 10 and 12. The double logarithmic scale is
use on the y-axis so that the FRF and FT magnitudes from the

various towers can be visibly compared. From the figures, it can
be seen that the FRF magnitudes around the first three natural fre-
quencies of the solution from OPT3 is lower than those of the other
towers. The solution obtained from optimising OPT2 gives the
highest summation of the first three natural frequencies as ex-
pected. In Fig. 14, the design solution obtained from OPT4 is supe-
rior to the others when considering the effect of FT from the tower
top to its base. The comparison in these figures reasonably shows
that the use of MOEAs a can achieve optimum solutions corre-
sponding to the assigned design problems.

5. Conclusions and discussion

With the proposed numerical scheme for encoding/decoding
design variables and the use of MOEAs, complicated truss design
problems can be posed and tackled. The design criteria set in this
study may not be sufficient for some real world applications. How-
ever, design problems can be altered to have more design objec-
tives or different objectives. This is dependent on designer
decisions, while MOEAs can still be applied to solve the problems.

From the comparative results, it can be concluded that PBIL is
superior when optimising structural compliance (static stiffness)
while the SPEA method is better when optimising FRF and FT. In
cases of natural frequency maximisation or structural dynamic
stiffness maximisation, both PBIL and SPEA are said to be equally
good as one has a better HV and another has a better GD. The ob-
tained truss structure are said to be practical if further detailed de-
sign phase is performed. The proposed design approach can be a
powerful tool for truss and frame design. By using this design strat-
egy, various optimum structures for decision making can be ob-
tained within one optimisation run. Our future work will be the
development of a new efficient MOEA that suits for solving this
type of design problem. Extension of this design concept to other
types of truss and frame structures will also be studied.
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